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1 Introduction

Let h > 0 be a value of delay, |-| denote the norm of the vector in the space R, ||-|| be
the norm of d x m -dimensional matrix which is consistent with the norm of the vector.
Let us denote by C = C ([fh, 0] ;Rd) the Banach space of continuous maps of

[—h,0] into R? with the uniform norm |¢|, = en[la}z{o] lp(0)] . Also denote by
€l

L, =L, ([-h,0];R™), p> 1, the Banach space of p-integrable m-dimensional vector-

1

functions with standard norm ||gp||Lp = (fi)h lo (T)\pdr> "
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Let € C ([0, T]; R%), ¢ € C. If 2 (0) = ¢ (0), then the function

t) ,t —h, 0],
x@¢>{g;;t§g ]

is continuous on [—h, T'.

For each t € [0,T] in the standart way by 6 € [—h,0] we put an element z; (p) € C
as z¢ (p) =z (t 4 0, ¢). In what follows we shall write x; instead of z; (¢).

Let t € [0, 7], D be some domain in [0, T] x C, 9D be its boundary and D = DUJD.

In this paper we consider the optimal control problems for systems of functional
differential equations

0
izