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Abstract: By means of the theory of generalized inversion of operators in Banach
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1 Introduction

The investigation of the solvability of integro-differential equations is a problem the
specific nature of which lies in the fact that the integro-differential operator has no
inverse. Such equations in Euclidean spaces were considered in [1H4] and others.

Sufficient conditions for the existence and uniqueness of piecewise-continuous mild
solutions of fractional integro-differential equations in a Banach space with non instanta-
neous impulses were obtained in [5]. In paper [6] V. Gupta and J. Dabas established the
existence and uniqueness of solution for a class of impulsive fractional integro-differential
equations with nonlocal boundary conditions.

In this paper, we propose a somewhat different approach to the study of integro-
differential equations in Banach spaces. In its realization, the theory of generalized
inversion of operators in Banach spaces is effectively used [7,8].

The proposed approach can be used in the study of the phenomena of energy transfer
and diffusion of neutrons, viscoelastic oscillations various systems and structures, in
nuclear physics and the mathematical theory of biological populations (see [9-11]).
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2 Formulation of the Problem

Consider the integro-differential equation

b

2(t) - M(t)/ [W(s)2(s) + V(s)i(s)]ds = f(t), (1)

a

where the operator-valued function M (t) acts from the Banach space B into the Banach
space By and is strongly continuous with the norm |||M]|| = sup||M(¢)||B, = Mo < o0,
teT

and the operator-valued functions W (t) and V (¢) act from the Banach space B; into the
Banach space By and are strongly continuous with the norms |||W||| = sup||W (¢)||B, =
tez

Wo < oo and |||[V||| = sup||V(t)||B, = Vo < oo, the vector- function f(t) acts from the
teT

interval Z into the Banach space By : f(t) € C(Z,By) = {f(-) : T — By, [||f]|| =
sup,c7 | f(¢)||}, C(Z,By) is the Banach space of vector-functions continuous on Z with
values in Bj.

By the solution z(¢) of the operator equation we mean vector-functions such
that 2(t) € C(Z,By), 2(t) € CY(Z,B;), where C!(Z,B) is the Banach space of con-
tinuously differentiable vector-functions with the norm [[|2|| = 34 _y sup,ez [|2® ()|},
where z(F)(t) is the k-th derivative z(t). The derivative Z(t) is understood in the sense
of |12, p. 140].

The problem is to obtain a solvability criterion and to find the structure of solutions
for the integro-differential equation .

3 Preliminary Information

Consider the linear integral Fredholm equation with a degenerate kernel

b
2(t) - M(t) / N(s)z(s)ds = f(1). ()

where the operator-valued function N(t) acts from the Banach space By into the Banach
space Bg and is strongly continuous with the norm ||| N||| = sup||N(¢)||ls, = No < 0.
teT

b
Denote: D = Ig, — A, A= [N(s)M(s)ds, D :By — By. In [§] it is shown

that if D is a bounded generalized invertible operator, then the integral operator L is
generalized invertible.

In this case, there exist bounded projections Py (p), Py, onto the null space N(D)
and the subspace Yp = Ip, © R(D) of the operator D, respectively [13] and the bounded
generalized inverse operator D~ to the operator D [7].

The following theorem holds for the integral equation .

Theorem 3.1 [1/] Let D : By — Bsy. Then the homogeneous (f(t)=0) integral
equation (@ has a family of solutions

z(t) = M(t)Pn(p)c,



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 18 (4) (2018) 333
where ¢ is an arbitrary element of the Banach space Ba.
Under and only under the condition

b

Py, /N(S)f(s)ds =0

a
the nonhomogeneous integral equation (@ has a family of solutions

b
z(t) = M(t)Pn(pyc + f(t) + M(t) D~ /N(s)f(s)ds.

a

4 The Main Result

1. We obtain the solvability conditions for the general form of solutions of the equation

().
We make the substitution #(t) = y(t) in (T), then

2(t) = /y(s)ds +cg, ¢ € By. (3)

a

Putting in , we obtain the integral equation

b s

)= M) [ [Ws) [ ur)dr + V()] ds = )+ MOWorn, (@)

a a

b
where Wy = [ W (s)ds, Wy : By — Ba.

