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1 Introduction
It is well known that the following two fixed points are very important.

Theorem 1.1 (Schauder’s fixed point theorem) Let () be a nonempty, bounded,
closed, and convex subset of a Banach space E. Then each continuous and compact map
T:Q — Q has at least one fixed point in §2.

The Schauder fixed point theorem plays an important role in nonlinear analysis. In
1955, Darbo [9] proved a fixed point property for set-contraction on a closed, bounded
and convex subset of Banach spaces in terms of the measure of noncompactness, which
was first defined by Kuratowski [17].
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Theorem 1.2 (Darbo’s fixed point theorem) Let Q # () be a bounded, closed,
and convexr subset of a Banach space E and let T : Q — Q be a continuous mapping.
Assume that there exists a constant k € [0,1) such that

a(TX) < ka(X) (1)

for any nonempty subset X C 2, where v is a measure of noncompactness defined in E.
Then T has a fized point in €.

Darbo’s fixed point theorem is a significant extension of the Schauder fixed point
theorem, and it also plays a key role in nonlinear analysis, especially in proving the
existence of solutions for many classes of nonlinear equations. Since then, some general-
izations of Darbo’s fixed point theorem have appeared. For example, we refer the reader
to |1H3LI6L[13L[23] and the references therein.

Recently, the authors of [21] established the following new fixed point theorem, which
is a generalization of Darbo’s fixed point theorem.

Theorem 1.3 (See |21, Lemma 2.4]) Let F' be a closed and convezr subset of a
real Banach space E, A : F — F be a continuous operator, and A(F) be bounded. For
any bounded subset B C F, put

AY(B)=A(B) and A""'(B)= A(co(A"(B))), neN.
If there exist a constant 0 < k <1 and ng € N such that for any bounded subset B C F,
o(A™(B)) < ka(B), 2)
then A has a fized point in F.

As an application of their result, the authors in [21] investigated the existence of
global solutions of the Volterra type integral equation

u(t) = h(t) +/O G(t,8)f(s,u(s), (Tu)(s), (Su)(s))ds,t € J, (3)

where J =1[0,a],a >0, f€e C(J X Ex Ex E,E),

(Tu)(t) = /0 k(t, s)u(s)ds,  (Su)(t) = /0 h(t, s)u(s)ds, ¢ e J,
k€ C(D,R), h € C(Do, R),
D={(t,s)eR?: 0<s<t<a}, Dy={(t,s)eR*: 0<t,s<al,

and R denotes the set of real numbers. The main results of [21] extend and improve re-
lated results in [L1L[12/|20H22]. For other results concerning integro-differential equations,
we refer to [44[5L/78,/10L{14H16].

Motivated by the above works, in this paper, we first establish a new fixed point
theorem (Theorem , which is an extension of Schauder’s fixed point theorem. Then,
by using this extended Schauder fixed point theorem, we get a new extension of Darbo’s
fixed point theorem (Theorem . As an application of the new extended Darbo fixed
point theorem, we obtain the existence of global solutions of . The existence result
(Theorem includes and extends and improves related results in [11}12,[20422].

This paper is organized as follows. In Section 2, we present our main results, the
extensions of Schauder’s and Darbo’s fixed point theorems. In Section 3, in order to
demonstrate the applicability of our main results, we obtain the existence of global
solutions of .
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2 Main Results

Throughout this paper, let C(J, E) denote the Banach space of all continuous mappings
u: J — E with norm ||u||, = max;c s ||u(t)||, while C'(J, E) denotes the Banach space of
all u € C(J, E) such that «' is continuous on J with norm ||u|| . = max{|u||,,||’||.}. Let
a denote the Kuratowski measure of noncompactness in E and C(J, E). Please, see [18]
for more details on the Kuratowski measure of noncompactness. For any B € C(J, E),
teJ,let

B(t)={u(t): ue B} CE,

/tk(t,s)u(s)ds Cue B} ,

0
/ h(t,s)u(s)ds: u € B} .
0
For any R > 0, let
Tr={z€FE: |z| <R} and Br={ucC(J,E): |ul.< R}

Lemma 2.1 (See [12]) If B C C(J,E) is bounded and equicontinuous, then
co(B) C C(J, E) is also bounded and equicontinuous.

Lemma 2.2 (See [12]) If B C C(J, E) is bounded and equicontinuous, then a(B(t))

is continuous on J and
! (/ B(s)ds) §/a(B(s))ds.
J J

Lemma 2.3 (See [19]) If f is bounded and uniformly continuous on J x Tr x
Tr x Tr for all R > 0 and B C C(J,E) is bounded and equicontinuous, then
{f(t, u(t), (Tu)(t), (Su)(t)) : u € B} is bounded and equicontinuous in C(J, E).

First, we give the extension of Schauder’s fixed point theorem.

