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Existence of Solution for Nonlinear Anisotropic
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2 Laboratory LMA Faculty of Sciences, Meknes, Morocco

Received: May 10, 2017; Revised: June 18, 2018

Abstract: In this paper, we prove the existence of entropy solutions of anisotropic
elliptic equations Au + Zf;l gi(z,u, Vu) = f, where the operator Au is a Leray-

v
Lions anisotropic operator from I/Vol’7 (Q, &) into its dual W1 (€, JE) The critical
growth condition on g; is with respect to Vu and there is no the growth condition
with respect to u and no the sign condition. The right-hand side f belongs to L*().

Keywords: nonlinear elliptic equations; quasilinear degenerated unilateral problems;
non-variational inequalities.

Mathematics Subject Classification (2010): 35J60, 35J70, 35J87.

1 Introduction

Let Q be a bounded open subset of RY (N > 2) with Lipschitz continuous bound-
ary and let Au = — Zivzl 0;a;(z,u, Vu) be a degenerate anisotropic operator of Leray-
Lions type defined in the weighted anisotropic Sobolev space wL? (Q, Z?), where
= (wo, w1, -..,wn) is a vector of weight functions defined on Q and 7= (po, -, PN) 18
a vector of real number such that p; > 1 for ¢ =0,...,N.

We consider the following nonlinear elliptic anisotropic problem

— Zi\; Oia;(x,u, Vu) + Zﬁil gi(x,u,Vu) = f in Q, (1)
u =0, on 0f,

where g;(z, s, ) is a Carathéodory function satisfying only the following growth condition
lgi(,5,€)] < v(z) + p(s)[& [P and where the right-hand side f belongs to L!(Q). In the

* Corresponding author: mailto:akdimyoussef@yahoo.fr

(© 2018 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua213
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particular case, where Zfil gi(z,5,&) = —ColulP~2u, the following degenerated equation
—div(a(z,u, Vu)) — Colu|P~?u = f(x,u, Vu) has been studied by Drabek-Nicolsi in [11]
under more degeneracy and some additional assumptions on f and a(z,u, Vu).

In the isotropic case, more precisely, when pg = p1 = ... = py = p and
Zﬁil gi(x,u,Vu) = g(x,u, Vu), the existence result for the unilateral problem with
g(x,u, Vu) satisfying the following growth condition

N
MWJﬁﬂébWD@@ﬁ+§:wkﬁ) (2)

and the sign condition

g(x,5,€)s >0, 3)

when f belongs to W1 (Q,w*), is studied by Akdim et al. in [7] under the following
integrability condition

o' e LL (Q) with 1<gq< oo, (4)

where o is a weight function which is assumed satisfying the Hardy inequality

S }
/Q|u|qa(x)dx§C(;/Qmiuvwi(m)dx) . (5)

Our aim in this paper is to prove the existence of entropy solution for the following
weighted unilateral elliptic anisotropic problem

u > 1 a.e. in €,

T (u) € W7 (. 0),

N N
6
Z/ a;(z,u, Vu)0; T (u — v) + Z/ gi(z,u, Vu)Ti(u — v) < / fTe(u—wv), ()
i=179 =179 Q
Yo € Ky(Q,d) N L®(Q) and Yk > 0,
without the conditions and .

2 Preliminaries

Let Q be a bounded open subset of RV (N > 2) with the Lipschitz continuous boundary
and let 1 < pg,p1,....,pn < oo be N + 1 real numbers, p* = max{p1,....,pn}, p~ =

0]
min{p1,...,pn} . We denote 9; = e let w; be non negative functions on €2 such
"

that w; > 0 a.e. in Q for all ¢ = 0,1,..,N. We set & = (wo, w1, ...,wy) and
7= (po,p1,.--,pN). We suppose that for i =0,1,..., N and for j =0,1,..., N

1

wi € Lioe(Q) and w, 77" € Li,u(Q). (7)

As the classical weighted Sobolev space in [10], we define the anisotropic weighted Sobolev
space by

WL (Q,3) = {u € LP(Q,wo) : yu € LP(Qwi),i = 1,2, N}
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As in Theorem 1.11 in [13], by @) the space Wl’?(Q,ﬁ) is a Banach space under the
following norm
N
lullws7 9.3y = Il oo @) + D 105t Lo (@00 (8)
i=1
Since w; € L}, .(£2), we have that C5°(£2) is a subset of Wl’ﬁ(ﬂ, W) and we can introduce
the space Wol’?(ﬂ, W) as the closure of C°(2) with respect to norm . We recall
that the dual space of weighted anisotropic Sobolev space WO1 ’?(Q, Z?) is equivalent to
= N )
w-bp (Q,?), where @ = (Wi, wiy), wf = wil Polph = (py,...,ply) and pi = S,
foralli=1,...,N.
Now, we introduce the following assumptions:
Assumptions (Hy):
— The expression

N
lll 2.7 0y = D 1950l 201 (2 (9)

i=1

is a norm defined on VVO1 7 (Q, 3) and it is equivalent to the norm .
— There exist a weight function o on €2 and a parameter ¢, 1 < ¢ < oo, such that the

Hardy inequality
(/ |u|q0d:c>é <C§N:(/ ]a“
Q T T Vaelom

holds for every u € WO1 ’?(Q, E?), where C is a positive constant independent of u.
— The embedding

pi’u%—) 2 (10)

WP (Q,3) < LUQ, 0) (11)
expressed by is compact.

Remark 2.1 Let us take pg = p1 = p2 = ... = py = p, wo(z) = w1(z) = wa(x) =
o = wn(x) = [dist(z,00)]* and o(z) = [dist(z,00Q)]7, A,y € R. In this case, the Hardy
inequality reads

( /Q \u|q[dist(x,8§2)]"’)%dm < Ei:: ( /Q \8iu|p[dist(x7aﬂ)]>‘dx)%.

The imbedding WP (Q, dist(x,Q)) < LI(Q, dist(x,dQ)) is compact (see Example 1.5
in [10]) if and only if either:

Dl<p<g<too, A<p-1,F=F+1>0, 92 A -N+NL—gor

i) l<g<p<+too,A<p-1,y2Al-1+1-¢q

Similarly, in the isotropic case, see [1], we can construct an isometric from
Wol’?(Q,ﬁ) in Hiil LPi(Q,w;) which implies with that the space Wol’?(ﬂ, W)
is a reflexive and separable Banach space. Moreover, we consider 751’?(9,3) =
{u measurable in Q : Ty (u) € W(}’?(Q, W), Vk > 0}
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3 Mains Results

Let Q be a bounded open subset of RY (N > 2) with the Lipschitz continuous boundary
09Q. The functions a: Q@ x RxRY — RY such that a(z, s, &) = (al(m, $,8),...,an(z,s, f))
and g;: QxRxRY — R with a; and g; are Carathéodory functions satisfying the following

assumptions for all s € R, £ € RN,QJ €RY anda.e in Q:
Assumptions Hs:

N N
Zai(x75,€)£i Z OKZWA& ;D7‘,7 (12)
i=1 i=1
lai(, 5,6)] < Bl [ja(x) + o7 |s| 7 + w7, (13)
(ai(x,5,6) — ai(z, 5,6 ))(& — &) >0 for & #¢,, (14)

’
where «a, § are some positive constants, j; is a positive function in LPi ().
Assumptions Hs:

where + is a positive function in L'(2) and p : R — R™ is a continuous positive function

in L'(R).
Moreover, we suppose that

feL Q). (16)

Let us define the convex set Ky (€, &) ={uce W&’?(Q, W), u > ae. in Q}, where ¢
is a measurable function with values in R such that

bt e WET(Q, D) N L(Q). (17)

3.1 Some technical lemmas

The following lemma generalizes to the anisotropic case the analogous Lemma 5 in [9].
We use the method of 7] and [9).

Lemma 3.1 Assume that — hold and let (u,), be a sequence in Wol’?(ﬂ, W)
such that w, — u in VVOL?(Q7 W) and lim / (a(m, Un, Vy) — a(x, Uy, Vu))V(un —u)
n—+oo /o

= 0. Then u,, — u strongly in Wol’?(Q, j) for a subsequence.

Definition 3.1 A function u is an entropy solution for problem if it satisfies @

Theorem 3.1 Assume that (@— hold. Then there exists at least one entropy
solution in the sense of the definition of problem .
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Proof of Theorem [3.1]

The proof of this theorem is done in four steps.
Step 1 : Approximate problems.

We consider the following approximate problems

U, € Ky(9, ).

/a(xvunvvun +Z/91 xunvvun n_v /fn n—’l) (18)
Q

Yo € Ky (Q, W),
where ¢*(z,s,§) = %T%(cﬁ(x)) and f,(z) = % We have

197(2,5, )| < lgi(, 5, )], 97 (2,5,)] <, |g (@, u, V)| < n2o (@), |fa(2)] < |f(@)]
and | f,(2)] < n.

For all u and v in W’ ?( W), we have
|/g?(x,u,Vu)vdx < /|gZ z,u, Vu)|? o da:) (
Q

Q
1
a

<ut( [ oo dr) folluom
Q

< Cn”UHWOL?(Q@?)'

1
|v|qadx> !

Proposition 3.1 Under the conditions (@)-, there exists at least one solution
of the problem (@)

Proof of Proposition
Thanks to the Leray-Lions theorem and Theorem 8.2 from Chapter 2 in [14], there exists
at least one solution to problem .
Step 2 : A priori estimate.

Proposition 3.2 Assume that (@)- hold and if u, is a solution of the approz-
imate problem (@, then there exists a constant C' such that

N
Z/ 10, Ty (un) [Prw; < Ck Yk > 0.
: Q

Proof: Let v = u, — nexp(G(u,))Tk(u — ), where G(s) = [ p((;) dt and n > 0.
Since v € Wol’y(ﬂ, W) and for all  small enough, we have v € Kw(Q7 W). We take v as
a test function in problem (18], thanks to and (15, we obtain

N
Il
S [ et Vi) explGlun) 06T (] = 0%) < (1 s + P2y exp (2 )

< Ck.
By and Young’s inequality, we have
N
3 / Ot Piands < C'k k> 0. (19)
i1/ {lun —wF|<k}

Since {z € Q, |uf| <k} C{zr e, |uf —vT|<k+|9Y" |}, we have

Z/ |0: Ty, (w))|Piw;da = Z/ |0;ut [Piw;dx

|un|<k}
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N
< Z/ |0t |Piw;da.
i=1

{lud =9t | <k+]vt]loc}
This implies, by , that

i/ﬂ |05 Tk (

Similarly, taking v = u, +exp(—G (uy))Tk(u;, ) as a test function in approximate problem

, thanks to and , we obtain

u)Piwsda < C'k, Vk > 0. (20)

N
Z/ a;(x, Up, Vuy) exp(—G(u,)) 0Tk (u,) < Ck.
{u, <0}

By , we deduce that

Z/ 10, T () |Piw; < Ck. (21)
{u,<0}

N
Comblnmg and , we obtain Z/ |0: Ty (un) |Piw; < Ck. Tt yields
i=1 7%

1T () 17 0 3y < k7=, k> 1. (22)

Step 3: Strong convergence of truncations.

Lemma 3.2 There exist a measurable function v and a subsequence of u, such that
Ti(un) = Ti(u) strongly in Wol’?(ﬂ, ).

Proof: By (22), the sequence (Tj(uy)), is bounded in W&’?(Q,W), there exists
a subsequence (T (uy)), such that Tjy(u,) converges to vy a. e. in £, weakly in
W&?(Q,ﬁ) and strongly in LI(Q,0) as n tends to +oo. Since (uy), is a Cauchy
sequence in measure in €, there exists a subsequence denoted by (uy), such that u,
converges to a measurable function v a. e. in 2 and

Ti(up) — Ti(u) weakly in Wol’?(Q, W)and a. e. inQ, Vk>0. (23)

Now, we prove that

lim i/ﬂ (ai(x,Tk(un),VTk(un))—ai(x,Tk(un),VTk(u))> (aiTk(Un)_aiTk<U)) =0.

n—00 4
1=

(24)
Let us take v = u, + exp(—G(un))T1 (un, — Trn(uy))~ in approximate problem (L§), by

and , we have

N
Z/ i (%, Un, Vg ) exp(—G(un))0iun
= - min<un<-m)
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_/anexp(—G(un))Tl(un m(Un)) +Z/ x) exp(—G (un)) T (ty, — Ton(un)) ™.

(25)
By Lebesgue’s theorem, we have the right-hand side in tends to zero as n and m
tend to oo. Then, we get

a;(x, Up, V) 0w, = 0. (26)

Similarly, taking v = u,, — nexp(G(up))T1 (un — T (uy))t as a test function in approxi-
mate problem , we get

N
lim lim supz /{m<u i) a; (2, p, V)i, = 0. (27)

m—r o0 n—oo

We consider the following function of one real variable:

1, if |s| <m,
hm(s)=<¢ 0, if |s|>m+1,
m+1—|s|, if m<|s|<m+1,

where m > k. Let ¢ = u, —nexp(G(up))(Tk(un) — T (w)) T hp(uy,) be a test function in
approximate problem , using and , we get

N

Z/ ai (@, U, V) exp(G(un )0 (Tr (un) — Ti(w) T h ()

/o

' N
+Z/ i (%, U, Vi) exp(G (tn) (Ti (un) — Tho(w)) T Ostunh,, (un)
i=179

<Z/ ) exp(G(un)) (T (un) = Ti(w)) " h (1)

[ exp(Glun)) (Tulun) = Tu(w)) ),
Q
This implies that
N
Z/Qai(x,un,Vun)exp(G(un))ai(Tk(un)—Tk(u))+hm(un)

N
: Z /{m<un<m+1} @i ((E, Un, vun) exp(G(un))(Tk (Un) - Tk (u))+8lun

i= 1

+Z / 2) exp(G(un)) (T (un) = Ti(w)) " h (11

" / o eXD(G 1)) (Tic (1) — T () i (o).
Thanks to Lebesgue’s theorem and , we obtain

lim lim Z/al (2, Uun, V) exp(G(un)0i (T (wn) — T (w)) T hy (un) <0,

mM—r00 N—r00
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which implies that

lim lim Z/ a;(z, upn, V) exp(G(un )0 (Tk (un) = T (w) ) (1)
{Ts (wn Tk (u)>0,|u, | <k

— lim lim Z/ ;i (T, U, Vg ) exp(G (1)) 0; (Ti (w)) T hi (1) <
T (un) =Tk (u) >0 |un|>k}

mM—+00 N—00 4
K2
0,

since A, (up) = 0 if |u,| > m + 1, we have
N

/ a;i (2, Un, Vg ) exp(G (un )0 (T (1)) R (uy)
{Tx (un)—Tr(u)>0,|un| >k}

- Z / 05(a T2 (), VT2 (1)) exD(G (1)) 04 (Te(0)) * o ).
{Tk(un) =Tk (u)>0,|un| >k}

By . ) and (22)), we have a;(x, Trt1(un), Vg1 (un)) = X7, in LPi(Q,w]). It yields
N

mlrlbrgooz / @i (2, Tr1 (Un)y Vi1 (un)) exp(G(un )0 (Th (w)) T hon (un)

YTk ()T ()20, | >}
N

—hm Y /{ sy K epG)IT ) (1) =0

m—o0 4
i=1

Using a;(z, T (un), VI (Un)) hm (un) — ai(x, T (w), VI (1) hy(w) a. e. in §, we see
that the sequence
(ai (z, T (un), VTk(un))hm(un)) is equi-integrable in LP:(Q,w}) and Vitali’s theorem

n

implies that

ai(x, Ti(un), VI (un)) o (un) = ai(z, T (w), VI (w) hi (u) in L (Q,wi).
Since 0; Ty (un) — 0;Tk(u)) weakly in LPi(Q,w;), we get

lim Z/ ai(z, T (un), VT (1)) exp(G(un))0i (Ti(un) — Tk (w))hm (un) =
"I ATk (un )~ T (u) 20}
0, thus we conclude that

lim  lim Z/Tk sy (ai(:c,Tk(un),VTk(un)) — ai(z,Tk(un),VTk(u))) X

m—00 N—r00

(91‘ (Tk (un) — Tk; (u))hm(un) =0. (28)

Similarly, we take ¢ = u, + exp(—G(un))(Tk(un) — Tk (w)) " hm(uy,) as a test function in
approximating problem , we obtain
N

lim lim Z/Tk T <0) (ai($7Tk(Un)7ka(un)) - ai(fE,Tk(Un),ka(u))> X

M—00 N—00 4
i=

0i(Tx (un) — Ti(w)) o () = 0. (29)
Combining and , we deduce that

N
%gnoonh_)n;ozlé (ai(x,Tk(un),VTk(un)) —ai(x,Tk(un),VTk(u)))

O0i(Tk () — Ti(w)) o () = 0. (30)
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Let ¢ = up+exp(—G(up))Tk(un) ™ (1—hp (uy,)) be a test function in approximate problem

and using and (15)), we get
N
3 / 01 (2 s Vi) exp(— G (1)) 05T (1) (1 = B (1)
{u, <0}
N
< - Z/ a; (2, Up, V) exp(—G(un)) Tk (un ) Oiuny,
{=G+D<un<—j}

+Z [ 20 PG Tl (1 )

*Z /Q Fo (1) exD(— G (1)) T (1)~ (1 = P (11)).

In view of and Lebesgue’s theorem, the integrals in the righthand side converge to
zero as n and m tend to infinity. Then

N
lim lim / @i (T, Un,, Vup )0 Tk (un) (1 — by (uy)) = 0. (31)
{u, <0}

m—00 N—00 4
i=

On the other hand, we take ¢ = un — nexp(G(up)) Tk (ut — ) (1 = hyy(uy)) as a test
function in approximate problem ([18]) and using and , we get

Z / 022, 1, V) DG ) OLTi (1 — 7)1 — B ()
N
< / 03 (2, i, V) exp(G 1)) T (1) ™ — 6 )st
{-U+)<Lun <35}

z 1
+Z / ) exp(G ) Te(uf —%+)(1 — by (1)
3 | ) explGlun) Tt = 07)(1 = i)
i=1
By Lebesgue’s theorem and , we deduce that

(7, Un, Vuy) exp(G(un))0iut (1 — hy, (un
Z/un . ) exp(G 1) i (1~ (1)

< Z/ (@, tn, Vit )05 (1 = B (1)) + £1.(n, m). (32)

{lut - w+|<k}

Thanks to and Young’s inequality, we have

(z, Un, V) ex w w1 — " o
Z/u w+|<k} s Vg ) exp(G(un )0t (1 — B () < €2(n, m),

where £1(n, m) and e5(n, m) converge to zero as n and m tend to infinity. Since p € L*(R),
we have exp(G(uy,)) is bounded. It yields

Z/ (2, Up, Vur )0t (1 — by (uy)) < e3(n,m).
{luif — ¢+|<k}
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Since {z € Q, |uf| <k} C{z e Q, |Juf —¥T| <k+ [T ||L=(q)}, hence

Z/ a; (2, un, Vun)0pu (1—hy, (u,)) < e3(n, m), which implies that, for all k > 0,
TI<k}

mM—r00 N—00

lim lim Z/ (@, Tie(un), VIi (un,))0i T (tun) (1 = By (uy,)) = 0. (33)
un>0}
Combining and , we obtain

N
lim lim Z/Qai(m,Tk(un),VTk(un))a,»Tk(un)(l — hu(uy)) = 0. (34)

m—0o0 N—r 00 -

Moreover, we have

N
Z/Q (ai(m,Tk(unLVTk(un)) - ai(x,Tk(un),VTk(u))) (&Tk(un) - &-Tk(u)) -
=1
N
3 /Q (ai(z,Tk(un),VTk(un)) - ai(x,Tk(un),VTk(u))> (&Tk(un) - &-Tk(u))hm(un)
i:lN
30 [ o ). FT )0 (1 = s (1)
i;l
=3 [ oo i), VT ) 0T () (1 = ()

N
_ Z/ 0 (2, T (1), VT (1)) (95 T (1) — DT (w)) (1 = P (1))
=178
By and , the first and the second integrals of the right-hand side converge to
zero as n,m — +oo. Since (ai(m,Tk(un),VTk(un))) is bounded in L?i(Q,w?) and
0;Ti (1) (1 = hyp(uy,)) converges to zero in LP (9, w;), the third integral converges to zero.
So the fourth integral converges to zero while 9;Tj(u,) — 9;Tk(u) weakly in LPi (2, w;)
and a;(z, Tk (un), VT (un))(1 — b (uy)) converges to a;(z, Tr(u), VI (u))(1 — hpy(w))
strongly in LP: (2, w}). We conclude the proof of .
Using , and Lemma we deduce
Tk (uy) — Ti(u) strongly in W&’F(Q, W) and a. e. in Q, Vk > 0. (35)
This implies that
Vu, = Vu a. e. in Q, (36)
which gives
a;(x, upn, Vuy) = a;(z,u, Vu) in LPi (Q,wy). (37)
Step 4: Equi integrability of the non linearity sequence.