b s
Changing the order of integration in the integral [ W (s) [ y(7)drds, we obtain from

@ ’
b
y(t) — M(t) / N(s)y(s)ds = g(t), (5)

where

b
N(s) = /W(T)dT + V{(s),

g(t) = f(t) + M(t)Woco. (6)

By Theorem [3.1] under and only under the condition

b
Py, / N(s)g(s)ds = 0 (7)



334 A.A. BOICHUK AND V.F. ZHURAVLEV

the integral equation has a family of solutions

b
() = MOPy e+ 9(0) + MOD [ Ngls)ds, (®)

where c¢ is an arbitrary element of the Banach space Bs.
From the solvability condition we find the value of ¢y € B, for which the integral
equation has a solution. We put @ in

b
Priy [ N(s)[£(6) + M (5)Waca] s .

After the transformations, we obtain the operator equation
SCO = b(), (9)

where

b
by = —Pyp /N(s)f(s)ds.

b
S =Py, /N(s)M(s)Wods = Py, AWy = Py, [I — D]|Wy = Py, Wo,

because Py, D = 0.

Let the operator S : By — By be generalized invertible. Then there exist bounded
projectors Py(s) : B1 — B; and Pyg : Bo — Bs and a bounded generalized inverse
operator S” : By — B to the operator S. The operator equation @ is solvable under
and only under the condition [7]

b
Pysbo = Pys Py, /N(s)f(s)ds =0, (10)

and, under this condition, the equation @ has a family of solutions
co = Pn(s)¢+ S bo,

where ¢ is an arbitrary element of the Banach space B;.
Then g(t) takes the form

9(t) = F() + MOWo Py (s)e+ S o).
We put ¢(s) in the solution of the integral equation
y(t) = M(t)Pn(pyc+ f(t) + M(t)Wo {PN(S)é + S’bo} +
b (11)

+M(t)D [ N(s){ £(s) + M(s)Wy [PN(S)(E + S*bo} }ds.

a
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Denoting D = (Is, + D~ A)W,, after the transformations we obtain the general
solution of the equation

V) = MO [Prcor, DPis)] | & | + 10+
b b
—|—M(t)D_/N(s)f(s)ds—M(t)ﬁS_PyD/N(s)f(s)ds =
= M(t) [,PN(D)a ﬁ'PN(S) g :| + fO)+
f(s)ds,

I
+M(5)[ D™ — DS~ Py, | /b N(s)

where ¢ € Bg, ¢ € B; are arbitrary constants.
Putting the obtained y(t) in , we obtain the general solution of the integro-
differential equation

2(t) = [M(t)PN(D)’ M(t)(DPxs) +PN(S))} [ ; } +f(t) + F (1),

where
M(t) = [ M(s)ds, f(t)= [ f(s)ds,
a a (12)

— _ b
F(t) = {M(t) {D— . Ds—PYD] - S—PYD} [ N(s)f(s)ds.
Thus, the following theorem holds for the integro-differential equation .

Theorem 4.1 Let the operators D : By — Bs and S : By — By be generalized
invertible. Then the integro-differential equation 1s solvable for those and only those
f(t) € C(la,b],B1), that satisfy the condition

b
PPy, [ N(5)f(s)ds =0
and has a family of solutions

2(t) = [M(t)PN(D), (M(t)DPs) +PN(S))} [ : } + f(t) + F(2).

Remark 4.1 As shown in [3| the integro-differential equation
b
(Lz)(t) == 2(t) + H(t)2(t) — M(t)/ (W (s)z(s) + V(s)2(s)]ds = f(¢),

where the operator-valued function H(t) acts from the Banach space B; to the Banach
space B; and is strongly continuous with the norm |||H||| = sup||H(t)||s, = Ho < oo,
tez

with the help of substitution z(t) = X (¢)y(t), where X (¢) is the fundamental operator |12,
p. 148] #(t) = —H(t)z(t), is reduced to an equation of the form (T]).
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Remark 4.2 The integro-differential equation
q b

(L2)(1) = 2(0) — 3 Mi(t) / [Wi(5)2(s) + Vi(s)2(s)]ds = f(t)

i=1 p

is reduced to an equation of the form (1)), if we denote the operator matrices
M(t) = [Mi(t), Ma(t),...., My(t)], W(t) = col[Wyi(t),Wal(t),...,W,()], V(t) =
col[Vi(t), Va(t), ..., V4(1)].