Theorem 2.1 Let D be a closed and convex subset of a real Banach space E. Suppose
that the operator A : D — D is continuous. If there exists ng € N such that A™~1(D)
is bounded and a(A™ (D)) =0, where

A"(D)=D and A™(D)=co(A(A" (D)), neN,
then A has a fized point in D.
Proof. Since A(D) C D and D is a closed convex subset, we have
AY(D) = @w(A(D)) c co(D) = D = A°(D).

Hence, _ _ _
12(D) = w(A(A'(D))) € @(A(D)) = A (D).

By the method of mathematical induction, we can deduce that

A™(D) c A" Y(D), neN.
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Thus, _ _ _ _
A(A™71(D)) c o(A(A™ (D)) = A" (D) c A™1(D).

Consequently, A : Z"O_l(D) — A”O_l(D) is continuous. Moreover, for any bounded
subset S C A" (D), we get

A(S) € A(A™~1(D)) c A™(D),

and hence, _
a(A(S)) < a(A™ (D)) =0.

Noting that A™~1(D) is a closed bounded convex subset of E, we know from Schauder’s
fixed point theorem that A has a fixed point in A™~1(D) C D.

Remark 2.1 The well-known Schauder fixed point theorem is the special case ng = 1
of Theorem 2.1l

By using Theorem|2.1] we now present a new extension of Darbo’s fixed point theorem.

Theorem 2.2 Let D be a closed and convex subset of a real Banach space E. Suppose
that the operator A : D — D is continuous. For any bounded subset B C E, put

A%B)=B and A"(B)= A(c(A" Y(B))), neN. (4)

If there exists ng € N such that Z"O_l(D) s bounded and for any decreasing sequence of

sets {B,} C D, n €N,
o <Z"0 (ﬂ Bn>> =0, (5)
n=1

then A has a fized point in D.

By=D and B, ==to(A"(By-1)), neN. (6)
Then @ and A: D — D imply that

Proof. Let

By = (A™(By)) € D = By.
Hence, A™(B;) C A™(By). Therefore,
By = co(A™(By)) C @(A™(By)) = By.
By the method of mathematical induction, we can prove
B, CB,_1, neN. (7)
If we set

B=()B. (®)

where {B,} is defined as in @, then B is a nonempty and convex subset in D. Hence,

, @, and imply

a(A™(B)) = 0. (9)
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Since A™~1(D) is bounded, we get that
A™~1(B) is bounded. (10)
Next, we shall prove N N
A(B) C B. (11)
In fact, from B; C co(A™~1(By)), we have
A(By) C A(eo(A™ 1 (By))) = A" (By) C @6(A™(By)) = By.

By the same method, we can prove A(B,) C B,, n € N. Hence, we get

A(B) = ﬁ A(B,) C ﬁ B, =B.
n=0

n=0

Then holds. From @D, , , and Theorem we deduce that A has a fixed
point in B C D.

Remark 2.2 When
B,=D, neN
in Theorem then Theorem is obtained.
Remark 2.3 When
n=1, B,=D, neN
in Theorem then Theorem [I.2] i.e., Darbo’s fixed point theorem is obtained. So
Theorem includes and extends Darbo’s fixed point theorem.

Remark 2.4 Comparing with [21, Lemma 2.4], i.e., Theorem the conclusion
of Theorem [2:2) is the same. But the conditions are different. First, the assumption
that A" ~1(D) is bounded is weaker than that A(D) is bounded in |21, Lemma 2.4].
After that, we only need to consider the decreasing sequences without the boundedness
{Bn} C D in (), while |21, Lemma 2.4] needs to consider all bounded sets B C F in
. Finally, and cannot be deduced from each other. Above all, Theorem is
a good supplement to the extension of Darbo’s fixed point theorem.

3 Applications

Now, as an application of Theorem we give an existence theorem for global solutions

of .
Theorem 3.1 Let E be a real Banach space. Assume
(Hy) For any R >0, f is bounded and uniformly continuous on J x Tp x Tr X Tr, and

lim su M(R) < L
R—>oop R aagh’

(12)
where

ag = max{1,ako,aho}, ko= max{|k(t,s)|: (¢t,s) € D},
ho = max{|h(t,s)| : (t,s) € Do}, b=max{G(t,s): (t,s) € D},
M(R) = Sup{”f(taxay,'z)” : (t,m,y,z) S J x TR X TR X TRat € ‘]}
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(Hs) There exist nonnegative Lebesque integrable functions L; € L(J, R") such that for
any decreasing sequences of bounded sets {D;n,} C E, a(Dyn) — 0, n — o0, i =
1,2,3 and t € J,

3
a(f(t, D1n, Dap, D3p)) < ZLi(t)a(Dm). (13)

Then has at least one global solution in C*(J, E).