We shall prove that g@*(z, u,,, Vu,) — gi(z,u, Vu) in L (Q).
We have g7 (z, un, Vuy) = gi(x,u, Vu) a. e. in Q.
0

Let v = u, + exp(—G(un))/ P(V)X{v<—nydv. Since v € Ky (2, W), we take v as a test

Un
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function in approximate problem . Then, by and , we have

N
Z /Q ai(xa Un, Vun) eXp(_G(un))8iunp(un)X{un<—h}
=1

< i [ A@ (-G [

Un

< exp (M) (/_: p(s)ds) (NH’YHLl(Q) + Hf||L1(sz))-

0 0

P() X<y — /Q fo exp(~Gun)) / ()X (<t

n

@
N —h
Using again 1) we obtain Z/ | Oiun [P wi p(Un) X fu, <—ny < c/ p(s)ds.
=179 —oo
Since p € L'(R), we have
N
lim sup / a|Osun [Prw;p(uy,) = 0. 38)

—+oo
Let h be such that h > exp(G(un))/ p(v)dv + || || L () and we take
0

Un

V= Uy — exp(G(un))/ p(V)X{v>h}dv as a test function in approximate problem .
0
Then, similarly as in , we deduce that

N
lim supZ/ a|Ojun|Piwip(u,) = 0. (39)
1 J{un>h}

h—00 neN =

Combining and , we deduce
N

lim sup / alOiuy,
h—o0 nGN; {|un|>h}
Using , , and Vitali’s theorem, we obtain
9 (@, U, V) — gi(z,u, Vu) in LH(Q). (41)

On the other hand, let ¢ € Ky, N L>(Q) and v = u,, — Ti(u,, — ) be a test function in
approximate problem . We get

Piw,p(uy) = 0. (40)

Up € Kw

N N

Z/ ai(m,un, Vun)asz(un - 90) + Z/ g?(x7 Un, vun)Tk(un - 4,0)

i=1 /0 i=178 (42)

< [ $Titun - )
Q
Vo € Ky N L™(Q) and Vk > 0,

Using , and , we can pass to the limit in .

4 Example

Let us consider the following case:
1

plil‘%gn(gz) and gz(wvsvg) = 1 +82

(Li(m,s,f) :wz|§l wl|£2|pL
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Abstract: The paper is devoted to the problem of delay-independent stability for
a class of nonlinear mechanical systems. Mechanical systems with linear velocity
forces and essentially nonlinear positional ones are studied. It is assumed that there
is a delay in the positional forces. With the aid of the decomposition method and
original constructions of Lyapunov-Krasovskii functionals, conditions are found under
which the trivial equilibrium positions of the considered systems are asymptotically
stable for any constant nonnegative delay. An example is given to demonstrate the
effectiveness of the obtained results.
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1 Introduction

An efficient approach to investigation of dynamical properties of complex systems is the
decomposition method [15/21]. The approach is successfully applied in various forms to
the stability analysis of mechanical systems, see, for example, [15}/17}/20,/22,/24] and the
bibliography therein.

An interesting and practically important result on the decomposition of mechanical
system was obtained by V.I. Zubov [24]. He studied the stability of gyroscopic systems
described by linear time-invariant second order systems and found conditions under which
the stability problem for an original system can be reduced to that for two auxiliary
independent first order subsystems. However, it should be noted that the Zubov approach
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is based on the Lyapunov first method, and it is inapplicable to nonstationary and
nonlinear systems.

Another approach to derive the Zubov result has been proposed by A.A. Kosov [14].
He suggested to use a special transformation of variables and the Lyapunov direct
method. This approach was further developed in [1,4,[5], where it has been applied
not only to linear time-invariant systems but also to switched systems and systems with
nonlinear force fields. Furthermore, in [3,/7], with the aid of the Kosov approach and
a special technique of using the Razumikhin theorem, new delay-independent stability
conditions for some classes of mechanical systems were obtained.

In the present contribution, we consider mechanical systems with linear velocity forces
and essentially nonlinear positional ones. It is assumed that there is a delay in the
positional forces. We will look for conditions guaranteeing that the trivial equilibrium
positions of the systems under consideration are asymptotically stable for any constant
nonnegative delay.

Let us note that such conditions were derived in [7] with the aid of the decomposi-
tion method and Lyapunov-Razumikhin functions. In this paper, instead of Lyapunov—
Razumikhin functions, we will use special constructions of Lyapunov—Krasovskii func-
tionals. It will be shown that such an approach permits us to obtain less conservative
delay-independent stability conditions than those in |7].

2 Notation

Throughout the paper the following notation is used:
R is the field of real numbers and R" denotes the n-dimensional Euclidean space.
k k is the Euclidean norm of a vector.
P > 0 (P < 0) means that the matrix P is symmetric and positive (negative)
definite.
AT is the transpose of a matrix A.
A matrix C is called Metzler [13] if all its off-diagonal entries are nonnegative.

diagf 1;:::; ng is the diagonal matrix with the elements 1;:::; n.

For a given positive number , let C1([ ;0];R™) be the space of continuously
differentiable functions ”( ):[ ;0] ¥ R™ with the uniform norm

Kok = max_ (k7( )k +k*()K):

Q  is the set of functions 7( ) 2 CY([ ;0];R") satisfying the condition k’k < A,
0<A +1.

3 Problem Formulation
Consider the system
A4(t) +Bq(t) + CF(q(t)) + Df(q(t ) =0 (1)

describing motions of a nonlinear mechanical system. Here q(t);q(t) 2 R"; A;B;C;D
are constant matrices; vector function (q) is continuous for kgk < A, 0 < A +1;
is a constant nonnegative delay.
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control systems and neural networks [2}13}|16].

Hence, we consider a mechanical system with linear velocity forces and nonlinear
positional ones. The term DTf(q(t )) can be treated as a control vector, and the
presence of delay might be caused by a time lag between the moments of measuring of
the state and the application of the corresponding control force, see [12,/19].

Let q(t;to; ;) stand for a solution of the system (1) with the initial conditions
to 0,7()2Q ,andqi(to; 7; ) denote the restriction of the solution to the segment
[t it ie, qe(to;7;7): Ta(t+ jto;7;7), 2[ ;0]

In what follows, we will impose additional restrictions on the system (1).

Assumption 3.1 Let the matrices A and B be nonsingular.

Assumption 3.2 Let fi(gi) = iq;', where i are positive coefficients and ; > 1
are rationals with odd numerators and denominators, i =1;:::;n

Remark 3.1 Without loss of generality, we will consider the case where | = 1,
i=1;:::;n,and 1 ::: n-

Thus, the positional forces in (1) are essentially nonlinear ones. It should be noted
that models with essentially nonlinear forces are widely used in contemporary mechanical
and civil engineering, see, for instance, [8H10L|18].

The system (1) has the trivial equilibrium position

q=¢=0: (2)

We will look for conditions providing the asymptotic stability of the equilibrium position
for an arbitrary constant nonnegative delay.

4 Main Results

According to the Zubov approach, consider two auxiliary isolated delay-free subsystems

y(t) = PF(y(1)); 3)
2(t)= A Bz(t): (4)
Here P = fpijg?;j:l = B (C + D). It is worth mentioning that the subsystem (4)

is linear, whereas the subsystem (3) belongs to the well-known class of Persidskii type
systems [13].

Assumption 4.1 Let the subsystem (4) be asymptotically stable.

Define entries of the matrix P = fﬁijg?;j:l by the formulae pii = pii, and Pij = jpiji

In |7], with the aid of the decomposition method and Lyapunov-Razumikhin func-
tions, it was proved that if Assumptions 3.1, 3.2, 4.1 are fulfilled, and the matrix P is
Hurwitz, then the equilibrium position (2) of the system (1) is asymptotically stable for
any 0.

To obtain less conservative stability conditions, we will use the original construction
of Lyapunov—Krasovskii functionals for systems of the form (3) proposed in [6].
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Theorem 4.1 Let Assumptions 3.1, 3.2, 4.1 be ful lled, and the matrix P be diago-
nally stable. Then the equilibrium position (2) of the system (1) is asymptotically stable
for an arbitrary nonnegative delay.

Proof. Introduce new variables by the formulae

z(t) =d(t);  y(t)=B *Ad(t) +a(t): (5)
Then
BY() — (C+D)f(y(®)+C fy(®) f y(t) B *Az(t)
+ D FyM) Fyt ) B Azt ) ; (6)
AZ(t) = Bz(t) Cf y(t) B Az(t) Df y(t ) B Azt ) :

Taking into account properties of the transformation (5), we obtain that the equilibrium
position (2) of the system (1) is asymptotically stable if and only if the zero solution of
(6) is asymptotically stable.

It is known, see [23], that under Assumption 4.1, for any number > 1, there exists
a continuously differentiable for z 2 R"™ positive homogeneous of the order Lyapunov
function ¥ (z) such that the estimates

1

0% (z) A Bz azkzk

@z

hold for z 2 R". Here aj >0, i = 1;2;3;4.
The matrix P is diagonally stable. Therefore, one can choose a matrix A =

1 0% (2)

arkzk  ®(z) agkzk ; aszkzk *; 0z

Using the approach proposed in [6], construct a Lyapunov—Krasovskii functional for
the system (6) in the form

Z t X . '+l(t) Z t
Viyez) =®(@) + 1 kz(s)k ds+ iy'_H v, KE(y(s)K3ds
t i=1 ! t
Z, z,
+3  ( +s vkf(y(s)k’ds FT(y(t)AB ‘D f(y(s))ds;
t t

where 1; 2; 3 are positive coefficients.
Differentiating functional V (yt;Z¢) along the solutions of the system (6), we obtain
|

T
V = % A Bz(t) + ikz(t)k ikz(t Ok
'
@%ZZ“)) Al cCfyt) BAzt) +Df yt ) B lAz(t )

Zt
HT(YO)APF(Y(D)) + ( 2+  kFy(t)k?  kF(y(t )k* 5 kf(y(s)k?ds

t

HTY®AB 1 C fy(m) Fy®) B Azt
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+D f(y(t ) fyt ) B Azt )

z t
+  fT(y(s)dsD” B ! TA(‘“gy“”B LCf oy B 'Az(Y)

+Df y(t ) B Azt )
Ifkz( )k<1for 2[t ;t], then

Voo(as+ pkz(hk  ogkz(t )k +( 24+ s c)kFy()k®  okF(y(t ))K?

Of (y(t Z
+C2 (@yy( ) kF(y(s))kds (kF(y(t)k +kz(k * +kf(y(t )k+kz(t )k *)
+eskz(tk P (kF(y(t)k +kz(t)k * +kF(y(t  )k+kz(t k1)
Zy

s kF(y(s))K?ds +cakf(y(t)k F(y(t) F y(t) B *Az(t)

+oskf(y(t)k fiy(t ) fyt ) B Azt ) ;

where Cyp;C2; C3;Ca; Cs are positive constants.

Let 2< <2 ;. Using homogeneous functions properties, see [23], it is easy to show
that, for sufficiently small values of parameters 1; »; 3, there exist positive numbers
€1;C2;€3; such that if ky( )k +kz( )k< for 2[t ;t], then

1

x o
¢ kz(vhk + v, (Y V (Yt; Zt)
i=1
Z Zy

X
& kz(bk + kz(s)k ds+ y; () + kF(y(s))k%ds ;
t i=1 t

VG kz(tk +kz(t )k +kF(y(D)k>+kF(y(t )k + kf(y(s))k?ds
t
From the obtained estimates it follows |11] that the zero solution of the system (6)
is asymptotically stable. This implies that the equilibrium position (2) of the original
system (1) is asymptotically stable as well. 2

Remark 4.1 On the one hand, it is well known, see [13], that if the matrix P is
Hurwitz, then the matrix P is diagonally stable. On the other hand, the matrix

1 10

P = 10 1

is diagonally stable, but the corresponding matrix

= 1 10
P = 10 1

is not Hurwitz. Hence, conditions of Theorem 4.1 are less conservative than those ob-

tained in [7].
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Next, together with (1), consider the perturbed system
A4(t) +Bq(t) + Cf(q(t)) + Df(q(t ) =G(t;q(t);q(t )): (7)
Here vector function G(t;q; u) is continuous for t 0, kagk < A, kuk < A.

Assumption 4.2 The estimate kG(t;q;u)k  a(kf(q)k + kf(u)k) isvalidfort O,
kgk < A, kuk < A, where & and  are positive constants.

If Assumption 4.2 is fulfilled, then the system (7) admits the equilibrium position (2).
We will look for conditions under which perturbations do not disturb the asymptotic
stability of the equilibrium position.

Theorem 4.2 Let Assumptions 3.1, 3.2, 4.1, 4.2 be ful lled, and the matrix P be
diagonally stable. If > 1, then the equilibrium position (2) of the system (7) is asymp-
totically stable for an arbitrary nonnegative delay.

The proof of the theorem is similar to that of Theorem 4.1.

5 Example

Let system (1) be of the form

Ga(t) + bdy (t) + gd2(t)  coP(t) = ua;

i . . (8)
G2(t) +bd2(t)  gda(t) a3 (t) = ua
Here q1(t); g2(t) 2 R, b; g; ¢ are positive constants, Ug; U, are control variables.
If uy = up = 0, then the equilibrium position
G1=02=01=0G2=0 (9)

of the system (8) is unstable, see |17]. We are going to design a feedback control providing
the asymptotic stability of the equilibrium position.

Assume that the control law depends on (1 and (2, and is independent of g1 and (.
Moreover, we consider the case where there exists a delay in the control scheme.

It should be noted that for the linear control law

up =apgi(t ) +ang(t ) U =anqu(t ) +axg(t );

where aj1;a32; @21, a2 are constants, the presence of delay might result in instability of
the equilibrium position. Therefore, we choose a nonlinear control in the form

up = dgd(t  ); up =dgd(t  ); d = const > 0:
Verifying the conditions of Theorem 4.1, it is easy to show that if d > bc=g, then the

equilibrium position (9) of the corresponding closed-loop system is asymptotically stable
for an arbitrary constant nonnegative delay.
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6 Conclusion

In this paper, new delay-independent conditions of the asymptotic stability are found for a
class of nonlinear mechanical systems. Compared with the results of [7], these conditions
are less conservative. However, it is worth mentioning that in [7] it was assumed that
the delay may be a continuous nonnegative and bounded function of time, whereas the
results of the present paper are valid only for systems with constant delays.

It should be noted that the approach to construction of Lyapunov-Krasovskii func-
tionals proposed in the paper not only permits us to prove the asymptotic stability but
also can be used to derive estimates of the convergence rate of solutions to the equilibrium
position.
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Abstract: The goal of this study is twofold. The Jacobi elliptic expansion method
is used to extract new solutions for the phi-four equation and the breaking soliton
system. Special values of the Jacobi elliptic module and other involved parameters
are chosen to produce solutions of soliton type and singular periodic solutions. The
obtained solutions are veri ed and presented graphically.
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1 Introduction

Solitary waves occur due to nonlinear phenomena appearing in di erent elds of science
and engineering. These nonlinear phenomena are interpreted as (n + 1)-dimensional
nonlinear partial di erential equations. Seeking the exact solutions to these equations
provides essential information about the physical structure of such phenomena. Since
there is no speci ¢ method that produces such solutions, researchers made all the e orts
to construct and modify methods to retrieve di erent kind of solutions for the same
nonlinear model. We may mention some of these well-known techniques such as: the
simpli ed bilinear method [11,/18,(31], sine-cosine method [4,5], rational trigonometric
function method [6], tanh method [7], extended tanh method [12,27], Yan transformation
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method [33{35], sech-tanh method [8{10,32], exponential-function method [25], the rst
integral method [2,29], the (G'=G)-expansion method [3,23}24], etc.

In this work, we use the Jacobi elliptic expansion method to explore further new
solutions for two physical models: the phi-four equation that reads [17]

Ut Uxx U+ UP=0; @)
and the breaking soliton system

U = Uxxy 4 (uv)x;

U = Vi (2

The phi-four equation is a mathematical model that is used in nuclear and particle
physics. Many methods have been used to study the solutions of this model. In [13],
the modi ed simple equation method is used and tanh-coth solutions are derived. The
modi ed (G'=G)-expansion method is adopted in [26] and produced the same solutions as
in [13]. In [28], tan? and cot? solutions are obtained by using the extended direct algebraic
method. Finally, the exponential-function method is used and rational trigonometric
solutions of the phi-four equation are obtained in [14].

Di erent versions of the breaking soliton model are also studied by many researchers.
In [30], the mapping method is used to obtain propagating solutions. The tanh-coth
method is implemented [15] to construct solitary and soliton solutions of the breaking
soliton equations. Finally, the exponential-function method is used [16] to obtain multiple
soliton solutions of (2 + 1) and (3 + 1)-dimensional breaking soliton equations.

2 Jacobi Elliptic Sine-Cosine Expansion Method

Partial di erential equations can be written as a polynomial of the unknown function
and its partial derivatives, i.e.

T (U Ug U U Uxx2D) = 07 U= u(x; b): 3

By using the variable of the form = (x ct) and the chain rule, equation (3) is
transformed into

g(u; ¢ u® W oc A W%y =0, u=u(): 4

For the Jacobi elliptic sine-cosine technique [1,/19{22], we write the solution as a power
series of order n in terms of either the Jacobi elliptic sine sn( ;m) or cosine cn( ; m).
The index m is regarded as the Jacobi moduleand0 m 1, i.e.

X .
u()=  avY"h ®)
i=0
where
Y =sn( ;m); (6)
or
Y =cn( ;m): (7

Then, we determine the value of n by matching the order of Y in the highest derivative
term with its order in the other nonlinear terms of the equation. Once n is obtained, we
substitute (5)) in (4) and collect the coe cients of Y : i=0;1;2;::;n;::. Setting these
coe cients to zero and solving the resulting non algebraic system lead to identifying the
required ag; ai; ::I; an; andc.
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3 The Phi-Four Equation

Consider the phi-four equation that reads
U Uxx U+ U2=0: €)
By the wave variable = k(x ct), equation is turned into the di erential equation:
K2@c® )W u+ uv?=o0: )

Balancing u® with u? produces the algebraic equation n+2 = 2n whose solution is n = 2.
Thus, the solution of in terms of the elliptic sine function will have the form

u( ) =ap +as sn( ;m)+a, sn( ;m): (10)

Substituting into @ and collecting the coe cients of the same power of sn lead
to the nonlinear algebraic system

0 = 2ak’(c® )+ao(ao );
0 =  a(Pk@+m?) K(QL+m?) 2a + )
0 = a7 ay(4c’k’(1+m?) 4k*(1+m?) 2a, + );
0 = 2a1(c®k’m? k’m? +a, );
0 = ay(6c®k’m? 6k*m? +a, ): (11)
By solving the above system for the parameters ag, a;, a2, ¢ and k, we get
4 = 1 1+m?
° T 2 1 mZ2+mt
a = 0
4 = _ 3m? _
2 21T mZ+m?
1
= = 4 P 12
¢ 2 k201 mZ+m# (12)
where K is a free parameter. Thus, our rst solution to the phi-four model is
s
3m? 2 1
ux;t) = p———— sn(k(x = 4 p————1t);m
(x;1) S P T kx 3 2P m2+m4) )
1+m?
Substituting m =1 in produces the soliton solution
r—__
ut) = — + 3 tanh?(k(x 1y —)): (14)
T2 2 2 k2’”
Now, replacing sn in by cn will lead to a second solution, which is
s
3m? ) 1
D = p——— cn“(k — p———t);m
u(x; 1) s Py kx5 2P m2+m4) )
2m? 1
2 1 m2+m4 (13)
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Let m =1 in (15), this produces the soliton solution
-

sech 2(k(x L4 @) (16)

uix;t) = — >

I\)‘OO

Remark 1 The obtained solution given in can be obtained directly from by
using the identity sech2(x) =1 tanh?(x).

Remark 2 If we replace the free parameter k in by i withi= pT, we obtain
the singular periodic solution

s
= 3 2 1
u(x;t) = > > tan“( (x 2t 4 + =) an
Also, in (16), we obtain the singular periodic solution
s
u(x;t) = — 3 sec?( (x o4+ =) (18)
l - 2 2 2 ’

where the singularities occur on the line characteristics (X %t 4 +5)=5+n.

&
m .mwh
\ V

4 (2+ 1)-Dimensional Breaking Soliton Equations
We recall the following (2+1)-dimensional breaking soliton equations

U = Uxxy 4 (uv)x;
Uy = Vxi (19)

Substituting = x+ y ctinto (19) yields

cu+ 2 u"+4 (uv)=0 (20)



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 18 (3) (2018) [233[{[240, 237

and
u'= W (21)
From we get
V=—u (22)
Substituting in yields
cu+4 ui+ 20 =o: (23)

Balancing u® with u? in produces the algebraic equation n + 2 = 2n whose solution
is n = 2. Thus, by the Jacobi elliptic sine expansion, the solution has the form

u( ) =ap +as sn( ;m)+ay sn?( ;m): (24)

Substitute into to get the following algebraic system

0 aoc+4a5 +2a 2
0 = alc+ ( 8a+(L+m? ?);
0 = 4a? ax(c+4 ( 2a+(1+m?) ?));
0 = 2a; (4az+m? 2);
0 = 2a, (2a,+3m? 2): (25)
Solving the above system with respect to ag, a1, a,, , and c, we get
1 P
B = 1+ m? 1 m2+m* 2
a = 0
3
aa = —m??
2 b
c = 4 21 m+m* (26)

Thus, the solution is

u(x;y;t) fl+m?+A 3m?sn’( x+ y 4A  *t;m)g;

N~ N -

v(x;y;t) fl+m?+A 3m?sn?( x+ y 4A  ?t;m)g; 27

where A = pl m2 +m4. When m=1in , we obtain

u(xy;t) = 32 tanh®( x+ y 4 2t ;

NN

v(X;y;t) 1 tanh?( x+ y 4 2t) : (28)
Now, by the Jacobi elliptic cosine expansion, the solution has the form

u( ) =ag+as cn( ;m)+a, cn?( ;m) (29)
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Substituting into and solving the resulting algebraic system, we arrive at

[y

uiyi = g 21 2m?> m*+B+2m?+2mYcen?( x+ y 2B 2t;m)g;
vixy;t) = % fl 2m?> m*+B+2(m?>+2m*)cn’( x+ y 2B  2tm)g;
(30)
where B = IO1 +6m* 4mé+méand ; are free variables. When m = 1, the solution
is
uxy;t) = g 2sech?( x+ y 4 2
- _ § 2 24\
vix;y;t) = > sech“( x+ vy 4 1): (31)

Remark %iwe replace by iand by jand byiin both and (31),

where i = 1, two singular periodic solutions are obtained
uyit) = g% I 1+tan’(1( 1x+ ay+ 34 1 30)
VoY = S 1+ x+ ayr M4 3) @)
and
uxy;t) = g T isec®(1( 1x+ 1y+ 24 1 Q)
VoY = o3 ase?(a( Xty + 41 30 (33)

The singularities of the last two solutions occur on the plane characteristics 1( 1x +
1y+ 4 1 3)=5+n .