2. In the case when the integro-differential equation is considered in Euclidean spaces,
the proposed method of investigation can be refined and concretized.

Consider the equation ([1)) under the assumption that M (t) is an (n x m)-dimensional
matrix, W(t) and V() are (m x n)-dimensional matrices, f(¢) is an (n x 1)-dimensional
matrix whose elements belong to the space La[a,b]. The solution will be sought in the
class of functions z(t) € D%[a,b], 2(t) € L% [a,b].

b
In this case, the operator D = I, — A, A = [ N(s)M(s)ds and orthoprojectors

Py(py, Pn(p+) [15,16] are (m x m)-dimensional matrices.

Let rankD = n;. Denote an (m xr)-dimensional matrix by Py, (py, which is composed
of 7 = m — ny linearly independent columns of the orthoprojector matrix Py (p), and
an (r x m)-dimensional matrix by Py, p-), which is composed of r linearly independent
rows of the orthoprojector matrix Py(p-).

Then by Theorem [3.I} under and only under r linearly independent conditions

b
Py (o) / N(s)g(s)ds = 0 (13)

the integral equation has r linearly independent solutions
b
y(t) = M(t) Py, (pycr + g(t) + M(t) DT /N(S)Q(S)d& (14)

where ¢, is an arbitrary element of the Euclidean space R", DT is the Moor-Penrose
pseudoinverse matrix to the matrix D [15}16].
From the condition we obtain an algebraic system with respect to the vector
co € R"
SCO = bo, (15)
b
where S = Py, (p«)Wp is an (r x n)-dimensional matrix, by = —Py, p~) [ N(s)f(s)ds.

a
Let rankS = ny. Denote an (n x k)-dimensional matrix by Py, (g, which is composed
of k = n — ny linearly independent columns of the orthoprojector matrix Py (g, and
an (d x r)-dimensional matrix by Py, (s+), which is composed of d = r — ny linearly

independent rows of the orthoprojector matrix Py (g+).
The system is solvable if and only if the vector by satisfies the condition

b
PNd(S*)bO = PNd(S*)PN,‘(D*) /N(s)f(s)ds = 0, (16)

a
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under which the equation has a family of solutions
co = Py, (s)Cr + ST bo,

where &, is an arbitrary element of the Euclidean space R*, S is the Moor-Penrose
pseudoinverse matrix to the matrix S [154[16].

The condition consists of d linearly independent conditions. Indeed, since the
matrices Py, (s+), Py, (p+) are of the full rank: rankPy,s+) = d, rankPy _p+) = r and
d < r, we have from the Sylvester inequality [17, p. 31] that

rankPNd(S*) —|—rankPN7\(D*) —-Tr S rank(PNd(S*)PNT(D*)) S

< min(rank Py, g+, rank Py, (p+))

or
d+r—r< rank(PNd(s*)PNT(D*)) <d.

It follows that rank(PNd(S*)PNT(D*)) =d.
Then the following theorem holds for the integro-differential equation .

Theorem 4.2 Let rankD = ny, and rankS = no.
Then the integro-differential equation is solvable for those and only those f(t) €
R, that satisfy d = r — ny linearly independent conditions

b
PNd(S*)PNT(D*)/N(s)f(s)ds = 0,

and at the same time it has an (r+k)-parametric family of linearly independent solutions

2(t) = [M)Px, 0y, (M()DPry(s) + Pas) | { o ] + (1) + F (),

where ¢, € R, & € Ry are arbitrary constants; D = (I, + DT A)Wo; M(t),f(t) have
the form (@;

b
F(t) = {M(t) [D+ - 5S+PNT(D*)} - S*PNT(D*)} / N(s)f(s)ds.

a

Example 4.1 Consider the integro-differential equation

2
(Lz)(t) = 2(t) — M(1) / [W(s)z(s) + V(s)z(s)l ds = (D), (17)
0

where
. 0 t—1 0 0 t—1 0

M(t)_dlag{[1 0 3t}’[1 0 3t]}

0 s % 0 s

W(s) = diag - -
1 1

3
2

W
o o |
)
o o |
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1 0 1 0

V(s) = diag -1 0 s -1 0

—1 —

s—1 %5 s—1 =L

2

Let the vector-function f(t) act from the interval [0, 2] into the Banach space c of all
convergent numerical sequences: f(t) € C([0,2],c) := {f(:) : [0,2] — c}, the operator-
valued functions M (t), W (¢) and V(¢) act from the Banach space C([0,2],c) to itself
with the norms ||| M|[|c((0,21,c) = suPsefo,2 1M (8)lle, W llc(0,21,¢) = suPrepo,2[|W () lle,
NV lleo,21,e) = suPrepo,2 IV ()]l

It is obvious that the operator L is a linear bounded operator acting from the Banach
space of continuously differentiable functions C*([0,2],c) on the interval [0,2] into the
Banach space of continuous functions C(]0, 2], c).

For this equation we have:

1 -1-% 43 1 —1-54%
diag —4—}—325 0 ) —4+375 0 AR
1 s—1 1 s—1
2 2
2 0 -1 0 -1
Woz/W(s)ds:diag -3 0|, -3 O0/|,...7.
) 2 0 2 0
Then
2 3 00 3 00
D:IfA:I—/N(s)M(s)ds:diag 00 0],/ 000]/,...p,
5 000 0 00
0 00 000
Pn(py = Py, = diag [0 10 ,[0 10, ,
0 0 1 0 0 1
300 500
D~ = diag 00 O0f(,]000],.
0 00 000

To find the solvability condition, we compute the operator

0 0 0 0
S = PYD WO = dlag -3 0 , -3 0 S p
2 0 2 0
1 0 0 1 0 0
. 0 0 0 0 )
PN(S)—dlag{[O 1},[0 1},...},Pys_d1ag 01 2|,]0 1 31,
0 0 O 0 0 O
Then the solvability condition for the equation takes the form
7 00 0 00 0
PysPys /N(s)f(s)ds = diag 01 2(,]0o1 3], v
0 0 0 O 0 0 O
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2 1 —1-< + 3 1 —1-< +3¢
x/diag —4+ 3 0 | -4+ 0 voo. g f(8)ds =
0 1 551 1 s;l
2 0 0 0 0
= /diag e 2 3(84_1) ,| 32 3(84_1) oo f(s)ds = 0.
J 0 0 0 0

After the transformations, we obtain the results which show that the components of
the vector-function f(t) = col(f1(t), f2(t),...) must satisfy the conditions

/ [2(35 —5) fon_1(s) +3(s — 1)f2k(s)]ds =0, k=1,2,3,....
0

These conditions are satisfied, for example, by the vector f(t) = col(0,1,0,1,0,1,...).
For this vector, the solution of the equation will have the form

£ _ t)ca - t)ca
Z(t):COI 7f2~ 2 5 7:2~ 2 [N
4-3t 43t Co + 3%63 4-3t 43t Cq + %Cs

Example 4.2 We find the conditions for the solvability of the integro-differential
equation, which is considered in the finite-dimensional Euclidean space [11[3]

2(t) — M(t) 7W(s)z(s)ds =g(t),
0
where
MO = G ] W6 = 5 e e |
Vi =0 g = 5 o

For this equation we have

o 2
1 0 0 170 0
W(S)—/W(S)ds_gﬂ[sins cossl}’ WO_/W(S)dS_QW[O 0]
J 0

27
10 0 0
0
' ] 1 0 . oy
The matrix S = Py, W is zero, so Py, = [ 0 1 } and the solvability condition
will have the form

27
Py Py, /W(s)g(s)ds =
0
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27
1t o 0 0 0 0 coss sins £(s)
Tor | 01 0 1 sins coss—1 —sins coss 5)-
0
After the transformations, we obtain the condition

27

/ [f1(s)sins + fa(s)(1 — cos s)]ds,

0

which completely coincides with the conditions from [1},3], obtained by other methods.

The proposed research method can be used to study the solvability conditions for

integro-differential systems of the Volterra type equations [18] in the case when the
system is not everywhere solvable.
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