Proof. First, we define an operator A : C(J, E) — C(J, E) by
(Au)(t) = h(t) Jr/o G(t,s)f(s,u(s), (Tu)(s), (Su)(s))ds, ue C(J,E). (14)

Note that since u € C'(J, E) is a solution of if and only if u € C(J, E) is a solution
of the integral equation

u(t) = (Au)(t), tedJ,

we only need to prove that A has a fixed point. Since f is uniformly continuous on
J X Tpr x T X Tgr, we can easily see that A : C(J,E) — C(J,E) is continuous and
bounded. On account of , there exist 0 < r < (aagh)~! and Ry > 0 such that for
any R> aoRo,

M(R)

< (15)

Let
R* = max { Ry, ||h||, (1 — aagh) ™" }. (16)

Then, by using and (15)), it is not difficult to verify that A(Bg-) C C(J,E) is
equicontinuous and bounded, and A : Br« — Bpg+ is bounded and continuous. Set
D = ©(A(Bg-)). Then, from Lemma we get that D C Bpg- is bounded and

equicontinuous and
A: D — D is continuous and bounded. (17)

For any decreasing sequence of bounded sets {B,,} C D, m € N, by (H;) and (14), we
have that A(B,,) is bounded and equicontinuous. Hence, from Lemma [2.1} Lemma
and (), we get for any n € N that A™(B,,) is bounded and equicontinuous on J, and so

a(A™(Bn)) = I?Ea}a((g”(Bm))(t))» m & N.

Next, we show that for any ng € N, we have
A™~1(D) is bounded, (18)

and for any decreasing sequence of sets {B,,} C D, «(By,) = 0, m € N,

o (Z”O (ﬁl Bm>> =0. (19)
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Indeed, (18) follows from the fact that D C Bpg« is bounded. Furthermore, from ,
, and (15]), we get

((Al( )(£))
= (/ G(t,8)f (s, (COBp)(s), (T(coBm))(s),(S(coBm))(s))ds>

< b/o [L1(s)a((€0Bm)(5)) + La(s)a((T(€0Bm))(5)) + La(s)((S(c0Bm))(s))lds
< b/o [L1(s)a((c0Bm)(s)) + La(s)koa((€0Bm)(s)) + Ls(s)hoa((€0Bm)(s))]ds

= b/o [L1(s)a((Bm(s)) + La(s)koa (B (s)) + Ls(s)hoa(Bm(s))]ds
— 0, m —oo.

Assume

a((A¥(B)(t) =0, m— o0, keN\{1}.
Then

(A (Ba)(#)
= </ G t, S coAk ))(S)vT(Cogk(Bm))(S)7S(C()Avk(Bm))(s))ds>
< b/o [Ll() ((€6A™(Bm))(3)) + La(s)o(T (@6 A" (By))(s))

+L3(s)a(5(mﬁk(3m)(s)))]ds

IN

b [ (1@ A B + Lalo a3 (B))(6)

+La()hoa( (@0 A" (Bn))(s)) | ds

-  [E1 (A (B))(5)) + Lalo)koal (B (5)
+Ls()hoa((A*(B))(s)) | ds

= 0, m— oo

Consequently, _
a(A"(By)) =0, m—o0, neN,

and so a(A™(B,,)) — 0, m — oo. Thus, we have

o (Z"o ( ﬁ Bm>> < a(A™(B,,)) =0, m — .

m=1

Hence, ) holds. It follows from Theorem. . , and . ) that A has a fixed
point in D Thus, (3) has at least one global solution in C (J,E).

Remark 3.1 The main result of [21], i.e., [21, Theorem 3.1] is as follows: Let E be
a real Banach space. Assume
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(H3) For any R >0, f is bounded and uniformly continuous on J x T X Tr X Tr, and

lim su M< 1
R~>oop R aagb’

where

ap = max{1,ako,aho}, b=max{G(t,s): (¢t )€ D},
M(R) = SUP{||f(t7CCay»Z)|| : (t,$7y72) € Jx TR X TR X TR7t € J}

(Hy) There exist nonnegative Lebesgue integrable functions L; € L(J,R™) such that for
any bounded sets {D;} C E and t € J,

3
a(f(t, D1, Dy, Ds)) < ZLi(t)a(Di). (20)

Then ([3)) has at least one global solution in C'(J, E). Comparing [21) Theorem 3.1] with
Theorem u above, we can see that the only difference is between ) and (| . For
all bounded sets {D;} C E, should hold. For only those bounded and decreasing
sequences {D;,} C E, a(Dm) — O7 1=1,2,3, we need that holds. So is weaker
than . Moreover, is a special case of when D;, = D;, i = 1,2,3, n € N.
Thus, Theoremincludes and extends |21, Theorem 3.1], which extended and improved
the main results of [11,/12}/20,22]. Consequently, Theorem in this paper extends and
improves not only the main results of [21], but also related results of [11}12}20L22].
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