5 Conclusion

In this paper, we used the Jacobi elliptic sine-cosine expansion method to study the solu-
tions of two physical models, the phi-four equation and the (2 + 1)-dimensional breaking
soliton system. Special values of the Jacobi elliptic module and the free parameters lead
us to di erent types of solutions to these models such as soliton, singular-soliton and
periodic solution. This work reveals that the proposed method is a reliable technique
that provides di erent types of solutions and is relatively easy when applied to nonlinear
equations.
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Abstract: Vulnerability is an important concept in network analysis. When a failure
occurs in some of the components of the network, vulnerability measures the ability
of the network to disruption in order to avoid the external or internal e ects. Graph
theory is an important concept in network vulnerability analysis. If a network is
modeled as an undirected and unweighted graph composed of processing vertices
and communication links, there have been several proposals for measuring graph
vulnerability under link or vertex failures. In this paper, we consider the concept
of average edge betweenness of a graph in order to measure the network stability.
The average edge betweenness is related to the edge betweenness of an edge. The
edge betweenness of a given edge is the fraction of shortest paths, counted over all
pairs of vertices that pass through that edge. The average edge betweenness considers
both the local and the global structure of the graph. In this paper, we obtain exact
values for average edge betweenness and normalized average edge betweenness for
some special graphs and E,§ graph.

Keywords: network vulnerability; network design and communication; stability; av-
erage edge betweenness.

Mathematics Subject Classi cation (2010): 05C40, 68M10, 68R10.

1 Introduction

Many complex systems in the real world can be conceptually described as networks, where
vertices represent the system constituents and edges depict the interaction between them,
such as social networks (collaboration network), technological networks (communication
networks, the Internet), information networks (the World Wide Web), biological networks
(protein-protein interaction networks, neural networks) and etc. [10,[11] . A central issue
in the analysis of complex networks is the assessment of their stability and vulnerability.
Vulnerability is an important concept in network analysis related with the ability of
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the network to avoid intentional attacks or disruption when a failure is produced in
some of its components. Often enough, the network is modeled as an undirected and
unweighted graph. Di erent measures for graph vulnerability have been introduced so far
to study di erent aspects of the graph behavior after removal of vertices or links such as
connectivity, toughness, scattering number, integrity, residual closeness and exponential
domination number [1,4}9,{12{15].

As an important parameter in the study of networks associated with complex systems
in both modeling and measuring the reliability, the graph-theoretical concept of vertex
betweenness was rst proposed by Freeman [7] in 1977. Then, Girvan and Newman
in [8] generalize this de nition to edges and introduce the edge betweenness of an edge
as the fraction of shortest paths between pairs of vertices that run along it. The edge
betweenness of a given edge is the fraction of shortest paths, counted over all pairs of
vertices that pass through that edge. This measure considers both the local and the global
structure of the graph. Since average edge betweenness gives information on which edge
carries the most of the network vulnerability, it is important to determine the average
edge betweenness of several graph classes.

In this paper, we consider simple nite undirected graphs without loops and multiple
edges. Let G = (V; E) be agraph with a vertex setV =V (G) and an edge set E = E (G).
The complement G of a graph G is the graph with a vertex set V (G) such that two vertices
are adjacent in G if and only if these vertices are not adjacent in G. A vertex dominating
set for a graph G is a set S of vertices such that every vertex G belongs to S or is adjacent
to a vertex of S. The minimum cardinality of a vertex dominating set in a graph G is
called the vertex dominating number of G and is denoted by (G). The distance d (u;V)
between two vertices u and v in G is the length of the shortest path between them. If u
and v are not connected, then d (u;v) = A, and for u=v, d(u;v) = 0. In addition, the
distance between the vertices u and v in G can be denoted by d (u; v jG). The diameter
of G, denoted by diam (G), is the largest distance between two vertices in V (G) [2].

The paper proceeds as follows. In Section 2, de nitions and known results for average
edge betweenness and normalized average edge betweenness are given. In Sections 3 and
4, average edge betweenness and normalized average edge betweenness of some special
graphs are respectively determined and exact values are given. Conclusions are addressed
in Section 5.

2 Average Edge Betweenness and Normalized Average Edge Betweenness

In this paper, we consider a simple nite undirected graph that has no self-loops and
possesses no more than one edge between any two di erent vertices. Let G = (V; E) be
a graph with a vertex set V =V (G) and an edge set E = E (G).

1

Average edge betweenness of the graph G is de ned as b(G) = & be, where JE]j
2E

e
is thngumber of the edges, and b is the edge betweenness of the edge e, de ned as
be = be(i; j), where be(i; J) = njj(e)=n;i; , njj(e) is the number of geodesics (shortest
i6j
paths) from vertex i to vertex j that contain the edge e, and n;; is the total number of
shortest paths [3}5].

Let us compare two graphs G; and G,. Ifb(G1) < b (G;), then G;is more stable than
G». Since for a graph with a xed number of vertices b(G) decreases as the number of
edges in the graph increases, it can be said that they represent how \well connected''the
graph is. The higher the values of b(G), the more vulnerable G is to the loss of edges. We



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 18 (3) (2018) [241}{[252] 243

consider the concept of average edge betweenness of a graph because when computing
b(G), we can gather information on which edge carries the most of the graph vulnerability.
A complete graph is a simple graph in which every pair of distinct vertices is connected
by an edge. The complete graph with n vertices has n(n  1)=2 edges. For a complete
graph, we have b(Gcomplete) = 1. A path graph is a particularly simple example of a
tree, which is not branched at all, that is, it contains only vertices of degree two and one.
In particular, two of its vertices have degree 1 and all others (if any) have degree 2. For
a path graph with n vertices, jEj =n 1, and therefore: b (Gpatn) = n(n + 1) =6.
It is easy to see that b (Geomplete) DP(G) b (Gpatn). As a consequence, we can de ne
the normalized average edge betweenness of a graph G

b(G) b(GcompIete)
b(Gpath) b(Gcomplete)

Clearly 0 bpor (G) 1, if the normalized average edge betweenness is close to 0, it
means that the network is more robust, when it is close to 1, then the graph is more
vulnerable.

The following lemma provides some basic properties for the betweenness related pa-
rameters. Let us recall that for a graph G, be is the betweenness of edge e, b(G) is the
average edge betweenness of G.

bror (G) = =0G) D=((n+1)=6 1)

Example 2.1 Let us nd the edge betweenness value of each edge of the graph G
with sixvertices and sevenedges given in Fig. [l Letus nd the average edge betweenness
value of the graph G.

Figure 1: The graph G with sixvertices and sevenedges.

In Table [T, the shortest paths between all pairs of vertices of the graph G are found.
According to these shortest paths, the edge betweenness values of each edge are calcu-
lated. Next, the normalization process is performed by nding the average edge between-
ness value of the graph G.

As can be seen in line SUM of Table [I, the edge betweenness values of the edges
€1;€2;€3;€4;€5;66 and e; are found to be 5, 5, 5, 3, 2, 3 and 2, respectively. Here, the
highest edge betweenness value is 5. This shows that the edges e;; e, and ez are the most
important positions in the graph. According to Table [T} the lowest value is 2. The edges
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pairs of vertices | the shortest paths | e; | e €3 €4 eg e | €7
a,b €3 0 0 1 0 0 0 0
a,c €6 0 0 0 0 0 1 0
a,d e7 0 0 0 0 0 0 1
a.e €3€z 0 1 1 0 0 0 0
a,f e 1 0 0 0 0 0 0
b,c €366, €465 0 0 /2 | 1/2 | 1/2 | 1/2 | O
b,d €4 0 0 0 1 0 0 0
b,e e, 0 1 0 0 0 0 0
b,f €361 1 0 1 0 0 0 0
c,d €5 0 0 0 0 1 0 0
c.e €6€362, €564€2 0 |2/2|1/2 | 1/2 | 1/2 | 1/2 | 0O
cf €6€1 1 0 0 0 0 1 0
de €462 0 1 0 1 0 0 0
df €761 1 0 0 0 0 0 1
e,f €,6361 1 1 1 0 0 0 0

SUM 5 5 5 3 2 3 2

Table 1: The edge betweenness values of the edges and the average edge betweenness value of
the graph G.

es and e7 have this value. This fact shows that these edges play a more passive role than
other edges of the graph. By using these values, the average edge betweenness value of
G is obtained as -
1 25
b(G) = 7 be, = - = 3;57:
i=1
For n = 6, the normalized average edge betweenness value of the G graph is as follows:

bG) 1 _ %2 1 _ 18

n(n6+l) 1 % 1 42

Pror (G) = 0; 4:

Lemma 2.1 [5] Let G be a connected graph and let e 2 E be an edge with end
vertices i; j 2V, then

1. be(i;j) =1 =be(; 1).

2.2 be n?=2ifnisevenand2 b (n 1)2:2 if n is odd.
3. be =2(n 1) if one of the end vertices of e has degree 1.
Lemma 2.2 [5] Let G be a graph of order n, then

1. If e is an edge-bridge of the graph G connecting G; with GnG4, where jV (G;1)j = nq,
then be = 2ny(n ny).

2. If C is a cut-set of edges of the graph G connecting two sets of vertices X and
V (G)nX and

Xj=nc; then  _ be=2m(n ny):
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Theorem 2.1 Let G be the complement graph of G. Then, if G has n vertices and
m edges with domination number (G) > 2, then the average edge betweenness of G is

b(G) =(n(n 1)+2m)=(n(n 1) 2m):
Proof. Let i and j be the vertices of G and e be any edge of G. We have two cases
according to d (i; J):
Case 1. If d(i;j) > 1 is in G graph, then d(i;j)=1 is in G. Therefore, there are

(n(n  1)=2  m) paths with length 1 in G. Thus, for all vertex pairs i and j, the
summation of the values of edge betweenness of e is
>

be(i;j) =(n(n  1)=2 m):
i6j
Case 2. If d(i;j) = 1 is in G graph, then d(i;j) > 1 is in G. Let t be the number of
vertices which are not adjacent to vertices i and j. Since (G) > 2, it is clear that

t 1. Thus, there are t paths with length 2 in G. Hence, for all vertex pairs i and
j , the summation of the values of edge betweenness of e is
=

be(i;J) = t(1=t)2m =2m:
i6j

By summing up Cases 1 and 2, we obtain

>

be=(n(n 1)=2 m)+2m=n(n 1)=2 +m:
e2E
As a consequence, the average edge betweenness of G is
b(G)=1=(n(n 1)=2 m)(n(n 1=2 +m)=(Mn(n 1)+2m)=(n(n 1) 2m):

The proof is completed. 2

3 The Average Edge Betweenness of Some Special Graphs

In this section, we give some results on average edge betweennesses of some special graphs.
These graphs are: Cy, is a cycle graph, Si. is a star graph, Wj.,, is a wheel graph, and
Km:n is @ complete bipartite graph. Finally we give average edge betweenness of E{,
graph.

Lemma 3.1 Label the vertices of C, as 1;2;3;:::;n and the edges of C, as
e1; €; €3; 111; en, respectively. Let djj(ex) be the distance between i and j including
the edge ex. njj(ex) is the number of paths which include the edge ex with length
dijex) (1 i;J;k nand i &j). The relation between djj(ex) and n;j(ex)in graph
Cn is the following

Ifdij(ex) = 1; then njj(ex) =1 (€))]

1T dij(ex) = 2; then njj(ex) =2 )
Ifdjj(ex) =3; then njj(ex) =3 3

: ©)

ITdijex) =(n  1)=2; then njj(e) =(n 1)=2: (5)

(6)
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Theorem 3.1 If Cy is a cycle graph, then the average edge betweenness for the cycle
graph Cn with n vertices is

(n®> 1)=8; n is odd

b(Cn) = n2=8; n is even:

Proof. There exist two cases according to n:

Case '% If nis odqbthen nij =1for8i;j (1 i;j;k nandi &j), we get b, =

o %jk) = o njj(ex). From Lemma [3.1] and d;j(ex) diam(Cn) =(n 1)=2,
we obtain be, = nij(ex) = 1+2+3+:::+ ((n 1)=2) = (n? 1)=8. By the
i6j

de nition of the average edge betweenness of a graph,

1 X >
b(Cn) iy be- = (n l):8
Bl iy

Case 2. If n is even, then we have two subcases for djj (ex).

Subcase 1. If djj(ex) < diam(C,) = n=2, then nj; = 1 for
8i;j (1 1i;J;k nandi&j). In this case we proceed in a similar way
as in Case 1 and

be (i;j)=1+2+3+:::+[(n=2) 1= n®> 2n =8

is obtained.

Subcase 2. If djj(ex) = diam(Cn) = n=2, then n;j(ex) = n=2 and n;; = 2 for
8i;j (1 1i;j;k nandié&j), we get

o >
be, (i;J) = nij(e)=njj = (n=2) (1=2) = n=4:
i6j
By Subcase 1 and Subcase 2, it is clear that
be, = (N?> 2n)=8 +n=4 =n?=8 (8k =1I;n):
Consequently, we obtain the average edge betweenness of Cp,

b(Cn) = ixb = n2=8:
MUE '

Thus, the proof is completed. 2

Theorem 3.2 If S;., is a star graph, then the average edge betweenness for the star
graph Si.n with n + 1 vertices is b(S1:n) = n.

Proof. The vertices of Si., are of two kinds: one vertex of degree n and n vertices
of degree one. The vertices of degree one will be referred to as the minor vertices and
the vertex of degree n as the center vertex. Label the minor vertices as 1;2;3;::: ;n, the
center vertex as ¢, and the edges of Sy, as e; (i = 1;n). We have two cases in order to

nd the shortest paths.
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Case 1. The shortest path between central vertex ¢ and any minor vertex i:
There is only one path g; in this case. By the de nition of the edge betweenness,
we obtain the value of the edge ej (i =1;n)

be, (c; i) = 1:

Case 2. The shortest path between any two di erent minor vertices:
There is only one path eje; between the minor verticesiand j (1 i;j n). By
using Lemma for 8i;j , we get nj; = nj; = Land n;j(ex) =1 (k =i_j). Thus,
we have be, (i;J) =1=1=1. There are n 1 di erent pairs of vertices that include
ex. Hence, the value of the edge betweenness of ey

De, (;))=(n 1)1=n 1L

By summing up Cases 1 and 2, we clearly see that
be, =1+n 1=n:
Consequently, the average edge betweenness of Si., is

1 X
b(S1;n) = iEj

i=1
Thus, the proof is completed. 2

Theorem 3.3 If Wy., is a wheel graph, then the average edge betweenness for the
wheel graph Wi., (n 5) with n + 1 vertices is b(W1.n) = (n 1)=2.

Proof. The vertices of Wy., are of two kinds: n vertices which are of degree 3 will
be referred to as the minor vertices and the vertex of degree n will be referred to as the
central vertex. Label the minor vertices as 1;2;3;::: ;n, the central vertex as c, the
edges between the central vertex and the minor vertices as ec; (i = 1;n) and the other
remaining edges as e; (i = 1;n). There exist two cases for the shortest paths between
the pairs of vertices.

Case 1. If the pair of vertices includes the central vertex and the minor vertices:
There exists only one path ec; between those vertices that has the length d(c; i)=1.
It is clear that for the path e, we have n¢; = 1 and ncj(eci) = 1. Hence, the value
of the edge betweenness of e

be; (C;1) = 1:

Case 2. If the pair of vertices includes any two di erent minor vertices i and j:
We have three subcases for these minor vertices according to the length of the
shortest path between the vertices:

Subcase 1. If d(i;j) = 1, then there is only one path ex (k =i __j) between i and
J. Itis clear that for this path ek, we have nj; = 1 and n;j(ex) = 1. Hence,
the value of the edge betweenness of ey

be, (i;J) =1
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Subcase 2. If d(i;j) = 2, then there are two paths: the paths ejej and ecjecj
between the vertices i and j. The lengths of the paths between the vertices i

and j including the edges ey and eq (k =1 __J) are djj(ex) = 2 and djj(eck) =
2, respectively. By Lemma [3.1} njj(ex) = 2, njj(eck) = 2 and n;j = 2. Thus
we have

be, (i;J) =2=2=1; b, (i;J)=2=2=1:
Subcase 3. If d(i;j) > 2, then there is only one path between the vertices i and

J with length 2, that is ecjecj. It is clear that for this path ecjecj, we have
nij =1 and njj(eck) =1 (kK =1i_j). Hence,

beck (ilj) = 1

In this way, since there are n 5 di erent pairs of vertices that include the edge ec,
the value of the edge betweenness of egk is

e, (i;J)=1(n 5)=n 5
By summing up Subcases 1 and 2, we get the value of the edge betweenness of ey as
De, =1+1=2:

By summing up Case 1 and Subcases 2 and 3, we get the value of the edge betweenness
of ek as
Peee =1+1+n 5=n 3

Consequently, the average edge betweenness of Wiy is
|

1 X X
b(W1n) = —: be; +  bey, =(n 1)=2:
JEJ i=1 i=1
Thus, the proof is completed. >

Theorem 3.4 If Kn.n is a complete bipartite graph, then the average edge be-
tweenness for the complete bipartite graph K., with m + n vertices is b(Km:n) =
(m?+n? (m+n))=mn+1.

Proof. Let G = Kny.n, Wwhere S; and S, are the partite sets of G with cardinality
m and n respectively. The set of edges of K, is E = fepcjp2S; and k2 S;9 and
jEj = mn. We have 3 cases in order to nd the shortest paths according to the vertices
being either in S; or in S, . Let i and j be the vertices of Kmn:n.

Case 1. Ifi2S; and j 2 Sy, then there is only one path e;; between the vertices i and
J. Therefore, it is straightforward that nj; = 1 and n;j(e;j) = 1. Thus

be;; (15J) = L
Case 2. Ifi;j 2 Sy, then there are n paths ejcejk with length 2 between the vertices i
and j (k 2 Sy). Clearly, njj =n, njj(epx) =1 (p =1i_j). Hence,
bey (1;J) = 1=n:

There are m 1 di erent pairs of vertices that include epk, the value of the edge
betweenness of epy is

bepic (1) = (m  1)=n:
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Case 3. Ifi;j 2 Sy, then there are m paths ejkejx with length 2 between the vertices
i and j (k 2 S;). This case is similar to Case 2, and for n 1 di erent pairs of
vertices that include ep, the value of the edge betweenness of epy is

bep (1) = (0 1)=m:
By summing up Cases 1, 2 and 3, we get the value of the edge betweenness of ey as
be, = (M? +1n? (M +n))=mn + 1:
Consequently, the average edge betweenness of Km:ny is

1 XX

b(Kmin) = 7= be,c = (M? +1n? (M +n))=mn +1:
IE] p=1k=1

Hence the desired result holds. 2

De nition 3.1 [6] The graph E; has t legs and each leg has p vertices (Figure .
Thus E; has pt + 2 vertices and pt + 1 edges.

L e ® —e
[ L 4 g L g ® oo 2
L L L - o—e t

1 2 3 4 p-1 p

Figure 2: Ef, graph with pt + 2 vertices.

Theorem 3.5 Let t and p be integers (t 2;p 2). The average edge betweenness
of graph Ef is

b(Ep) = [(pt(p+1))=6 (pt + 1)] [3pt  2p+5]+1:

Proof. Label the vertex with degree t+1 as v, the neighbor of v with degree 1 as u,
the vertices of jth leg as (i;j) (i = 1;p and j = 1;t), the edge between the vertices u
and v as e, the edge between the vertices v and (i; j) as bridge e;j, where i = 1, and the
edges of jth leg as ej; respectively (i = 2;p and j = 1;t).

This labeling is shown in Figure Since E,§|__i§ a tree, there is 'c_lply one path between
any pairs of vertices. Clearly, njj =landb. =  (njj(e)=nijj) = nij€) (i=1p; j=

i&j i6j
1;t). We have four cases for the vertex pairs of E;.

Case 1. Consider the shortest paths between the vertex u and the other vertices. There
exist (pt+ 1) paths. Each of these paths includes the edge e. The value of the edge

betweenness of this edge e is

be = be(u; (i;j)) + be(u;v) = pt+ 1:
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(2,1) (3,1) (p-1,1) (p,1)

€21 < €31 < - €p1 O
o (2,2) (3,2) (p-1,2) (p,2)
< €2 < €32 e \ €p2 L4
u
(2,1) (3,1) (p-1,t) (p,t)
(=213 e €3¢ O o €pt ®

Figure 3: The labeling of vertices and edges of E,'; graph.

Each of these paths also includes the edge ejj. The edge e;j, that is at distance i
to the vertex v, ison p+1 idi erent paths. The value of the edge betweenness
of this edge ejj that is between the vertices u and (k;m) (k =I;pand m =1;t) is

be;; (Us(k;m)) =p+1 i

Case 2. Consider the shortest paths between the vertex v and the other vertices on
the legs. Each of these paths includes only the edge ejj. The value of the edge
betweenness of this edge ejj that is between the vertices v and (k; m) (k = 1;p and
m=1;t) is

be;; (v;(k;m)) =p+1 i

Case 3. Consider the shortest paths between the vertices of any leg. The initial vertex
is (1;J) and the last vertex is (p;j) (j = 1; t) on a leg. Thus we have t paths with
p vertices, that is P,. Those paths include the edge e;jj. The value of the edge
betweenness of this edge e;j equals the number of the left-hand side vertices of ej;
multiplied by the number of the right-hand side vertices of e;;. If the edge e;j is
between the vertices (k; m) and (k% m) (k;k? =1;p and m = 1;t), then we have

bey; ((;m); (Ksm) =@ D(+1 i):

Case 4. Consider the shortest paths between the vertices of any leg and the vertices of
the other legs. This case is similar to Case 3. If the edge e;; is between the vertices
(k;m) and (i;j) (k =1;p and m = 1;t), then we get

be;; (K;m); (1)) =[P DI(p+1 i):
By summing up Cases 1, 2, 3, and 4, we obtain
bey =(P+1) (P D+D+ie@ bv) i
The summation for all the edges e;; of the graph is
XK

be;; = (pt=6) 3p®t+3pt+3p 2p®+5 :
i=1j=1



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 18 (3) (2018) 251
Consequently, the average edge betweenness of ErtJ graph is
b(Ef) =[1=(1+pt)] (pt+1)+ (pt=6) 3p’t+3pt+3p 2p*+5
b(Ep) = [(pt(p + 1)) =6 (pt + 1)] [3pt  2p +5] + 1

Thus the proof is completed. 2

4 The Normalized Average Edge Betweenness of Some Special Graphs

In this section, we give the normalized average edge betweennesses of some special graphs
whose average edge betweennesses values are calculated in Section 3.

B =B 2 n is odd
L bnor (Cn) = 3(n? 8) =4(n*+n 6); niseven:
2. bror(W1:n) =(Bn  9)=(n2+3n 4).

w

. bror(St:n) = 6=(n + 4).

4. Kmn and p=m+n; bpor(Km;n) = G(mz +n? p) = mn(p2 +p 6).

ol

. bror(Ef) = 3p?t 2p?+p+6pt+13 =[pt+5] [2p 5]=[pt(pt+5)].
6. G is a complement graph of G with (G) > 2,

bror (G) =24m= (n*> n 2m)(n>+n  6) :

5 Conclusion

In this paper, we evaluate the average edge betweenness and the normalized average edge
betweenness of some special graphs and E,'g graph. The average edge betweenness is a
new characteristic for graph vulnerability introduced in [8]. Calculation of average edge
betweenness for simple graph types is important because we can gather information on
which edge is the most vulnerable. The average edge betweenness of a given edge is the
fraction of shortest paths, counted over all pairs of vertices that pass through that edge.
This measure considers both the local and the global structure of the graph.
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Abstract: In this paper, based on Lyapunov stability theory, the coexistence of full
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1 Introduction

Over the last few decades, a great deal of attention has been paid to the subject of
chaotic dynamical systems and their synchronization control. Synchronization is an
adaptive process that works to force the variables of a chaotic slave system to follow
those of a corresponding master system [1]. This considerable interest has resulted in
many synchronization types and schemes, see [2{5]. Among the most e ective types
of synchronization for chaotic and hyperchaotic systems are the full state hybrid projec-
tive synchronization (FSHPS) [6], - synchronization [7,8], generalized synchronization
(GS) [9] and Q-S synchronization [10]. As a natural consequence of de ning a variety
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of synchronization types, it became apparent that multiple types could coexist simulta-
neously, e.g. [11{13], a property that is of particular importance in the elds of secure
communications and chaotic encryption schemes.

In this paper, we are concerned with the coexistence of the four types of synchro-
nization mentioned above, i.e. FSHPS, { , GS and Q-S, in four dimensions between
a three{dimensional chaotic master system and a four{dimensional hyperchaotic slave
system. For this, we employ nonlinear control methods and make use of the well known
direct Lyapunov method for establishing the global asymptotic convergence of synchro-
nization errors towards zero. The resulting conditions are simple and their veri cation
is trivial. Also, in order to put the reader’s mind at ease and con rm the results of our
study, we consider a numerical example, whereby the coexistence of FSHPS, { , GS
and Q-S is illustrated for some typical chaotic and hyperchaotic systems. In Section 2
of this paper, the problem formulation and main result are given. Section 3 presents
the numerical application of the proposed coexistence result with the aim of demonstrat-
ing the e ectiveness of the approach developed herein. Section 4 summarizes the work
reported in this paper.

2 Problem Formulation and Main Result

We consider the following master and slave systems
xi() = fi(X(®); i=123; 1)
yi(t) = szl bijyj () +gi(Y (1) +ui;  1=12,3,4 (2
where X(t) = (Xi); ; 3 and Y (t) = (vi); ; 4 are the states of the master and the slave
systems, respectively, fi : R® ¥ R, i=1;2;3, (bjj), ,2R* 4, gi :R* I R;i=1;2;3;4,
are nonlinear functions, and U = (Ul;Uz;Ug;U4)T is a vector{valued controller. The

problem of coexistence of FSHPS, synchronization, GS and Q-S synchronization
between master system and slave system is to nd controllers u;; i = 1;2;3;4;
such that the errors
er(t) = yi(t) X(1); (3)
ex(t) = Y (1) X(1);
es() = ys(®  (X(®);
es(t) = QY (1) SX(V)
satisfy
limei(t) =0; 1=1;2;3;4;
ty
where =( i); ;3 =(Ci)1ia =Ci) i 4areconstant matricesand :R> ¥
R;Q:R* ¥ R;S:R® I Raredi erentiable functions. Here e, stands for the FSHPS
error, e, stands for the synchronization error, e3 denotes the GS error, and ey4 is

the Q-S synchronization error.

Theorem 2.1 FSHPS, synchronization, GS and Q-S synchronization coexist
between mastgr system and slave system under the following conditions:
1 0 0 0
(i) M =§ '

2 3 4 . . . . S
§ is an invertible matrix and M 1 is its inverse.

0 0 1 0
0Q @Q 0Q 0Q
@y:  @y2 Q@ys @y.

4
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(i U=M (B C)e(t) R);where C2R* 4is a control matrix and
PB
—b1jyj + 01 i=1ifi

(0]
4 3
i= j=1biiyi + ?:l, j=1 ifi _
R= JyJ +03 2 '
P, =s

v 3 @S¢
_1@, j= j=1bijYj + 0 i=18x Ti

(i) (B C)+(B C)' is a negative de nite matrix, where B = (bij)y 4:

Proof. The error system can be di erentiated as follows:

X X
e1(t) = bijyj + 91+ Uy ifi; 4)
=0 gt
X X X X
ex(t) = i@ bijy; + i+ iUj ifis
i=1 j=1 j=1 j=1
X X 0
es(t) = bsjyj + g3 + U3 @7fj;
= i
XeQ o X XeQ  Xops
es(t) = @ byy; A+ —y; ~=
e4(t) @ Vi - ijYi T i - 0y; j B 0x; j

The error system can be written in the following compact form
e()=M U+R: 5)
By substituting the control law (ii) into equation , the error system can be written as

e(®=(B C)e: )

Construct the candidate Lyapunov function in the form: V (e(t)) = e (t)e(t); we
btai
o Vo (e() =e(De(t) +e' (te(t)
=e' (B C)le(®+e"()(B C)e(y)
=el(t) (B C)T+(B C) e(t):

From (iii), we get \ (e(t)) < 0: Thus, from the Lyapunov stability theory, the zero
solution of the error system (6) is globally asymptotically stable and, therefore, systems
and (2) are globally synchronized.

3 Numerical Application
In this example, the master system is chosen as the following 3D system

X1 = ar(X2 Xi); Q)
X2 = X1Xz;

x3 = 50 apx? asxs:
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When a; = 2:9; a, = 0:7 and ag = 0:6, system exhibits chaotic attractors [14]. The
salve system is described by

yi = (Y2 yO)+ Ya+ug (©)
Yo = Yiyz3 Y2+ Ya+Uz;
Y3 = VYiy2 Y3 + Us;
Ya = (y1 +y2) +us:
The uncontrolled system (i.e. with u; = u; = uz = ug = 0) exhibits strange
hyperchaotic attractors for the parameter values =4, =20, =0:2and =0:5[15].
The linear part B and nonlinear part g of the slave system can be formulated as
(@) 1
4 4 0 02 0
_ 0 1 0 02 § _ g Y1Ya §
B= g 0 0 1 0 and g = y1Yy2 '
05 05 0 O 0

According to our approach, the error system between systems and is described
by

&1 = y1 (X1; X2; X3) " ; )
e = (V1:Y2: Y3 ¥a)' (X1; %2; X3) " ;
€3 = Ya (X1; X2;X3);
es = Q(yuy2:Ysi¥a) S (X1;X2;X3);
where = ( 10;2); = (0,2;0;0); = (1;2,3);  (X1;X2;X3) = XiXz +

X3; Q(Y1;Y2;Y3:¥4) = 1+ 3y, and S (X1;X2;X3) = Xi1XoX3. Based on the notations
used in Section 2, the matrix M is given by

1
1 000
~Bo 2o o§_
M‘go 01 0A (10)
0 0 0 3
and thus ) 1
1 0 0O
._Bo Lo o§,
M —(%o 01 0A 1n
000 %
Then, the control matrix C can be selected as
(0] 1
0 4 0 0:2
_ 0 2 0 02 §
C—g o o 1 o0 A (12)
0:5 05 0 1

Using matrices (10), and we can easily construct the control law (ii) de-
scribed in Theorem 1. We can see that (B C)+(B C)T is a negative{de nite matrix
and all conditions of Theorem 1 are satis ed. Therefore, systems (7)) and are globally
synchronized in 4-D. The time evolution of errors between systems and is shown
in Figure [}
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errors
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Figure 1: Time evolution of the synchronization errors es,e»;e3 and es between the master
system (7) and the slave system (8).

4 Conclusion

A new synchronization scheme has been used to achieve coexistence of several types of
synchronization between an arbitrary 3-dimensional master and a 4-dimensional slave
system. By using Lyapunov stability theory, the paper analysed the coexistence of full
state hybrid projective synchronization (FSHPS), synchronization, generalized
synchronization (GS) and Q-S synchronization based on the control of the linear part of
the master system. The numerical example detailed in the previous section con rms the
e ectiveness of the theoretical analysis.
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Abstract: Initially, we have obtained the integral representation for the solution of
the linear Riemann-Liouville fractional reaction di usion equation of order g, where
0 < g < 1; in terms of Green’s function. We have developed a generalized mono-
tone method for the non-linear Riemann-Liouville reaction di usion equation when
the forcing term is the sum of an increasing and decreasing functions. The gener-
alized monotone method yields monotone sequences which converge uniformly and
monotonically to coupled minimal and maximal solutions. Under uniqueness assump-
tion, we prove the existence of a unique solution for the non-linear Riemann-Liouville
fractional reaction di usion equation.

Keywords: Riemann-Liouville fractional derivative; representation form; eigenfunc-
tion expansion; Mittag-Le er function; coupled upper and lower solutions; general-
ized monotone method.
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1 Introduction

Computation of explicit solutions of non-linear dynamic equation is rarely possible.
It is more so with non-linear fractional dynamic equations with initial and boundary
conditions. In general, the existence and uniqueness of solution of the fractional dy-
namic equation has been established mostly, using some kind of xed point approach.
See [1,13}/749}/1517.(28,29,:31,32] and the references therein for the existence, uniqueness
and applications of fractional dynamic equations. The drawback of xed point theorem
results for the initial and/or boundary value problem is that they do not guarantee the
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interval of existence. The method of upper and lower solutions combined with the mono-
tone iterative technique not only guarantees the interval of existence but also the method
is both theoretical and computational. See [4,/5,12{14,24{27] for monotone methods and
generalized monotone methods for nonlinear dynamic equations. The monotone method
is feasible only when the non-linear function is increasing or could be made increasing.
In this case, we obtain a sequences of approximate solutions which are either monoton-
ically increasing or monotonically decreasing if the approximation is the lower solution
or the upper solution respectively. If the non-linear function is decreasing, the monotone
method will yield alternating sequences. However, from practical application problems,
the non-linear forcing term will be a sum of increasing and decreasing functions as in the
population models and chemical combustion models, see [19]. In order to handle such
problems, a generalized monotone method has been developed in [20}22,|23,/30].

In this work, we consider the non-linear Riemann Liouville fractional reaction di u-
sion equation where the forcing function is the sum of increasing and decreasing functions.
We develop a generalized monotone method for the non-linear Riemann-Liouville frac-
tional reaction di usion equation using coupled lower and upper solutions. Initially, we
have obtained a representation form for the solution of the linear Riemann-Liouville frac-
tional reaction di usion equation using the eigen function expansion method and Green’s
identity. We have also developed the maximum principle and comparision results rela-
tive to one dimentional time fractional parabolic equations. These results are useful in
proving that the sequences developed in the generalized monotone method converge to
the coupled minimal and maximal solutions of the non-linear fractional reaction di usion
equation. The convergence of the sequences is monotonic and uniform in the weighted
norm. Finally, under the unigueness assumption, we can prove that there exists a unique
solution to the non-linear Riemann-Liouville fractional reaction di usion equation.

2 Preliminary Results

In this section, we recall some known de nitions and known results which are useful to
develop our main results. Here and throughout, the notation (q) denotes the gamma
function of order q:

De nition 2.1 The Riemann-Liouville fractional integral of u(t) of order q is de ned
by
yA t

q :i q 1 .
D; "u © O(t s)? *u(s)ds; (€))]

where 0 <q 1.

De nition 2.2 The Riemann-Liouville (left-sided) fractional derivative of u(t) of
order g, when 0 <q <1, is de ned as:
1 gl
DIu(t) = ———— (t s)4 tu(s)ds; t>0: )
1 odt
Next we de ne the Mittag-Le er function which is useful in computing the solution of
linear fractional di erential equation explicitly.

De nition 2.3 The two parameter Mittag-Le er function is de ned as

Kok

Eq.r( t9) = :
wl = T@+n

©)
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Ifr=nq, reduces to

(thx
Eqq( t9) = : 4)
Ko qk +1)
If r = 1; the Mittag-le er function is de ned as
()~
. ) = 7 -

k=0
Further, if g =r =1, E;.; = e tis the exponential function.

For more details, see [6/11}/18}/19,/21]. In our next de nition we assume p =1 q,
when0<q<1;,J=(0;T]and Jo =[0;T].

De nition 2.4 A function (t) 2 C(J;R) is a C, continuous function, if t* 9 (t) 2
C(Jo; R): The set of Cp, continuous functions is denoted by C,(J; R): Further, given a
function (t) 2 Cp(J; R); we call the function t* 9 (t) the continuous extension of (t).

Note that any continuous function in Jg is also a C, continuous function.
Consider the initial value problem for the linear Riemann-Liouville fractional reaction
di erential equation of order q as

Du= u+Ff@); (Qu(t)t* Y=o = u’; (6)

where is areal number and f 2 CJ[[0; T]; R]. The integral representation of the solution
of equation(g) is:
z t
ut) = ult? 'Eqq( Y+  (t )T Eqql (t s)IIf(s)ds: @)
0

For details, see [10,[11,[21]. The next result is a basic comparison result involving the gt
order fractional Riemann-Liouville derivative with respect to time.

Lemma 2.1 Let m(t) 2 Cp[[0; T]; R] be such that for some t; 2 (0; T], m(t1) = 0;
and t* 9m(t) 0 on [0;t;], then DYm(t;) 0: See more in [4}5].

Remark: In the above theorem, if m is a function of (x;t), then the conclusion is
true with the partial fractional derivative of m with respect to t of order g. This is what
we need in our work.

3 Auxiliary Results

In this section, we obtain a representation form for the solution of the linear Riemann-
Liouville fractional reaction di usion equation with the fractional time derivative. We
achieve this by using the eigen function expansion method. Then we will develop com-
parison results for the non-linear Riemann-Liouville fractional reaction di usion equation
with initial and boundary conditions. The rst comparison theorem is with respect to
the natural lower and upper solutions when the non-linear term is of the form F (x; t; u);
where F(X; t; u) satis es the one sided Lipschitz condition. The second comparison the-
orem is relative to coupled lower and upper solutions. In this case, we assume the
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non-linear term as the sum of two functions f(x;t;u) and g(x;t; u); where f(x;t;u) is
a non-decreasing function in u and g(x; t; u) is a non-increasing function in u for (x;1t)
in [0;L] [0;T]. In order to present our result, consider the linear Riemann-Liouville
fractional reaction di usion equation with initial and boundary conditions of the form

@fu  Kuxx = Q(x;t) on Qr;
u(0;t) = A(); u(L;t) =B() in T (8)
(@t" Yu(x; tje=o = FO(X); x2

where = [0;L]; J = (0;T], Qr =J ;k>0and 1 =(0;T) @ : Here, @f is
the partial Riemann-Liuoville fractional derivative with respect to time ’t’ of order g,
O<g<l1

In order for the initial boundary value problem to be compatible, we assume that
°(0) = A(0) = fO(L) = B(0) = 0; (q) t* Yu(x; t)ji=0 = FO(x): Here and throughout
this work, we assume the initial and boundary conditions satisfy the compatibility
conditions. Using the method of eigenfunction expansion on equation , we have the
solution of the form:

X
ut) = bn(t) n(x); ©)

n=1

where the eigenfunctions of the related homogeneous problem are known to be ,(x) =
sin™* and its corresponding eigenvalues are , = (”T)z. Using the same approach as
in [22], we can compute b,(t), where b, (t) will be the solution of the ordinary linear
Riemann-Liuoville di erential equation.

Here, our aim is to nd b, (t). Using the standard arguments, one can compute b, (t).
The explicit form of b (t) is

bn(t) = b(r)%q 1Eq;q( k nt?) (10)
b9 el K (e + K (AG) ( DTBES:
0

where , z,
by = Ly fO(y) n(y)dy and (11)
2 %L
In(t) = . Qy;t) n(y)dy: (12)
Therefore,
241
bn() = L, fO(y) n(y)dyt? "Eqq( k nt%) (13)
Z ) Z
+ . (t ) 'Egq( k ntq)t ; Q(y;s) n(y)dyds
z t

+k2LL2 O(t $)? *Eqiq( k nt)(A(S) ( D"B(S))ds:
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So, using b (t) in @ we can get the solution u(x;t) of the form

Z Sk
ueet) = 01 %Eq;q( K n(t) n(¥) n(IFOy)dy (14)
n=1
Z.Z b4
. 0‘ OL 2t 9% Equl Kk nlt 9 a0 n()IQW:S)dyds
n=1
Z
* 20 9 el K nlt 9 wGOIAE)S

2n
k Tt 9 "Bl Kalt 9% a(IBE)s:
Finally, we can write
Z L ZZ
u =t GOy F(y)dy + G(x;y;t  s)Q(y;s)dyds (15)
0 0 o
Z Z
+k Gy(X;0;t s)A(s)ds k  Gy(x;L;t s)B(s)ds;
0 0

where

X 5
G(xy:t) = EEq;q( K nt?) n(X) n(y):
n=1
This result will be useful in our main result when we are computing the linear ap-
proximations of the generalized monotone iterates.
Here, we can nd the steady state condition with homogeneous boundary conditions

in which the source term Q(x; t) = Q(x) is independent of time:

Kuxx + Q(x) = 0:

Now the form uyy = g(x), in which g(x) = Qﬁx)-
Therefore,
Z Z Z¢

upGt) = Foytt 'G(x;ty;0)dy + kg(y)  G(x;ty;s)ds dy; (16)
0 0 0

where

160Gty S) =19 1 L 2Eue( K alt 9T n() @)

As t T 1; G(xty;0) ¥ 0 such that the e ect of the initial condition
th du(x; t)ji=o = FO(X) vanishes as t ¥ 1: Byf, as t IG(x;t;y;s) " 0Oast ¥ 1; the
steady source is still importantast ¥ 1 since OtEq;q( k h(t s)¥)ds= %T')‘Z"tq)

Thus,ast ¥ 1;

z L
ux;t) ¥ u(x) = . g(y)G(x;y)dy;
where
X
G(x;y) = T n(X) n(y):

n=1
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Hence, we obtained the steady-state temperature distribution u(x) by taking the limit
ast ¥ 1 of the time-dependent problem with a steady source Q(xX) = Kkg(x):
We recall two known lemmas regarding the Mittag-Le er functions series from [2].

Lemma 3.1 Let Eq;1(  t9) be the Mittag-Le er function of order q, where 0 <gq

1. Then,%<l;where 1, 2=>0suchthat = ,+kfor k=>0.

Lemma 3.2 Let Eq;q( t9) be the Mittag-Le er function of order q, where 0 <g

1. Then M<l, where 1; > >0suchthat = ,+k for k=>0.
q;9 2t9)

Now, we can show the convergence of the above solution using the two lemmas above,

i.e Lemma 3.1 and Lemma 8.2 We can split the solution of (8) as ui(x;t), u>(x;t) and

us(X; t) respectively as follows:

(a) u1(x;t) is the solution of (8), when Q(x;t) = 0; A(t) = 0 = B(t),

(b) ux(x;t) is the solution of (8), when A(t) = 0 = B(t); f°(x) =0,

() uz(x;t) is the solution of (8), when Q(x;t) = 0;f9(x) = 0.

Theorem 3.1 uy(x;t), ux(x;t) and usz(x;t) converge when jF°(x)j < Ny, N; > 0,
JQ(X;1)j < N2, N2 =0, jA(1)j < M3z and jB(1)j < Mz, M1; M, > 0 respectively.

Proof of the above theorem follows as an application of Lemma [3.1] and Lemma
The details of the proof can be found in [2]. Next we will consider the non-linear
Riemann-Louiville fractional reaction di usion equation of the type:

fu kgle; = f(x;t;u) +g(x;t;u); (X;t) 2 Q;
@M U ji=o = FO(x); X2 ; @7
u@©;t) = A(@);ulL;t)=B(@)on T;
J=(0;T; Qr=J ;k=>0and =0 T) @ ;

f;g2 C%9[0;L] J R;R]:

In this work, we seek the classical solution such that u(x;t) 2 Cg?q on Q; and u(x;t) 2

Cp on Q. In order to develop the generalized monotone method for , we need the
following de nitions.

De nition 3.1 v(x;t), w(x;t) 2 C%9[Qr;R]. Then
(a) v(x;t) and w(x;t) are called the natural lower and upper solutions of if the
following inequalities are satis ed:

B9v(x; 1) k@zé(;(;t) F06 606 D) + 90 YOG D) on Qr;
@ o) W Djmo  FOX) X2 (18)

v(x;0)  A();v(L;t) B()in 7,

Ogw(x;t) k@zv@\)’)(:ft) T(x; t,w(x; 1)) + g(x; t; w(x; t)) on Qr;

@ to)! W jemo  FOX); X2 (19)

w(x;0) A@);w(L;t) B@)in T
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(b) v(x;t) and w(x;t) are called coupled lower and upper solutions of type | if the
following inequalities are satis ed:

02v(x;t)

@fv(x; t) kW

Tt v(x; 1) +g(x; t; w(x; t)) on Qr;

@ to)" W Dj=o FOX); x2
v(x;0)  A@M);v(L;t) B()in T

(20)

@2w(x;t)
@x?
@ to)! W Dje—o  FOM); x2 (21)
w(x;0) A@);w(L;t) B@®)in T:

edw(x;t) Kk O tw(x; 1) + g0t v(x; t)) on Qr;

The next result is a comparison result relative to lower and upper solutions of of
natural type. For that purpose, we write F (Xx;t;u) = T(X; t; u) + g(x; t; u).

Theorem 3.2 Assume that
(i) v(x;t), w(x;t) 2 CZ9[Q;R] are natural lower and upper solutions of , respec-
tively. Furthermore, (g)t* 9v(X;t)ji=o0 (@t Iw(x; t)je=o, v(0;t)  w(0;t) and
v(Lit)  w(L;1);
(ii) F(x;t;u) satis es the one sided Lipschitz condition of the form

FOGtu) FOGtu) L(up  uz);
whenever u; Uz and L > 0. Then v(x;t) w(x;t) onJ

Proof. Initially, we will prove the theorem when one of the inequalities in (i) is
strict. For that purpose, let m(x;t) = v(x;t) w(x;t): We claim that m(x;t) < O;
(x;t) 2[0;L] (0;T]. Suppose that the conclusion is not true, then there exists at; 2 J
and x; 2  such that tt 9m(x1;t) < 0 on [0;t1), m(X1;t1) = 0. It is easy to check
My (X1;t1) = 0 and myx(X1;t1) 0.

Then, using Lemma[3.2} we get @¢m(xy;t;) O
From the hypothesis, we also have

0dm(xq;ty)
= @gv(xq;t)  @fw(xy;ts)
@2v(x1; t1) @2w(xq; t1)
@x2 @x2
< F(X1;t1;v(Xg;t1))  F (Xt w(Xg;t)) = 0;

<Kk +F (X1t v(xe;t)) K F(X1; t1; W(X1; t1))

(22)

which is a contradiction. Therefore, v(x;t) <w(x;t) on Q.
In order to prove the theorem for the non strict inequalities, let

wix;t) =w(x;t) + t9 *Eqq[2Lt9];
v(x;t) =v(xt) 0 TEqq[2Lt]:

From this it follows
w(0; t) > v(0; t);
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w(L;t) > v(L;1);

(Mth W je=o > @' WX Dje=o > (D" V(X Dje=o > ()" WV(X; D)jt=0:

Then,

e 0°W(x; t)
OewW(x; t) kW
200 (e

= 0fw(x; 1) k% +07 t7 'Eqq[2Lt]

FOGtw(x;t) + t9 1Eqq2LEq; q[2LtY]
= F(tw(xt) +2 Lt YEqq[2LtY]  F(x 6 wW(x; ) + F(x; t; W(X; t)) (23)
LW  w)+F(xtwW(x; 1)+ 2LEqq(2LtY)
= Lt 'Eqq[2Lt] + F(X; t; W(X; 1)) + 2L Eqq(2Lt")
=F(xtw(x;t) + Lt% *Eqq[2Lt7]
> F(x; t; w(x; t)) on Qr:

Similarly,

evix;t) Kk

@2‘@’(";0 > F (%t 9(x; 1) on Qr: (e4)

X2

By the strict inequality result, v<w on Q. Letting ¥ 0, we havev w on Q7.
The next result is related to coupled lower and upper solutions of type | related to

(17).

Theorem 3.3 Assume that
(i) v(x;t), w(x;t) 2 CZ9[Qr;R] are coupled lower and upper solutions of type I of ,
respectively.
(ii) Assume F(x;t;u) = f(x;t;u) +g(X; t;u); where f is a nondecreasing function and g
is a nonincreasing function respectively for (x;t) 2 Q¢ in u.
(iii) Let F(x;t;u) and g(x;t; u) satisfy the one sided Lipschitz condition of the form

f(x;tu) Ftu) L(ui  up);

g tur)  g(xtuz) M(uy  up);

whenever u;  uz and L;M > 0. Then v(x;t) w(x;t) onJ

Proof. Initially, we will prove the theorem when one of the inequalities in (i) is strict.
For that purpose, let m(x;t) = v(x;t) w(x;t): It is easy to see that m(x;0) < 0 on
[0;L]. Also, m(0;t) <0 and m(L;t) <0, t 2 (0; T]. Suppose the conclusion is not true,
then there exists at; 2 J and x; 2  such that t* 9m(x;t) < 0 on (0;t1], m(xz;t;) = 0.
This implies v(X1;t1) = w(Xq;t;) and % 0; where t; > 0 and x; 2 (0;L). Using
Lemma[3.2) @¢m(xs;ty) O
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From the hypothesis, we also have

@¢m(xq;t1)
= 0gv(x1;t1)  @fw(Xq;ty)

2 .
< k% +HT0atvea ) + 900t wha ) - (25)
2 .
k% Fxtwxata)) - g(xa; tasv(xaita)
0;

which leads to a contradiction. Therefore, v(x;t) < w(x;t) on Q.
In order to prove the theorem for the non strict inequalities, let

WD =W + (6 o) Eqql2(L+ M)t to)7];
YOG =V (t 1) 'Eggl2(L+M)(t )]

One can show V(x;t) and w(x;t) satisfy the hypothesis with strict inequalities. Using
the strict inequality result, v<w on Q. Letting ¥ 0, we havev w on Q7.

The next result is the maximum principle for the Riemann-Liouville parabolic equation
in one dimensional space which will be useful in proving the uniqueness of the solution.

Corollary 3.1 Let

@?m(x; t)
@x?

m(0;t) O;m(L;t) Oon ;
()t" "M j=0 Oon

edme;t)  k 0 on Qr;

Then m(x;t) 0 on Qr.

Proof. Suppose m(x;t) has a positive maximum at (xi;t;). Let m(Xy;t;) = K.
Let m(x;t) = m(x;t) K: Then, t* 9m(x;t) 0 on (0;t;] and m(x¢;t;) = 0. Using
Lemma 2.1} we get @7m(xy;t;) 0. Also, Myx(X1;t;)  0: Combining these two, we get
OmM(xyity)  KM(X1;t) O
We can also observe

ta !
OfMOGE) KMy = 0fm  Kmyy K—q <@Im  Kmyy <0; (26)

which gives a contradiction. Hence, m(x;t) O:

We can also prove this corolary by other method. We can show it is true rst for
the strict inequality and then for the instrict inequality by using the strict inequality.
The solution of the linear problem is unique which follows from this maximum principle.
This maximum principle is used to show the uniqueness of iterates and the monotonicity
of the iterates. In next section, we will develop a generalized monotone method for
the nonlinear Riemann-Liuoville fractional reaction di usion equation using coupled
lower and upper solutions of type I. The generalized monotone method yields monotone
sequences which converge uniformly and monotonically to coupled minimal and maximal
solutions of (17). Further using the uniqueness condition, we prove the uniqueness of the
solution of . The next result is a generalized monotone method for .
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4 Main Results

Theorem 4.1 (i) Let (vo;Wg) be the coupled lower and upper solutions of such
that t* 9vy t' 9wp on Q.
(ii) Suppose f(x;t;u) is nondecreasing and g(x;t;u) is nonincreasing in u on Qy; re-
spectively. Then there exist monotone sequences ft' 9v,(x;t)g and ft* 9w, (x;t)g such
that t* dva(x;t) ¥t 9 (x;t) and t* 9w, (x;t) ¥ t* 9r(x;t) uniformly and monotoni-
cally on Qt, where (x;t) and r(x;t) are coupled minimal and maximal solutions of
respectively. That is, (x;t) and r(x;t) satisfy

2 (1)

@F (1) k@7=f(x;t; ) +g(x;t;r) on Qr;

@) =AW®; (Liy=B®)on r;
@t" ¢ (% Dje=o0 = F(x) on

and

@2%r(x;t)
@x?

r(0;t) =A@);r(L;) =B() on 7;
()th r(x; Hje=o = F(x) on

such that t* vp(x;t) <t 9 (x;t) <t! du(x;t) <t r(x;t) <tl Ywp(x;t).

efrogt)  k =f(x;t;r) +g(x;t; ) on Qr;

Proof. We construct the sequences fv,(X; t)g and fwn,(X; t)g as follows:

2 .
Bfvn(x; 1) k% =f(Xtvn 1) +9(Xt;Wn 1) on Qr;
Va(0; 1) = A(t); V(L 1) = B(D); @7
@t WVa(X; Die=o = FOX)
and
2 .
Bwa0t) K0 = £ twn )+ 900t vn 1) on Qr;

Wi (0; 1) = A(t); wn(L; t) = B(t); (28)

@t Wa(x; Dje=o = FO(x):

It is easy to observe that vi(X; t) and wi(X;t) exist and are unique by the representation
form of linear equation and Corollary 3.1l By induction and the assumptions on f and g,
we can prove that the solutions vnh(X;t) and wn(X;t) exist and are unique by Corollary
3.1, for any n.

Let us prove rst that vo(x;t)  vi(x;t) and that wi(X;t)  wo(X;t) on Q. Let
p(x;t) =vo(x;t) vi(x;t). Then

0%p(x; t)
@x2?

Ofp(x;t) Kk

@2vi(x; t)
@x2

@2vo(x; 1)

= @¢vo(x; 1) k@T

Odvi(x;t) K
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FOCTtVo(x; ) + 90 two(x 1) (FOGTVo(X; 1)) + 906 two(X; 1)) = 0;

p(0;t) =0; p(L;t)=00n and (q)t* 9p(x;t)j:=o =0 on 1. Therefore, by Corollary
it follows that p(x;t) 0 on Qt and t* dvo(x;t) ! dvy(x;t) on Q.
Similarly, we can show that w;(x;t)  wo(X;t) on Q.
Then, we prove that vi(x;t) wi(X;t). Let p(x;t) = vi(X;t) wi(X;t): Then from our
hypothesis, we get )

aipocy  KZPOEY

0x2
20 (o ) |
% (@fwa(x; 1) k%)

Ftvo(xi 1) +g(two(x 1)) (FOXtvo(xi 1) +g(x; two(X; 1)) = 0;

p(0;t) =0; p(L;t)=0o0n and (q)t* 9p(x;t)jt=o =0 on 1. Therefore, by Corollary
it follows that p(x;t) 0on Q and t* 9dv;(x;t) t* 9w;(x;t) on Q: Hence,

=0dvi(x;t) k

th Ivo(x;t)  th dvi(xt)  th dwi(xt)  th wo(x;t) on Q:
By mathematical induction, we have
th Ivolx;t) ot vttt Gwa(t) ot Ywe(x;t) on Qq For all n:

Furthermore, if t* 9vp(x;t) t* du(x;t) t* 9wp(x;t) on Qy, then for any u(x;t) of
(17), we establish the following inequality by the method of induction.

th dyo(x;t) ot dvp(xt)  t dult) ot Gwa(xt) o t Gwe(xt)  (29)

on Q for all n:

It is certainly true for n = 0, by hypothesis. Assume the inequality to be true
for n =k, that is

th dyp(x;t) ot dve(xt)  tr dult) 9w k(xt) ot Gwe(x;t) (30)

on Q for all n:

Let p(X;t) = vk+1(X;t)  u(x;t): Then from our hypothesis, we get

0%p(x; t)

@dp(x; 1) kW

2Vir it 2 T
= 60Viaa (G 1) k% ©u(x: 1) k%

L) +a(xtwe)  (FOGtu)+g(xtu)) 0

p(0;t) =0;p(L;t) =0on and (q)t' 9p(x;0)jt=0 =0 on 1. Therefore, by Corollary
it follows that p(x;t) 0 on Q. Therefore, t* v, 1 (X;t) ! du(x;t) on Q7. In
a similar way, we can show that t* 9u(x;t) t* 9w, 1(x;t) on Qq:

Hence we constructed the monotonic sequences. Using the integral representation
of the linear problem and an appropriate computation process, we can show that the
sequences Ft! 9v,(x;t)g and ft' 9w, (x;t)g are uniformly bounded and equicontinu-
ous. Using the Ascoli-Arzela theorem, we obtain subsequences of ft* 9v,(x;t)g and
ft! 9w, (x; t)g which converge uniformly and monotonically on Q. Since the sequences

)
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ftl 9v,(x;t)g and Ft' 9w, (x; t)g are monotone, the entire sequences ft* 9v,(x;t)g and
ft' 9w, (x;t)g converge to t* 9 (x;t) and t* 9r(x;t), respectively. From this it follows
that
th dyo(x;t)  tr Gvi(xit) ot Gva(xt) o t 9 ()t du(xt)  (31)
th dret) ot Gwa(xt) ot 9we(x;t) on Qf:
Consequently, (x;t) and r(x;t) are coupled minimal and maximal solutions of since

th dvox;t) tr 9 (xt)  th Gulxt)  th Ir(xt)  th dwe(x;t) on Q: (32)

Since f(x;t;u) and g(x;t;u) satisfy the one sided Lipschitz condition, we prove the
uniqueness of the solution of . The next result is precisely this.

Theorem 4.2 Let all the assumptions of Theorem hold. Further, let f(x;t;u)
and g(x; t; u) satisfy the one sided Lipschitz condition of the form

f(x;tu) FOGtu) Li(ur up);
g tul)  g(xtuz) Lo(ur  u2);
whenever u; Uz and Lg; L, > 0. Then the solution u(x;t) of exists and is unique.

Proof. We have already proved ( ;r) are coupled minimal and maximal solutions of
on Q. Hence it is enough to show that r(x; t) (x;t) on Qq:
It is known from Theorem that x;t)  r(x;t) on Qr:
Let p(x;t) = r(x;t)  (x;t): By the hypothesis, we get

. 0%p(x;t)

@gp(X,t) kw
_ . @%r(x;t) _ 0% (x;1)
= 0dr(x;t) kW @9 (x;t) kW

st +pixit ) (FOt ) +g(x;tr))
t9hjr e+t jr
(L1 + L2)jpj;
; ) =0; p(L;t)=00n and (q)t* 9p(X;t)ji=o =0o0n . It follows from Corollary

that p(x;t)  0: This proves that r(x;t) = (x;t) = u(x;t) on Q; and the proof is
complete.

5 Conclusion

In this work, initially we have obtained an integral representation for the solution of
the Riemann-Liouville reaction di usion equation with Q(x;t), f0(x), A(t), B(t) being
the non-homogeneous term, the initial function and the boundary functions respectively.
In addition, we assume that the boundary conditions and the initial function satisfy
the compatibility condition. We also establish, when Q(x;t), f°(x), A(t) and B(t) are
bounded, the solution u(x;t) converges, by using the convergence of the series involving
the Mittag-Le er function. In addition, when Q(x;t) = Q(x) is independent of t and
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A(t) = B(t) = 0, we have proved that the solution of the Riemann-Liouville fractional
reaction di usion equation converges to the steady state solution. We have proved the
maximum principle and comparison theorem relative to the non-linear Riemann-Liouville
fractional reaction di usion equation of on Q+. Using the comparison result as a tool,
we have developed a generalized monotone method for the Riemann-Liouville fractional
reaction di usion equation of (17). The generalized monotone method yields monotone
sequences which converge uniformly and monotonically to coupled minimal and maximal
solutions of . Under the uniqueness assumption, we have proved that the unique
solution of u(x;t) of exists and is unique. In our future work, we plan to use our
method relative to the physical application problem.
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Abstract: This paper deals with the problem of generalized synchronization between
two chaotic and hyperchaotic fractional non-commensurate order systems with dif-
ferent dimensions. By designing an active control technique, the su cient conditions
for achieving generalized synchronization are derived by using the Laplace transform
technique and nal value theorem. Numerical simulations are also given to illustrate
and validate the generalized synchronization results derived in this paper.
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1 Introduction

Chaos synchronization phenomena have received increasing attention in the study of dy-
namical systems, because they can be applied in vast areas of engineering and information
science, in particular, in secure communication, control processing and cryptology [1{4].
Various methods in chaos synchronization have been proposed [5{7]. Most of the synchro-
nization methods focus on integer order chaotic systems in both continuous and discrete
time.

Recently, fractional calculus has attracted a lot of attention and has become an ex-
cellent instrument to describe the dynamics of complex systems. Based on the stability
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criterion of linear fractional systems, many fractional-order chaotic systems can be syn-
chronized [8{13].

An interesting aspect is the generalized type of synchronization called Q S syn-
chronization. It has been investigated for integer order chaotic dynamical systems as
well [14418]. However, to the best of our knowledge, there are few treatments in the
literature of the general scheme for generalized Q S synchronization of fractional non
commensurate order systems with di erent dimensions.

In view of this consideration, this paper investigates an active control technique [15]
for generalized synchronization between two di erent dimensional chaotic fractional non-
commensurate order systems, using two suitable real matrices. Based on the Laplace
transform technique and nal value theorem, the designed control makes the fractional
non-commensurate-order chaotic system states asymptotically synchronized. Numerical
examples are given to verify the capability of the method.

The rest of the paper is organized as follows. In the following section, we present
some basic concepts of fractional calculus fundamentals. In Section [3] we motivate the
problem and give the main results. In Section 4} two examples are used to verify the
e ectiveness of the proposed method. Finally, some concluding remarks are given in
Section

2 Fractional Calculus Fundamentals

The three de nitions used for the general fractional derivative are the Grunwald{Letnikov
(GL) de nition, the Riemann{ Liouville (RL) and the Caputo de nition [19]. The
Riemann{Liouville fractional integral of order > 0 is given by

7t
Jaf(t):% (t s) (s)ds; t>a 1)

a

where  is the gamma function. The Riemann{Liouville fractional-order derivative
RLd, f is de ned by

RLd F(t) =d™I (1), ()]

where m =d e is the rst integer greater then
The Caputo fractional-order derivative 5d; T is de ned by

A F@O =30 dMF@E); m=d e 3)

The Gryinwald{Letnikov fractional-order derivative ©Ld, f is given by

tXa
CLd f(©) = limh k:O( 1)k ﬁ f(t kh): (4)

Recall that the Laplace transform of a function f (t) is the function F (s) de ned as follows

71
F(s) =Lff(t);sg= exp( st)f(t)dt; 5)
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f(t) is called original which can be reconstituted from the inverse Laplace transform
cFidl
f(t)=L 1fF(s);tg = exp(st)F (s)ds; ¢ = <(s) > 0: (6)
c il
Taking into account that the Laplace transform of the convolution is

Lff(t) g(t);sg = F(s):G(s); @)

where f(t) and g(t) are two causal functions for t < 0, we see that F(s) and G(s) are
their Laplace transforms.
Using the following property of the Laplace transform of conventional derivative

<
L FF™(t);s9 = s"F(s) sKE(M K D(0); (8)
k=0

we obtain the Laplace transform of the Riemann-Liouville derivative

RL f)(l k RL k 1
L Tgd f(t);s =s F(s) s¢ "gd () )
k=0
withm 1 < m. This transform is well known. However its practical application is

limited by the absence of the physical interpretation of the function at t = 0.
In view of the Laplace transform formula of the Riemann-Liouville integral, the
Laplace transform of the Caputo fractional derivative is

m<1
Lfd f(t);sg=s F(s) s K 1f(0(0) (10)
k=0
withm 1 < m. Since the initial conditions for the fractional di erential equations

with the Caputo derivative are of the same form as for the integer-order derivatives,
which have clear physical meaning, the Caputo derivative is used in this paper.

Theorem 2.1 (Final value theorem) Let F(s) be the Laplace transform of function
f(t). If the indicated limits exist, then

. nglf(t) = sIlm)sF (s): (11)
Proof. See [20].

3 Problem of Synchronization and Analytical Results

Generally, we consider the following non-commensurate fractional order nonlinear system
in the form
d X = f(X): (12)

We take as the drive system. The controlled response system is given by

deY =g(Y)+U; (13)
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where = ( 1; 2;:5 m) is the vector of rational number between 0 and 1, d; is
the Caputo fractional derivative of order , for i = 1;2;::;m; X(t) 2 R™ ; Y(t) 2
R™; (m > n) are the state vectors of the drive system and the response system ,
respectively, f : R ¥ R"; g: R™ ¥ R™ are the non linear vector functions and U 2 R™
is the control input vector.

Our goal is to design an appropriate active control U [15] such that the synchro-
nization between the drive system and the response system is achieved for a
given two suitable real matrices Q = (g;;), i = 1,;2;:::d, j = 1;2;:5;m and S = (Skn);
k =1;2;::;d; h =1;2; 5 n. Particularly, Q and S are chosen such that gi; = sxn = 0,
foralli & j and k & h.

Hence, the error system is de ned as

e(t) =QY (1) SX(b); (14)
which means that systems and are globally asymptotically synchronized, i.e.

Aim ke(k = lim kQY () SX(Dk=0:

Most existing methods for synchronizing chaos with di erent dimensions are used
only for reduced order or increased order. Motivated by the above idea, in this work, we
discuss the two cases: d = m and d = n.

3.1 Increased order

In this case assume that d = m. By submitting systems and into (14), the error
system can be expressed as

dee() = Qd, Y (t)  Sd, X(t); (15)
where = ( 1; 2;:5 m): Hence
dee() = Qo(Y (1) +U] SFCX(L)
= Age(t) + K (Y (); X (1)) + QU; (16)
where
K(Y (0); X)) = Ae() +Qg(Y (1)) ST(X(D); 17)

and A; 2 R™ ™ s the linear part of system (13).
We rede ne the control function U = (ug;Uuo;:::um)’ to eliminate all terms which
cannot be shown in the form e such that

QU = K (y(t); x(t)) + Be(t); (18)
and B 2 R™ M is a feedback gain matrix to be determined. We nd the error system as
d, e(t) = (AL + B)e(t): (129)

Applying the Laplace transform for the previous system, letting

Fi(s) = L(ei(t)); i=1;2;:um; (20)
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and using the formula
Lfd 'ei()g=s ‘Fi(s) s ' 'ei(0); i=1;2;u5m; (21)
we nd a new system
s F(s)=s 'e(0)+ (AL +B)F(s); (22)
where
F=(FiFauFm)'; s =(s %8s 2058 ™)
Hence, we have the following result.

Theorem 3.1 If the matrix B is chosen such that all poles of sF;(s) lie in the open
left half plane, then the drive system (12 and response system (13)) are globally generally
synchronized.

Proof. Suppose that the matrix B is chosen such that all poles of sF;(s) lie in the
open left half plane. Using Theorem [2.I} we have

tLmlei(t) = SIQ%LSFi(S) =0; foralli=1;2;:;m:

This means that the drive system (I2)and the response system achieve the synchro-
nization. 2

3.2 Reduced order

In this case assume that d = n. Using the notation , the error system can be derived
as
de e(t) = Aze(t) + H (Y (1); X (1)) + QU; (23)
where
H (Y (1); X(1) = Aze(t) + Qg(Y (1)) ST(X(1); (24)
and A, 2 R" " is the linear part of system (12).
We rede ne the control function U = (uy;uy; :up; 0;0:::;0)T to eliminate all terms
which cannot be shown in the form e = (e1;e5;:::en)" such that
Q%U% = H (Y (1); X(t)) + Ce(t); (25)

where U% = (ug;up;:iun)™, C 2 R™ " is a feedback gain matrix to be determined and
Q% = diag(Q11; Q22;:::; Qnn). Then the error system is changed to

de e(t) = (Az + C)e(t): (26)
Applying the Laplace transform for the previous system, letting
Fi(s) =L(i(®); i=12:5n (X))
and using the formula
Lfd ei(thg=s 'Fi(s) s ' ei(0); i=1,2;u5m; (28)
we nd a new system
s F(s)=s 'e(0)+ (A1 +C)F(s); (29)

where
F=(F;F2;uuFn)"; s =(s ;s 258 ")
Hence, we have the following result.
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Theorem 3.2 If the matrix C is chosen such that all poles of sFj(s) lie in the open
left half plane, then the drive system and response system are globally generally
synchronized.

Proof. The proof is similar to that of Theorem

4  Numerical Examples

In this section, we present some simulation examples to illustrate our proposed general
method.
4.1 Simulation results (Increased order)

In this case , we assume that the new memristor-based simplest chaotic circuit system
of non-commensurate fractional order (MBSCCS) [21] is the drive system. The dynamic
of the circuit is described by the mathematical model

8
< d¢ X1 (t) = aixy;

o de?x2(t) = bi(X1 + M(X3)X2); (30)

T de3x3(t) = X2 CiXz + X3X3!
In (B0), x1;X2; X3 are the states, a;;bs;cq; ; are the positive parameters, M is the
memristor function de ned by

M(xa(t) = x3(t) (31)
and ;i =1;2;3 are rational numbers between 0 and 1:
For all numerical simulation, we take the initial states of system as
x1(0) = 0:1; x2(0) = 0:5;x3(0) = 1L (32)

The parameters values are taken as

(a1;b1;c1; 5 )= (L %;0:9; 3;0:4): (33)

The proposed fractional orders are taken as
( 1; 25 3)=1(0:97;0:98;0:99): (34)

The system exhibits chaotic behaviour as shown in Figure 1}
The linear part A, of system is given by

o 1
0 ax 0
A, = @ bl bl 0 A:
0 1 C1

Assume that the fractional-order hyperchaotic Lorenz system [22] is the response system.
The controlled hyperchaotic Lorenz system is expressed by the mathematical model

8

detya() =az(y2  y1) +ya+ug;

de?y2(t) =c2y1 Y2 Y1y + Uz; (35)
= de®y3(t) =yi1y2  bays +us;
T oditya(t) = yays +rys+ug
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Figure 1: Chaotic Attractor of the Fractional Order MBSCCS System with ( 1; 2; 3) =
(0:97; 098; 0:99).

In , Y1;Y2;Y3,¥3 are the states, a,; co; by;r are the positive parameters and ;i =
1;2;3;4 are rational numbers between 0 and 1:
For all numerical simulation, we take the initial states of system (35) as

y1(0) = 1;y2(0) = 1;y3(0) = 0;y4(0) = 1 (36)
The parameters values are taken as

(82; 2 ba; 1) = (10;28; g; 1:3): @7)

The proposed fractional orders are taken as
( 1; 2; 3; 4)=1(0:97;0:98;0:99; 0:999): (38)

The system (with u; = u, = uz = us = 0) exhibits chaotic behaviour as shown in

Figure[2
The linear part A; of system is given by
(@]

1
dy adp 0 1
B o 1 0 o%_
Al—g 0 0 b 0K
0 0 0 r
Here, we choose
o) 1 o 1
100 0 2 00
_0200§ _5021%.
Q—<%0010 andS=g, o 3 A
000 2 0 0 O

Let us de ne the error variables between the slave system to be controlled and the
master system as
e(t) = QY (t) SX(1);
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Figure 2: Chaotic Attractor of the Fractional Order Lorenz System with ( 1; 2; 3; 4) =

(0:97;0:98; 0:99; 0:999).

8
Se= 2X1 +Y1;
€2

2(X2 Y2) Xs; (39)

= e3= 3X3+YVs;

T ey = 2y4:
For simplicity, choose the suitable feedback gain matrix B such that
O 1
as 0 0
_ 0 b2 0 §
A1+B—§ 0 0 & 0 : (40)
0 0 r
Hence
8
S W= e@+2aXe Yatayr Ay
Uy = %bzel M b1X2X3 + %X%Xg %Xg %C1X3 b]_X]_ + Vo Coy1 +VY1VY3; (41)
3 U3 = Coe1+3x3x3 3Xp  3CiXz+bys  Yiya;
T Us = Srer  rys+yoys:
The error system can be rewritten as
d;'ei(t) = (AL +B)e;; foralli =1;2;3;4: (42)

To prove that the error system converges to 0, we apply the formulas and (21), we

obtain
s tF1(s) =s * 'e1(0)
s 2Fa(s) =s 2 'e(0)
= s 3F3(s) =s = les(0)
T s AF4(s) =s * tes(0)

azxF1(s);
haFo(s);
c2F3(8);
rF4(s):

(43)
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It follows from the equations of the system(43) that

% Fie =S a0,

S 11+ ao
2
Fa(s) = — izb(o)'
2 (44)
3 1
Foe) = =20,
5™ 1ey0).
S 3 “ey
- Fu(s) = s xr
Since ay; by; co; r are positive parameters, we can conclude that all poles of sFi(s); i =
1;2;3;4 lie in the open left half plane. Thus, by using Theorem [3.T] we get
tllmlei(t) = S';%LSF‘(S) =0; foralli=1;2;3;4: (45)

This means that the drive system and the response system achieve the syn-
chronization. The error functions evolution, in this case, is shown in Figure [3|

4
7e1
3 792,
e3
& 2 ]
G;H 1 _
oF |
_1 | | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20
Figure 3: Error Functions Evolution of System (42).
4.2 Simulation results (Reduced order)
Let us take the same previous systems. Here, we choose
(@) 1 (@) 1 (@) 1
10 0 O L 1 0 0 2 0 0
Q=@0 2 0 0A; Q© "=@0 05 0Aands=@0 3 0 A:
0 0 05 0 0 0 2 0 0 1:

To investigate the generalized synchronization of the systems and (35), we de ne
the error states as

e() = QY () SX(V); (46)
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i.e. 8
< e = 2X3+Vyi;
_ e = 3Xp + 2y7; (47)
T e3= Xg+ 3Y3
For simplicity, choose the suitable feedback gain matrix C such that
© al 0 0
(A,+C)=@ 0 bs 0 A: (48)
0 0 C1:
Hence 8
S U= e +2aiXe yatayr &y
u sby €1 3MbixaXs  3baxg +Yyo  Coyi +Vaya (49)

= U3 281 2X2  2C1X3 +2X5X3 +hoys  y1y2  2Ci;

T Uy =0:
The error system can be rewritten as
d;'ei(t) = (A2 + C)ey; foralli =1;2;3: (50)
To prove that the error system converges to 0, we apply the formulas and , we

4

Figure 4: Error Functions Evolution of System (50).

obtain 8

< 3 1F1(S) =s 1 161(0) alFl(S);

_ s 2Fy(s)=s 2 lex(0) by Fa(s); 1)
- s 3F3(s)=s 3 163(0) c1F3(s)):

It follows from the equations of the system (51) that

% Fis) = 5@,

S 11+a0
Fa(e) = S 20, 52)
® =S H0),

S 340
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Since ag; by; ¢ are positive parameters, we can conclude that all poles of sF;(s); i =1;2;3
lie in the open left half plane. Thus, by using Theorem [3.2] we get

ti@lei(t) = SI;rgLsFi(s) =0; foralli=1;2;3; (53)

which clearly demonstrates that the drive system and the response system
achieve the generalized synchronization. The error functions evolution, in this case, is
shown in Figure [4

5 Conclusion

In this paper, we have investigated the generalized synchronization between two di erent
dimensional chaotic fractional non-commensurate order systems. The analytical condi-
tions for the synchronization between these chaotic systems are derived by using the
Laplace transform technique and nal value theorem. Numerical simulations of chaotic
and hyperchaotic systems have been given to illustrate and validate the e ectiveness of
the proposed generalized synchronization.

Our future work is to develop some type of synchronization and we suggest some
potential applications in secure communication.
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Abstract: In this work, we propose, for stabilizing chaotic systems at xed points,
new conditions based on the Jacobian matrix and its relation with the conditions of
Routh-Hurwitz. We apply the results of feedback control method to the second type
Rossler system, Liu system and Genesio system.

Keywords: Routh-Hurwitz theorem; Jacobian matrix; feedback control; chaotic sys-
tems.
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1 Introduction

Chaos, as a very interesting nonlinear phenomenon, has been intensively studied over
the past decades. After the pioneering work of Ott et al [1], and Pecora and Carroll [2],
research e orts have been devoted to the chaos control problems in many physical systems
[3{5]. The control problem attempts to stabilize a chaotic attractor to either a periodic
orbit or an equilibrium point [20,21]. Many potential applications have come true in
securing communication, laser and biological systems, and other areas [6{9,19]. Di erent
control strategies for stabilizing chaos have been proposed, such as adaptive control, time
delay control, and fuzzy control. Generally speaking, there are two main approaches for
controlling chaos: feedback control and non-feedback control. The feedback control [10,
17,(18] approach o ers many advantages such as robustness and computational complexity
over the non-feedback control method. The aim of this paper is to apply the feedback
control to chaotic systems, with new conditions for the stability at xed points based
on the Jacobian matrix. We present the numerical simulation studies for control of the
Rossler, Liu and modi ed Genesio systems.
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2 Preliminaries

Suppose that A isan n  n matrix of real constants, its characteristic polynomial is
f()= "+a"t+pb " 2+c " 3+n=1,234
The Routh-Hurwitz theorem [10{[13] is as follows.

Theorem 2.1 All the roots of the caracteristic polynomial have negative real parts
precisely when the given conditions are satis ed:
2+a +b:a>0b>0:
S+a2+b +c:a>0c>0ah c>0:
“+a%+b?2+c +d:a>0;ab c>0;(@a c)c ad>0;d>0:

3 Main Results

3.1 The case of third dimension

We assume A is the Jacobian matrix of the third dimension:
(@) 1
aj; Az  ai13
A=Q@ ay ay axmA; (@)

dz1 azz2 4ass

then the relation between the coe cients of characteristic polynomial and the Jacobian
matrix is

8
< a= trace(A);

_ b=A1 + Ay + Agzs; @)
T c= det(A);
a. a. a a a a
where Ay = 822 83 A 1noa3 oy Ags = 11 12.
dz2 as3 dz1 as3 dz1  ap2;

Thenab ¢= a11(Ax+Az3) axn(A11+Aszz) az;(Ax+A1) 2aji8azz+agasas +
dizapzi1asz:

Remark 3.1 We note that, if a;; < 0, Ajj > 0, i = 1;2;3 and det(A) < 0 so that
t = ajpagzas; + azzazase 0, then the coe cients of the characteristic polynomial are
positive. On the other hand, we have t = 0 for the Rossler, Liu and other systems. So,
we can ensure the stability of any chaotic systems with the following theorem.

We consider A is the Jacobian matrix at a xed point, and t = a;paz3a3; +ajzazias;.

Theorem 3.1 If t 0, all the roots of the characteristic polynomial of A have neg-
ative real parts when the given conditions are satis ed:
det(A) <0; ajj <0 and Ajj >0 fori=1;2;3:

Proof. We have

8

< a= trace(A)>0;
_b=An+ A+ A >0;
“ab ¢c>0;
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then, by the Routh-Hurwitz theorem all the roots of the characteristic polynomial have
negative real parts.

Remark 3.2 We can use the condition t 0 as an additional condition with the
condition of Routh-Hurwitz to get quickly the convergence to the xed point.

4  Application to Chaotic Systems

4.1 The second type Rossler system

The Rossler system [14] is given by the following equations:
8
2 x= (y+2),

= =+ N
= ¥Y=X 'z
T z= X+Xz Z;

where =0:38; =0:3; =4:5. The two equilibrium points of system are given by
E1=(0;0;0); Ez=( ;=)
4.1.1 Control at the equilibrium point E;
If the controlled Rossler system is given by the equations
8
2 x= (y+2) ug

- Y=x+0:38y u; (©)]
T z=03x+(x 45)z usz;
where u; = kx;u, = ky;uz = kz, and k is the feedback coe cient; when k > 0:38, the

system will gradually converge to the equilibrium point (0; 0; 0).
Proof. The Jacobian matrix of system with regard to the equilibrium point

(0;0;0) is 0O 1
k 1 1
A=@ 1 038 k 0 A
0:3 0 45 k

where aj;; = Kk;azp =0:38 kiags= 45 ki A =k?+4:12k  1:71; A, = k2 + 4:
5k +0:3, Az = k? 0:38k + 1 and det(A) = 1k3 4:12k? + 0:41k  4:386:We have

t = 0; therefore s
< a;; <0 < k=>0;
_ap <0, , _ k=038
a3 <0 - k> 45
and
8
A1 > 0; 3 k2] 4; 4:5[[10:38; 4[;
Ay > 0; k2 6:7685 10 2,1 [] 1; 4:4323[;
= Asz;>0; = k2] 1;47;
- det(A) <0; T k2] 4:4354;1[:

Obviously, if k > 0:38, then a;; < 0;az; < 0;a33 < 0;detA < 0 and Ay > 0; A >
0;Azz > 0. According to Theorem [3.1} the system WiII gradually converge to the
unstable equilibrium point (0; 0; 0), thus the proof is completed (see Figure 1).
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Figure 1: Control of the Rossler system at the equilibrium point E;.

Remark 4.1 By using the Routh-Hurwitz theorem, we found k > 0:776 61.

Similarly, the system can also be controlled at E,(4:386; 11:542;11:542) by the
similar control method. The controlled Rossler system is

8

< X= (Y+z) uy

- Y=x+038y Uy @)
T z=03x+ (X 45z us;

where u; = k(x 4:386);;u, = k(y +11:542);uz = k(z  11:542).
For demonstrating this conclusion, we do the following transformations: x; = x

yi=y+ 723 =12 . When = 11:542 , = 4:386, then the system has the
following form: s

2 x1= (Yi+z1) kxyg

~ Y1 =Xy +0:38y;  Kya; ®)

Tz =11:842x; + (X 0:114)z;  kzy:
The Jacobian matrix of the system (5)) is

o 1
k 1 1
A=0@ 1 0:38 k 0 A
11:842 0 0:114 k

where k is the feedback coe cient; when k > 0:38, we found that the system will
converge to the equilibrium point E;(O;O;O), that is system will gradually converge
to the equilibrium point E»(4:386; 11:542;11:542).

Proof. We have det(A) = 1:0k® +0:266k?  12:799k + 4:3860;
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Figure 2: Control of the Rossler system at the equilibrium point E;.

a;n = Kaxp =038 kiags = 0:114 k, Ajp = k¥ 0:266k  0:04332; Ay =
k2 + 0:114 Kk + 11:842; A33 = 11:842k  4:5000, and t = 0, then
8

8
< an <0; < k>0;
_ap <0, , _ k=038
T aszz <0 - k> 0:114;

and
8 8
3 A1 >0; 3 k2] 1; 0:114[[]0:38; 1[;

= Ap>0 7 = k2]0:38 1[;
- det(A) <0; - k2]0:34199; A [:

When k > 0:38, we have a;; < 0;ax; < 0;az3 < 0;detA < 0;A1; > 0, Ay, > 0,
and Azz > 0. According to Theorem the system (B will gradually converge to the
unstable equilibrium point E,. Hence the proof is completed (see Figure 2).

4.2  Control of the Liu system

The Liu system [15] is given by

8
2 x= (y Xx)
S y=x( 2)
T z= X2 oz
where = 10; qi40; =1, =4; = 25 The xed points are E; : (0;0;0);

Eaz: (. — —i-).
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Figure 3: Control of the Liu system at the equilibrium point E;.

4.2.1 Control at the equilibrium point E;

The controlled Liu system is

8

< x= (y X)) ug

S Y=x(  z2) uy (6)
T z= X2z ug;

where u; = kx;u; = ky;uz = kz
and k is the feedback coe cient; when we have k > 15: 616, the system (€)) will gradually
converge to the equilibrium point (0; 0; 0).

Proof. The Jacobian matrix of the system @ with regard to the equilibrium
point (0; 0;0) is

1
10 k 10 0
A=0@ 40 Kk 0 A

0 0 25 k

thus det(A) = 1k®  12:5k2 + 375k + 1000 < 0,
a;p = 10 k;azg = k;a33 = 25 k;
A= k2 + 2: 5k;

Ay = k2 + 12:5k + 25;
Azz = k? + 10k 400
with t = 0. So,

A0

8
a1 <0; < k> 10;
ap<0; , k=>0; and
azz <0; - k> 25
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Figure 4: Control of the Liu system at the equilibrium point E,.

g A > 0; ; k2] A; 2:5[[10;4[;

Ay > 0; k2] 1; 100[[] 2:54[;
= Az;>0; = k2] 1; 25:616[ [];15:616; A[;
- det(A) <0; - k2] 10; 2:5[[10;4[:

It can be easily seen when k > 15:616, so a;; < 0;az; < 0;a33 < 0;det A < 0; A1; >0,
and Az, > 0; Azz > 0. According to Theorem the system @ will gradually converge
to the unstable equilibrium point (0; 0; 0) (see Figure 3).

4.2.2 Control at the equilibrium point E,

We consider the controlled Liu system given by

8
< Xx= (y X)) U
= y=x( 7)) uy )

z= x2 7z Uz

where u; = k(x +5) + 10(y +5);u, = k(y +5);uz = k(z 40): Here k is the feedback
coe cient; when k > 0, it can be demonstrated that system will gradually converge
to the equilibrium point ( 5; 5;40):

Proof. The Jacobian matrix of the system at ( 5, 5;40)is

1
10 k O 0

A=@ 0 Kk 5 A-
40 0 25 k

where det(A) = 1:0k® 12:5k? 25k,
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a;pn = 10 k;agzz k;a33: 2:5 k;

A= k2 + 2: 5k;
Az = k? + 12:5k + 25;
Azz = k2 + 10k

with t =0, then

8 8

< a; <0; < k> 10;

_ap<0, , _ k=0 and

- a33<08 - k> 25
5 A1 >0 3 k2] 4; 2:5[[]0; [;

Ay > 0; k2] 4; 10:00[[] 2:54[;

= Azxz>0; = k2] 4; 10[[]0;A[;
- det(A) <0; -~ k2] 10; 2:5[[]0; A[:

When k > 0, Wehavea11<0 Ay < 0;a33 <0;detA < 0;A1; >0, and Ay, > 0;Azz >
0. According to Theorem [3.1] the system (7) will gradually converge to the unstable
equilibrium point ( 5; 5; 40) (see Figure 4).

Remark 4.2 Similarly, the system can also be controlled at E3(5;5;40) by the sim-
ilar control method if k > 0.

4.3 The modi ed Genesio system

We have the modi ed Genesio system [16,(17] as

8
2
=

X
y= 1y+2
Z= X%+ X+ 4y+ sZ;

where 1 = 05, , =3, 3= 6; 4= 285 5= 0.5, and the xed points are
E1=(0;0;0); Ez=(2;0;0).

4.3.1 Control at the equilibrium point E;

The controlled modi ed Genesio system is given by

8
S X=Yy Uy
Y= y+z o up @)

T zZ= X2+ X+ 4y + 57 Ug;

where u; = kx;u, =Ky z;usz = kz. Here k is the feedback coe cient; when k > 0, we
found that the system (8)will gradually converge to the equilibrium point (0; 0; 0):
Proof. The Jacobian matrix of the system with regard to the equilibrium
point (0:0:0) is o 1
k 1 0
A=@ 0 05 k 0o A
6 2:85 05 k

where det(A) = 2k3® 1:5k? 0:25k,
a1 = kiap= 05 ki;azz= 05 Kk;
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Figure 5: Control of the Modi ed Genesio System to the original equilibrium point.
Al = 2k2 + 1:5k + 0: 25;
Ay = k2 + 0:5k;
Aszsz = k? +0:5k and t = 0, then
8 8
< a;1 <0 < k>0;
_axp<0, , _ k= 05 and
- 6133<0é3 - k> 05
A1 > 0; 3 k2] 4; O05[[] 0:25;4f[;
Az > 0; k2] 1; O5[[I0;A[;
= Ap>0, 7= k2] 1; 05[[]0;1[;
= det(A) < 0; - k2] 05; 0:25[[10;4[:
Obviously, when k > 0,then ajj < 0, Ajj > 0, i = 1;2;3 and det(A) < 0: According to

Theorem (3.1} the system will gradually converge to the unstable equilibrium point

(0; 0; 0). Hence the proof is completed (see Figure 5).

4.3.2 Control at the equilibrium point E; : (2;0;0)

The controlled modi ed Genesio system is given by

X=Yy U,
y= 1y+z Uy
z

WvoON®

X2+ gX+ gy + sz

Uz,

©

where u; = k(x 2);u; =ky z;uz = kz, and k is the feedback coe cient, if k > 0,
the system @ will gradually converge to the equilibrium point (2;0; 0).
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Figure 6: Control of the modi ed Genesio system at the equilibrium point E»:

Proof. The Jacobian matrix of the system (9) at (2:0:0) is
1

k 1 0
A=@ 0 05 k 0o A
6 285 05 k

where det(A) = 1k3 1k? 0:25k;
a;n = kKiapp= 05 kjazzs= 05 Kk;
Al = k2 + k + 0: 25;
Ay = k2 + 0:5k;
Azz = k2 + 0:5k with tg 0. So

< a;; <0; < k>0;
_ap<0, , _ k= 05 and
s - a33<0;8 - k> 0:5;
3 A1 >0 3 k2] 4; O05[[] 05;4[;
Az > 0; k2] 1; O05[LI0;A[;
= A>0, 7 = k2] 1; 05[[]0;1[;
- det(A) <0; - k2]0;4[:

Obviously, when k > 0, we have, a;; <0, Ajj >0, i =1;2;3 and det(A) < 0. According
to Theorem the system (9) will gradually converge to the unstable equilibrium point
(2;0; 0), thus the proof is completed (see Figure 6).

5 Conclusion

This work presents the feedback control at xed points of the second type Rossler, Liu
and modi ed Genesio chaotic systems. By using new conditions for the stability based on
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the Jacobian matrix, we simpli ed and modi ed the calculations for the Routh-Hurwitz

coe cient.
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Abstract: In this paper, we rst present a new numerical method for solving two-
dimensional integral equations of fractional order. The method is based upon two-
dimensional shifted Legendre polynomials. Then we construct an operational matrix
for two-dimensional fractional integral. Also, we give the error analysis. Finally, three
examples are shown to con rm the theoretical results.
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1 Introduction

In this paper, we present a numerical method for the solution of two-dimensional Volterra
integral equations of fractional order in the form

z.Z
. 1 x y rp 1 r. 1 v/ o . — . .
f(x;y) D T o e (x s)™* (y D" Ck(xy;s;t)f(s;t)dtds = g(x;y);

(riir2)2(0;1) O F2L( ) =[0:11] [0;1]: @)

In [1{3] the authors mentioned that equation (1) is a solution for a class of impul-
sive partial hyperbolic di erential equations involving the Caputo fractional derivative.
Therefore, researchers are interested in solving this kind of equations. In recent years,
several numerical methods for solving two-dimensional integral equations of fractional
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order have been presented in the literature. Najafalizadeh and Ezzati in [4] used a two-
dimensional block pulse operational matrix to solve two-dimensional nonlinear integral
equations of fractional order. In [5], two-dimensional orthogonal triangular functions
were used for solving two-dimensional integral nonlinear equations of fractional order.
In [6], we see that the operational matrix of two-dimensional Bernstein polynomials is
used for two-dimensional integral equations of fractional order. Here, we would like to
use two-dimensional shifted Legendre polynomials for solving two-dimensional integral
equations of fractional order. Firstly, we present some preliminaries in fractional cal-
culus. In Section 3, we review some general concepts concerning one-dimensional and
two-dimensional shifted Legendre polynomials, and derive an operational matrix of two-
dimensional shifted Legendre polynomials for two-dimensional integration of fractional
order. Section 4 is devoted to solving two-dimensional nonlinear fractional integral equa-
tions by applying the operational matrix of integration of fractional order. Section 5
represents an error estimation for the presented method. In Section 6, we show accuracy
and e ciency of this method through several examples. Finally, a conclusion is given in
Section 7.

2 Brief Review of Fractional Calculus

In this section, we present a short introduction of the fractional calculus which will be
used in this paper.

De nition 2.1 [7]. The Riemann-Liouville fractional integral operator 1 of order 0
is de ned as
1 Z x
I f)=—— (x ¢ Yf@)dt; >0 ()
() o
where x >0 and (:) is the Euler gamma function.
The Riemann-Liouville integral satis es the following properties:

11 fx)=1* f(x);

I x =0 »

+ .
(¢ +1+) )

De nition 2.2 [8]. The left-sided mixed Riemann-Liouville integral of order r of f is
de ned as

VANV A

X

1
(r1) (r2) o o

where r =(ry;r2) 2(0; 1) (0;1)and = (0;0).
Some properties of the left-sided mixed Riemann-Liouville integral are the following:

y

1"F(x;y) = (x s Yy v (s t)dtds; ®)

I f(xy) =f(xy);

. ) _ 1 1 .
ifp;g 2 (1 1) then, 1"xPys = o (BEU i xP Ty Hre;
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3 Shifted Legendre Polynomials

3.1 One-dimensional shifted Legendre polynomials

Let Lj(x), x 2 [0:1], be the shifted Legendre polynomials. Then L;(x) can be obtained
with the aid of the following recurrence formula [9]:

2i+1 2x i
e

i+1

Li+1(X) = Li 1(X); 1=1;2;3;:;
where Lo(x) = 1;Li(x) = & 1.
The shifted Legendre polynomials on [0; I] have the following properties:
P. (i+K) s
Li() = k=0 ((il)k)!lkg::)z)!xk;

8
<

R
sLiLi () dt = _
-0 fori & j;

57T fori=j;

A function (x) 2 C[0; ] can be expanded by shifted Legendre polynomials in the
following form:

=
fow  ciLix)=CT (x);
i=0

where the coe cients c; are given by

C_:(2i+1)z'

i Li(x)y(x) dt;
I o

and the vectors C, (X) are given by

CT = [co; C1; 55 Cm]; 4)
(X) = [Lo(x); L1(X); 215 Lm ()] (5)

Previously, in [10] the operational matrix of shifted Legendre polynomials for fractional
integration in the interval [0;1] has been presented. Now we present the operational
matrix of shifted Legendre polynomials for fractional integration in the interval [0;1] as

follows: Z,

x pt D eQdt=P (x) (6)
() o
and O Py Py ... P 1
p;l(:() 0;0;k p|l<:o oLk - - - p|1<:0 0;m;k
k=0 1;0;k k=0 L;1;k Lo k=0 1:m;k
P = Pi . Pi : A Pi : ;
k=0 1i;0;k k=0 I;1;k o k=0 I;m;k

m m .
k=0 m;0;k k=0 mMmL;k - - k=0 m;m;k
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where .j:k is given by

X ( D)EHTSHOG+ K)IG + )l +S K

ik =@+ FoK k' vDG 9)@ERk sT D)

s=o (

and P is called the shifted Legendre polynomials operational matrix for fractional in-
tegration.
The proof is similar to the proof of Theorem 3 in [10].

3.2 Two-dimensional shifted Legendre polynomials

The two-dimensional shifted Legendre polynomials are de ned on = [0;1;] [0;l;] as
follows [11]:
min(GY) = Lm()Ln(y); min=0;12; |

where L, (X) and Ln(y) are shifted Legendre polynomials which are de ned in the same
way as on the intervals [0; ;] and [O; I,]; respectively. In the following, we study the
important properties of the two-dimensional shifted Legendre polynomials.

The two-dimensional shifted Legendre polynomials are orthogonal with each other

Z|1Z|2 (

m;:n(X;y) i;j(y) dydx =

11 e e .
(m), I=m;j=n
) 0; otherwise:

Suppose that = L?( ), the inner product in this space is de ned by

R\ R
hFOGY)g0Gy)i = ob o2 F 06 Y)g(x; y) dydx;

and the norm is as follows:
.1 RiRy,. . 1
kF(; y)ka = hFOGY) FOGY)iE = (o0 o2 iF ()i dydx)2:
For every f(x;y) 2 , we have
X K
f(xy) = fij 5 Y): Q)
i=0 j=0
If the in nite series in is truncated, then we will have

XX T T
f(xy) ~ fij i(Gy)=F (xy)= "(Xy)F; ()
i=0 j=0
where (Xx;y) and F are (M + 1)(N + 1) 1 vectors of the following form
F = [foo;:: Fon; i Fvo; i Fmn T (©)]
0GY) = 000G Y)s i onOGY)sn mMo(GY)ii mnOGY)IT (10)

and i;(cy) = () ()
The two-dimensional shifted Legendre polynomials coe cients fj.j are obtained by

£ = MFOGY) i (Gy)i,
" K 3 (% Y)K3
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By using the Kronecker product of (x) and (y) we can show (X;y) as
xy)= ) O (11)
where  denotes the Kronecker product de ned for two arbitrary matrices A and B as
A B=(ai;B);
also it has the following two basic properties [12]:

(A B)(C D)=(AC) (BD); (A+B) C=A C+B C: (12)
Similarly, the function k(x;y;s;t) in L?( ) can be expanded in terms of two shifted
Legendre polynomials as

kCay;sit) 7 TOGY)K (s1); (13)
where K is a block matrix of the form
K = K™
in which )
KEM = Kijmnlfnzo; M =0;1;:5M
and the two-shifted Legendre polynomials coe cient Kijmn is given by
_ hhk(Xy;sit) min(SiD)F; i G Y)I

Kijmn = iim=20;1;:;M: j;n=0;1;:;N:
jmn k i’j(x,y)k%k m’n(S,t)k% ’ Iym 01 ’ ’ J!n 01 ’ ’

The product of two vectors (x;y) and T (x;y) with the vector F is given by
y) TOGYF T F (y); (14)
where F is de ned by (9) and F isan (M + 1)(N +1) (M + 1)(N + 1) matrix
F = [FO]j=00m: (15)
where F&D | j: j = 0;1;::;; M, are given by

21 +1 b ¢
FOED =322 =" Wism m:
2 m=0

in which Wj;j;m is de ned as
2 2 2
Wiijim = Li(=x DLjGGx 1Lm(;x 1)dx:
0 lh Iy l1
and m, m=0;1;::;;M, are (N +1) (N + 1) matrices
D ¢
+
hel_ Wichinfmn;  Kih =051 N;

n=0

[ mlkn = i

where Z,
2

2 2 2
Wich:n = L=y DLn(Gy DLa(y 1)dy:
0 I» I I,
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3.3 Operational matrix of fractional order

Now, we construct an operational matrix of two-dimensional shifted Legendre polynomi-
als for the fractional integration.

By using equations (10), we have
L ZxZy

1(r1) ér)Z()Z 3 0

Y~ -~ rp 1 r, 1 _
@) () o o & "0 VT E (s

ry 1 Y ra —
(x 9™ ' (s)ds ) 0(y Hz t (Hdt=

x s)* Yy =l (s;t)dtds =

1
(r1) o

From equation (6) we get

=p"™ (X) p"= (¥)

=™ P )

=™ p=) (Xy):
Hence,

1 Z x

(re) (r2) 0 o

Zy

(x s Ny Bl (stdds=pT (xy); (16)

where
pl’l;l’z — (pl’l prz):

4 Numerical Solution of Two-Dimensional Volterra Integral Equations of
Fractional Order

In this section, we present an e ective method to solve equation . For this purpose, by
using the method mentioned in Section 3, the functions f(X;y), g(X;y) and k(x;y;s;t)
can be approximated by

foy)= (Gy)'F;
ay) = (xy)'G;
kOyisi) = (Gy)TK (s;0); 17

where (X;y) is de ned in equation and the vectors F,G and matrix K are two-
dimensional shifted Legendre polynomials coe cients of f(X;y);g(x;y) and k(x;y;s;1),
respectively. Now, substituting equation in equation (1), we have

z,z,

) e o &Y My 97 TOGyK (sit) T(sit)F dtds

> T(XY)G: (18)

T(x;y)F

By using equations and we conclude that

z.Z
TOGy)KFE = X7

) () o o x s)* Yy vl (s;t)dtds 7 T(x;y)G; (19)

T y)F
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TOGYF  TOGYKFP™™ (xy) * T (xy)G: (20)

If in the above equation we substitute * with =, we get the following equation
F KFP™"2 (x;y)=G: (21)

Now we collocate equation in (M + 1)(N + 1) Newton-Cotes nodes as

o = 2Zm+1 ~  2n+1 =
mT M) T AN

0;1;::;M;n=0;1;:::; N:
We will have a linear system of algebraic equations
F KFP"™" (Xm;yn)=G;m=0;1;::;;M;n=0;1;::;N: (22)

Itis clear that, by solving this system, we can obtain the approximate solution of equation
according to equation (8).

5 Error Analysis

Py P
Theorem 5.1 . [11] Let F(x;y) = %, L, Tij ij(xy) be the two-dimensional
shifted Legendre polynomials expansion of the real su ciently smooth function f(x;t) in

, then there exist real numbers C; , C, and C3z such that

(%)M+1
(M + 1)I2M

(|72)N+1 (%)M+1(|72)N+1

kFGY) Fayke G N+ DN T M 1IN + DV

+C2

In the special case when M =N and I; =1, =1 we get

1 1

kf(X; Y) f(X; y)k2 (Cl +Cy,+C3 (M + 1)!22M+1)(|V| + 1)!22M+1;

hence

1

KFOGY) - TOayke = O(ag—ypaviet

):

Theorem 5.2 Suppose M = N, I; = I, = 1 and f(x;y) is an exact solution of
the fractional integral equation and T(x;y) shows the approximate solution by the
two-dimensional shifted Legendre polynomials. If j(x s)™ 1(y t)2 k(x;y;s;t)j<C,
f(x;y) and k(x;y;s;t) are su ciently smooth functions, then

Cc? 1
() ()M + Dizevayz (C1+ G2+ Corypanin

kE(Gy)  FOGY)KS )2:
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Proof.
kF(x;y) f‘(>§y)§§ =
1 kxy r. 1 rzlk...f_ f_,ddkz
() (7 o, o x 9" Uy B Kkeoy:sitFf(sit) TS 1)) dtdskd
xcy
m Lo, K9 y 7 keay;sinF(sy) (s )k dids
,  Z4Z,
((rl)cw ., KOG F(s; 1))K3 dtds
C2xy 1
() (M + vy C1 ¥ Co + oy’
c? L

() o+ vy (O o+ Co gy ) 2

6 Illlustrative Examples

In this section we will implement our method by three examples. For justifying our
method, we compare our computed results and those by other authors. Outcomes show
the accuracy and the validity of the presented method. In these examples we let I; =
I, =1, M = N and denote the following error function

e(x;y) =jf(xy)  fmn G YI

where f(x;y) and fm:n(X;y) are the exact and approximate solutions of the two-
dimensional fractional integral equation, respectively.

Example 6.1 Consider the two-dimensional fractional integral equation given in [5]
Z,Z,

! (x )Z5(y t)ZSxytzf(s;t)dtds = %xy
0

(3:5) (35) o

The exact solution of this equation is f(x;y) = 5Xxy. Table shows the absolute error
obtained by using the present method and by using the 2D-Ttf method [5].

X5:5y6 .

Foy) 9450 °

Example 6.2 Consider the two-dimensional fractional integral equation given in [6]
YANYA
I . y(x s)25(y )% Y(y? + s)f(s;t)dtds =
(B5) (25) ¢ o

x2eY

f(xy)

1024x55y%5(6x + 13y?)
2027025

and the exact solution of the above equation is f(x;y) = e¥x2. Table [2| shows the
absolute error obtained by using the present method and by using the two-dimensional
Bernstein polynomials method [6].

Example 6.3 As the last example, we have the two-dimensional fractional integral
equation
Z,7

L 93ty %550 ixf(s dtds = xy? XY
G5) G5 o o y : =" Eer0

T(x;y)
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Present method

Present method Method [5]

x=y m=1 m=2 m=8

0.1 2.2349 10 © 7.84825 10 & 1.126 10 4
0.2 2.13487 10 ® 3.48089 10 8 1.363 10 ¢
0.3 2.03717 10 © 1.47598 10 7 6.22 10 °
0.4 1.94179 10 © 2.60141 10 7 1.27 10 °
05 1.84874 10 © 3.7269 10 7 1.983 10 4
06 1.758 10 © 4.8549 10 7 46 10 °
0.7 1.66959 10 © 5.9879 10 7 52 10 °
0.8 1.58351 10 © 7.1281 10 7 6.8 10 4
09 1.49975 10 © 8.2781 10 7 6.8 10 4

Table 1: Absolute error for Example 1.

Present method Present method Method [6]

Xx=y m=1 m=2 m=4

0.0 1.1458 10 2 2.4215 10 ° 4.086 10 4
0.1 1.1130 10 2 2.1511 10 ° 4181 10 4
0.2 1.0799 10 2 1.9207 10 ° 4471 10 4
0.3 1.0466 10 2 1.7355 10 ° 4970 10 4
0.4 1.0131 10 ? 1.6000 10 ° 5.656 10 4
05 9.7937 10 3 1.5188 10 ° 6.474 10 4
0.6  9.4538 10 3 1.4957 10 ° 7.316 10 *
0.7 9.1117 10 3 1.5342 10 ° 7.817 10 4
0.8 8.7676 10 3 1.6374 10 ° 6.788 10 4
09 84215 10 3 1.8082 10 ° 1.004 10 4

and the exact solution of the above equation is f(X;y) = xy?.
numerical results for this example.

7 Conclusion

Table 2: Absolute error for Example 2.

305

Table [3 illustrates the

In this paper a general formulation for the two-dimensional shifted Legendre polynomi-
als operational matrix of two-dimensional fractional integral equations has been derived.
This matrix is used to approximate numerical solution of the two-dimensional nonlinear
fractional integral equations. The properties of two-dimensional shifted Legendre poly-
nomials and the operational matrices are used to reduce the two-dimensional fractional
integral equations to a system of algebraic equations that can be solved easily. Finally,
illustrative examples are presented to show the validity and the accuracy of the proposed

method.



306 D. JABARI SABEG, R. EZZATI, AND K. MALEKNEJAD
Xx=y m=1 m=2 m=3
0.0 5.9600 10 3 1.3080 10 & 2.7534 10 7
0.1 6.3096 10 3 1.4595 10 ® 2.8692 10 ’
0.2 6.6175 10 3 1.6017 10 ® 2.9819 10 ’
0.3 6.8844 10 3 1.7349 10 ® 3.0917 10 7
0.4 7.1110 10 ® 1.8596 10 © 3.1989 10 7
0.5 7.2982 10 ® 19763 10 ® 3.3038 10 ’
0.6 7.4466 10 * 2.0852 10 © 3.4065 10 '
0.7 7.5570 10 * 2.1868 10 ® 3.5073 10 ’
0.8 7.6301 10 2 2.2815 10 ® 3.6063 10 7
0.9 7.6668 10 2 2.3696 10 © 3.7036 10 7

Table 3: Absolute error for Example 3.
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Abstract: In this paper, we study the existence and uniqueness of mild solutions for
multi-term time-fractional di erential systems with non-instantaneous impulses and

nite delay. We use the tools of the Banach xed point theorem and condensing map
along with generalization of the semigroup theory for linear operators and fractional
calculus to come up with a new set of su cient conditions for the existence and
uniqueness of the mild solutions. An illustration is provided to demonstrate the
established results.

Keywords: fractional calculus, generalized semigroup theory, multi-term time-
fractional di erential system, ( ; j)-resolvent family, non-instantaneous impulses.
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1 Introduction

During the last few decades, the fractional di erential equations (FDEs) including
Riemann-Liouville and Caputo derivatives have attracted the interest of many re-
searchers, motivated by demonstrated applications in widespread areas of science and
engineering such as models of medicine (modeling of human tissue under mechanical
loads), electrical engineering(transmission of ultrasound waves), biochemistry (modeling
of proteins and polymers) etc. In addition, due to the memory and hereditary proper-
ties of the materials and processes, in some areas of science such as identi cation sys-
tems, signal processing, robotics or control theory, the fractional di erential operators
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seem more appropriate in modeling than the classical integer operators. For funda-
mental certainties regarding to fractional systems, one can make reference to the pa-
pers [649,[14}/19421,25,/26], the monographs [10,/16,24] and references therein. Moreover,
fractional di erential systems with delay are used frequently in many elds such as 3-D
printing and oil drilling, modeling of equations, panorama of natural phenomena and
porous media. For more details, see the cited papers [1}[3].

On the other hand, the theory of fractional impulsive di erential equations (in short,
FIDEs) also has generated a great interest among the researchers, because many real
world processes and phenomena which are e ected by abrupt changes in the state at
certain moments are naturally described by FIDEs. These changes occur due to dis-
turbances, changing operational conditions and component failures of the state. For
example, mechanical and biological models subject to shocks. Generally, the abrupt
changes in the state for instant period in evolution process are formulated by impulsive
di erential equations. However, it is not necessary that the dynamical systems with
evolutionary processes always be characterized by instantaneous impulses. For exam-
ple, pharmacotherapy [23], in which the hemodynamic equilibrium of a person is con-
sidered. The initiation of the drugs in the bloodstream and the resultant absorption
for the body are gradual and continuous processes. Therefore, instantaneous impulses
failed to describe such processes. To characterize these type of situations Hernandez and
O%Regan [8] introduce a new case of impulsive actions, which are triggered abruptly at
an arbitrary instant and their action remains for a nite time interval. Meanwhile, Pierri
et al. [22] extended the results of [8] with an -normed Banach space. For the general
theory of impulsive di erential equations, we refer to the monographs [4,/12], research
papers [5,(11,{13,15,/17,/18,28] and references therein.

Indeed, in [9,14}(19,27], the authors have obtained the existence and uniqueness
results without impulsive conditions, and in |20], Pardo studied weighted pseudo almost
automorphic mild solutions for two-term time-fractional order di erential equations. In
[21], Pardo and Lizama studied a nonlinear multi-term time-di erential system of the
form

P&
‘D, y(t) + iDLy =Ay®) +f(ty®); > 0,t2[0;1];0< 2, ()
j=1

y(©) =0;  y%0)=g(y); )

where A : D(A) X! Xisaclosed linear operator and f and g are suitable functions. In
the foregoing cases, the initial value problems were considered, but the study of existence
of mild solutions for the system modeled as involving non-instantaneous impulses
and delay was left open. Anticipating a wide interest in the problems modeled as the
system , this paper contributes to |l this important gap.

This paper is organized as follows. Section 2 is devoted to recall basics of fractional
calculus and mild solution which will be employed to attain our mains outcomes. In
Section 3, the existence and uniqueness results for the system are analyzed
under the Banach and condensing map xed point theorems. In Section 4, as a nal
point, an example is provided to show the feasibility of the theory discussed in this

paper.
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2 Problem Formulation

Let X be a Banach space. Let L(X) be the space of all bounded and linear operators
on X equipped with the norm k k_ . Let R and N stand for real numbers and natural
numbers, respectively. For a linear operator A on X, R(A);D(A) and %A) represent
the range, domain and resolvent of A respectively. To facilitate the discussion due to
delay, we use the space PGy := C([ ; 0]; X) formed by the continuous functions from
[ ;0] to X equipped with the norm kykpc, = supy .ofky(t)kx 1y 2 PCog. To
study the impulsive forces, we de ne a space PCr :=PC( ;T];X);0 t T ofall
functions 'y : [ ;T]! X, which are continuous everywhere except the points tx 2
(0; T);k = 1;2;:::;m, at which y(t,) and y(t, ) exist and y(t, ) = y(tk). Obviously, PCr
is a Banach space equipped with the norm kykpc, =supy, .1jfky(tkx 1y 2PCrg.

In this paper, we study the existence and uniqueness of mild solutions for the following
class of multi-term time-fractional di erential equations with non-instantaneous impulses

C 1+ C
D5, y() + Dgly(t)
j=1

Z t
=Ay()+F tys KEs)ys)ds ; t2[ ilo(skitk+a]i  (3)

0
y() = Gr(tys);  yXt) = Hi(tye); t2[ Ly (ts skl; (4)
yO+a) = ) y)+qy)="@); t2[ ;0] (5)
where A : D(A) X! X is a closed linear operator. °Dg_stands for the Caputo
derivative of order > Oand | =[0;T] =f0g[ Lo (Sk;tk+1] [ fL; (tk;sk]l; T < 1 such
that 0 = sp <t; s 1o < <tm Sm tm+1 = T are pre x numbers. All
i J = 1;2;3::n; are positive real numbers such that 0 < n 1 1. Gy

and Hy are continuous functions from [ L, (tx;sk] PC ¢ into X for all k = 1;2;:::;m
F:1 PC g PCgy! X isasuitable function. The history functiony, :[ ;0]! Xis
the element of PGy characterized by y¢( ) =y(t+ ); 2[ ;0] andalso ;° 2 PC.
y? denotes the usual derivative of y with respect to t. K is Q positive and continuous
operator on :=f(t;s)2R?:0 s t<Tgandk®=sup , “K(t;s)ds < 1 . Here by
non-instantaneous, we mean that the impulses start abruptly at tx and their e ect will
continue on the interval [ty;sk] for k =1;2;3;::;;m
Now, we recall some de nitions and basic results on fractional calculus (for more
details, see [24]). De ne g (t) for > 0 by
Lt Lot> 0
g®= 0; ) t O
where  denotes the gamma function. Let (X Y)(t) be the convolution of X and Y
given by (X Y)(t):= 4 X(t 9S)Y(s)ds.

De nition 2.1 The Riemann-Liouville fractional integral of a function f 2
(R*;X) of order > 0 with the lower limita 0 is de ned as follows
z t
[,f@)= gt s)f(s)ys; t>0;

a

Ioc

and 19f (t) = f (t). This fractional integral satis es the properties |, 1§ = IO+b for
b>0and 1,f(t)=(g f)().
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De nition 2.2 [21] Let > O be given and denote m = d e. The Caputo fractional
derivative of order > 0 of a function f 2 C™(J0; 1 ); R) with the lower limita 0 is
given by

z t

d
DfO=ID DITO= on  Igm

m

f (s)ds;

and °D2f (t) = f (t). In addition, we have °Df (t) = (gm D™Mf)(t).
To give an appropriate representation of mild solution in terms of certain family of
bounded and linear operators, we de ne the following family of operators.

De nition 2.3 [21] Let A be a closed linear operator on a Banach space X with
the domain D(A) and > 0; j; ;j be the real positive numbers. Then A is called the
generator of a ( i) resolvent famlly if there'fxwts I > O and a strongly continuous
function S ; [ :R*!L (X)suchthatf **+ &, ; i:Re >! g %A)and

> 1 2y
+ i i A y= e 'S, ,(tyd; Re >Ly 2X: (6)
i=1 0

+1

The following result provides the existence of (; ) resolvent family under some suit-
able conditions.

Theorem 2.1 [21] Let 0 < i 1 land ; 0 be given and let
A be a generator of a bounded and strongly continuous cosine famifyC (t)ge, r: Then A
generates a boundeq ; ;) resolvent family fS . ;(t)gt o:

Motivated by [21], we de ne a mild solution for the system as follows.

De nition 2.4 A functiony 2 PC+ is called a mild solution of the system G,
ifyt) = (1) q@)yA(D =" g for[ ;0]andy(t) = Gk(tye);yAt) = Hk(tye)
for t 2 [ gL, (tk;sk] and satisfy the following integral equations

OO I+ SO0 © g
) t sy i
+_:1 ioTar S ;[ (0 (y)lds
+ 5@ S ) SF (S Ke)ds, 20l
j(t Zsk)Gk(Sk;ySk)+ SkS ; j(s Sk)Hk(Sk;ysk)dS

X t i
R‘ i Sk((tHs)j)S;,-(s Sk)Gk(Sk; Vs, )ds
(g S ;) S)F(siys;K(ys))ds; t2 [ RLq(skstksal;

y(t) = ™

+

where K (ys) = R; K(s; )y )d .

Theorem 2.2 |7, Condensing theorem] LetM be a closed, bounded and convex
subset of a Banach spacX and assume thatQ : M ! M is a condensing map. Then
Q admits a xed point in M .



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 18 (3) (2018) 311

3 Main Results

In this section, we establish the existence and uniqueness of mild solution for the system
(3 (B). We denote Sg = supyo.71kS ; (kL. In order to establish the existence
and uniqueness result by the Banach xed point theorem, we consider the following
assumptions:

(A1) There exist positive constants ¢ and 2 such that
KF(@{ 15 1) F( 25 2)kx Fk 1 2kec, + 2k 1 2kpcy;
where ; i2PCq;i=1;2:
(A2) There exist positive constants ¢; g and  such that

KGr(t; ) Gk(t )kx ck Kec,; kKHi(t ) Hi(t Jkx Hk kec,:
kgi(x) gi(y)kx  gkx ykx;

forall ; 2PCq,x;y2 X;i=1;2and k=1;2;3;:::;m:

Theorem 3.1 Assume that the assumptiongA;) (A>) are ful lled, then the system
has a unique mild solution inl if < 1, where

K §SdTy" 1 SoTy”
e+ »  @+)

=max Spd+ ToSpe + [ £+ 2K & ;

j=1

whered = maxf ¢,; ¢, e=maxf 4,; wgand Top = Orr?(ax jtk+1  Skj-
m

Proof. To transform the problem into a xed point problem, we de ne an operator
Q:PC ' PC 1 by Qy(t) = (t) fort 2 [ ;0] and Qy(t) = Gk(t;y¢) for all t 2
[ k’“:l(tk;sk], and

8 R
S, j(t)[Z(O) a(]+ otS ) (0 g(y)lds
3 t

Tt o) i
+_:1 iy S el O amds
+ 0@ S ) F(SYs K (ys)ds;  t2[0;t];
Qy) = _ Sy f-(t Sk)Gk(Sk; Ysi.) (8)

+ .S 5 (s sk)Hk(sk;Ys.)ds
+X j sy S S Sk)Gk(sk; ds
oAy ;5 (8 Sk)Gk(Sk; Ysi)

=1 Sk

T+ (@ S SFSYs K  t2[ L (Skitkeal:
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Let x;y 2 PCt: For t 2 [0;t;1]; we have
kQx(t)  Qy(t)kx
yA t

S Ok kB0 Bkt kS, Okkea) Gkics

X Loy

-t:i T @+ i)

k@ S ) OkKE(Sxe K (s)(S)  F(S:ysi K (Y))kds
0

kS ; ;(S)kLkai(x)  gi(y)kxds

1+ 1 1+
jSO ngo ! + SoTy

010 .

So g +ToSo g, +
i=1

For t 2 [ 7L (tx;Sk]; we get
kQx(t) Qy(kx k Gk(skiXs.) Gk(Ski¥skx  ckx Ykec; k=123 m:
Similarly, for t 2 [ 7L, (sk; tk+1] we get
kQx(t) Qy(t)kx
kS 5 s sKLKG(SKki Xs,)  Gk(Sk: Ysi )Kx

+ kS . (s skkikHk(sk;Xs,) Hk(Sk;Ys,)kxds
j ﬁks (8 s)KLKGK(Sk; Xs,)  Gk(sk; Ys )kxds
Sk J
+ k(@ S ;) SKKF(s;xs;K(Xs)(S))  F(siys; K (ys))kxds
iSo cTy" . SoTg"
o v @)

Gathering the above results, we have kQx Qykpc- kx ykpc,: Now, by the Banach
contraction theorem the system has a unique mild solution.

In order to establish the existence results by virtue of the condensing map, we consider
the following assumptions:

So ¢+ ToSo H+ [ £+ 2K°] kx  ykpc,:

(A3) The functions Gg;Hg; 01 and g are continuous functions and F is compact and
continuous, and there exist positive constants ¢, ,9, Gy H: gis g, Such that
KF(t ; Ddkx £k kpc, + 2K Kpcos KGi(X)kx g kxk;
KGk(t; )kx K Kpco: KHi(t; )kx  HK kpc,
forallx2 X; ; 2PCqg:

Theorem 3.2 Assume that the assumptiongA,) (A3z) are ful lled, then the system
(3) has a mild solution inl if < 1, where

K SdTy"

= + T + .
max Sod ()Soe (2+ j), G »

j=t
whered = maxf 4,; cg; e=maxf g; WO
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Proof.  Consider the operator Q : PCr ! PC 1 de ned in Theorem 3.1 We show
that Q has a xed point. It is easy to see that Qy(t) 2 PCy: Let B, :=fy 2 PCy :
kykpc:  rog, where
N AN
j=1 2+ i)
X jSo GroT(}_'_ J SoT(;H_
PV @+)
where Y1 =Kk (0)k+ g, 1o, Z1 =K (0)k+ g,ro. Itisclear that By, is a closed, bounded

and convex subset of PCr. Lety 2 B, then for t 2 [0;t1], we have
t

kQy(t)kx kS ; ;(DkL(k (0)k + kgi(y)kx) + . kS ; ;(9)kL (K (0)k + kgz(y)kx)ds
x Zt
i Etl +S) -)kS
. 0 j
2
+ k(g S ;) s)kikF(s;ys; K (ys))kxds
0

ro max SoY; + ToSpZ1 + Glo; So Ggro+ ToSo HIo

+ [ £+ 2K°Iro; ©)

+ 5 (kL (k- (0)k + kg(y)kx)ds

iSoVaTe" b SoTg"

X
SoY- ToSoZ
oY1+ ToSeZ1 + 2+ ) 2+ )

j=1

[ F+ Ko

Fort 2 [ 7L, (tk; sk]; we get
kQy(hkx k Gk(tydkx  aro; k=1;2;3;:::;m
Similarly, for t 2 [ 7L, (Sk;tk+1], we get
z t
kQy(tkx kS ; j(t  skikGi(skiyskx + kS ; (s sk)kikHi(sk;Ys,)kxds

z *
R (O
-t:l 1 Sk (1+ _])

t

+ k(g S ;;)t sk kF(s;ys;K(ys))kxds

Sk

+ kS D (S Sk)kL ka(Sk; ySk)kde

1+ i 1+
iSo GroTO 1 SQTO
So cro+ ToSg HIo+ d +
o @r ) e

We conclude by @ that kQykpc ro. Thus we conclude that Q(By,) B ,: Next,
we show that Q is a condensing operator. Let us decompose Q by Q = Q; + Q2, where
Qiy(t) = Gk(t yy) forallt 2 L 1(tk,sk] and

§ (t)[Z(O) aWl+ , s S ;O 0 glds

[ £+ RPKro:

el ((tlj)J) LOLO a@ds 120t

= = 0
Qly(t) - S ; j( 7 Sk)Gk(Sk; ySk) + RSt
% X @t s)

s (I+ j)

(5 SOHK(SKkYs)ds (10)

k

+ .5 (8 sKk)Gk(sk:Ys)ds; t2[ KLy (sk; tkral;

j=1
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and

R

@ S ) IFEYSK)ds 12 [0t

(@ S )t SF(sys;K(ys)ds;  t2[ gLy(Sk;tial:

First, we show that Q; is continuous, so consider a sequence in By, such that y"! y 2
Br,, then for t 2 [0;t4], we get
kQuy"(t) Qiy(tkx Sokgi(y™) Gu(¥)kx + SoTokg2(y")  G2(y)kx
X iSoTg" !
2+ i)

Qay(t) = (11

+ kar(y")  gu(y)kx:

Jj=1
Fort 2[ 7L, (sk; tk+1], we obtain

kQ1y"(t) Quy(t)kx SokGk(Sk;Ys,) Gk(Sk:Ys)Kx
+ SoTokHk(Sk; ¥e,)  Hk(Sk; Ysi Jkx
X jSoTOl+ i

+ S
2+ i)

KGk(Sk:Ys,) Gk(sk:Ysi)Kx:
=1

By continuity of Gy; Hg; g1 and g, we have kQ1y" Qiykpc, ! Oasn!l1l . Hence Qi
is continuous. Let x;y 2 PCr: As we have done in Theorem [3.1] for t 2 [0;t;]; we have

jSO 91T(}+ !
@+ i)

X
kQix(t) Qiy(Hhkx  So g, +ToSo g, +
j=1

kx  ykpcy:

For t 2 [ gL, (tk;sk]; we get
kQix(t) Qiy(t)kx k Gi(sk;Xs.) Gk(Sk;¥s)kx  ckx ykec,; k=1;2;:::;m;

and for t 2 [ 7L, (Sk;tk+1], we obtain

X iSo GTol+ i

kQix(t) Qiy(kx  So c+ToSo w + 2+ D

kx ykPCT:
ji=1

Gathering the above results, we have kQi1x QiYyKpc, kx ykpc,. Hence, Qi is a
contraction mapping.

Next, we show that Q, is completely continuous. First, we verify that Q, is contin-
uous, so we consider a sequence in By, such that y" ! y 2B, asn!1 , then for
t 2 [0;t1], we get

kQ2y"(t) Qay(t)kx
Z t

. k(@ S ;) SkikF(siygiK(¥s))  F(siysi K (¥s))kxds;

for t 2 [ 7L, (Sk;tk+1], we obtain
kQ2y"(t) %zY(t)kx
t

k(g S ;) 9kikF(s;ydiK(¥g)) F(s;ysi K (¥s))kxds:

Sk
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By continuity of F, we get kQ2y" Qaykpc, ! Oasn!l . Hence Q3 is continuous.
Further, we show that Q; is a family of equi-continuous functions. Let I,;1; 2 [0;t1] such
that0 1 <lo tq, we have

kQ2y(l2) (gzy(h)kx
I

k(@ S ;)02 s) (@ S ;)1 S)kikF(s;ys; K (ys))kxds

0

zZ,,
+ | k(@ S ; ;)2 s)kLKF(s;ys; K (ys))kxds

Z,

oz sy (I 9) (I 1)t

oo Tary ar) ey et R

S0 (|1+ |1+ ) (| I )1+ + (|2 |l)1+ [ + Oko]l’ .
2+ ) 2 1 2 1 2+ ) F S 0-

For lo;11 2 [ KL, (Sk;tk+1] such that s, 11 <l  tks1, we have

szyz(|2) Q2y(I1)kx
Iy

k@ S ;)02 s) (@ S ;)1 s)kLKF(s;ys; K (ys))kxds

S|Z L
+ | k(@ S ;;)U2 s)kLKF(s;ys; K (ys))kxds
2,
Yz sy (ns) (CE
So . i+ ) 21_'_ ) ds+7(2_'1_ ) [+ 2K%ro
So [ 1+ | 1+ | [ 1+ + (|2 Il)l+ + OkO .
ﬁ 2 sk (e s ) (2 1) ﬁ [ F FKro;

from aforemention inequalities we conclude that kQ2y(l2) Q2y(l1)kpc, ! Oasla! Iy
for t 2 [0; T]. This shows that Q> is a family of equi-continuous functions.
Finally, we will show that Y = fQy(t) : y 2 By, g is precompact in X. Lett> 0 be
xed and let y" 2 B,,, fy"g be a bounded sequence in PCy. Let Y = fQuy"(t) : y" 2
Br, g be a bounded sequence in By,. Hence, for any t 2 [ JL,(sk;tk+1], the sequence
fy"(t )g is bounded in By,. Since F is compact, it has a convergent subsequence such
that

F( iy s KO ! F sy Kye))
or
KF(tyr i KOE)) Ft iy ;K(ye )kx! Oasn!l
Using the bounded convergence theorem, we can conclude that
(Qay™(®) ! (Qzy)(1); in Bry:

This proves that Q, is a compact operator. Therefore Q is a continuous and contraction
operator and Q, is a completely continuous operator, hence Q = Q; + Q> is a condensing
map on By,. Finally, by Theorem [2.2} we infer that there exists a mild solution of the

system in By,.
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4 Example

In this section, we provide an example to illustrate the feasibility of the established
results. Set X = L?(R™), then PCy := C( ;OL;L?(R™)). Let ; 5 > 0forj =
1;2;3;:::;n be given, satisfying 0 < n 1 land 2 Rsuchthat > 0.
We consider the following system

Ue( ;%)
50

X
@ u(t;x) + i@ u(tx) = u(tx)+
j=1
yA t

+ cos(t )ut( X)

25

d; (12)

for all (t;x) 2[ Rio(Sk;tk+1] [0;1];

Gu(t:ur(:x)) = t sin(t ) ue(:x) .

k+1) 25
t .
Hict ue(x)) = C(zsk(il))UI(Z,SX)d; t2] My(tosd (19)
X X
uG;x)+  ayt) = (Gx); uGx)+ byt = (Gx); (14)
r=1 r=1

where ar;by 2 R; 2 [ ;0]. The points 0 = tg = so < t3 S1 t, < <

tm Sm tm+1 = 1 are pre x numbers, @+ denotes the Caputo derivative of order

(L+ ) and is the Laplacian with a maximal domain fv 2 X : v 2 H2(R™)g. The

history function u¢(;x):[ ;0]! X is the element of PCy characterized by u¢(;x) =
X

X
ut+;x); 2[ ;0] Sety(t)(x) =ut;x); o1(x) = arx(tr), ()= bx(t) and
r=1 r=1

O)X)= Gx)(ix)2[ ;0 [0;1]. Now, we have F(t; ;K () =g+ cos(t

)erd; Gi(t, )= " Si(”k(frl))gd THt; )= ° C‘Zf((frl))gd : Now, we observe that

the system has the abstract form of the system (5): Moreover, for
t2[0;1]; i; i2PCo;i =1;2and x;y 2 X, we have

t

1 1
kKF(t;, ;K( 1)) F(@ 2:K( 2)k %k 1 2k+£k 1 ok;

2 1
Ek 1 2k kHk(t 1) Hk(; 2k 2

kgi(x)  g1()kx  qakx  ykx; k@2(X)  G(Y)kx  akkx  yky;
where a = lmax jarj and b = lmax jbrj. Thus the assumptions (A1) and (A) are
r g rq

kGi(t; 1) Gk(t 2)k ki 2K

satis ed. On the other hand, it follows from the theory of cosine families that  gen-
erates a bounded cosine function f C(t)g: o on L?(R"): Moreover, by Theorem the
operator  in equation generates a bounded fS ; ;(t)ge o-resolvent family. Let
So = SUPg10:11 KS ; ; (kL. Now, by Theorem if

iSod 3% 1
@2+ ) 50 @2+ )'25

max Spd + Sge +
i=t
where d = maxf ga; 2g; e = maxfqgb;Zg; then the system admits a unique
mild solution.

<1;
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5 Conclusion

In this paper, an approach has been developed concerning the existence and uniqueness
of mild solutions for the system using the Banach xed point theorem and
condensing map theorem. The system involves abrupt forces(impulsive e ects),
hence our results generalize the results of Pardo and Lizama studied in [21]. Thus, our
results are more general and interesting.
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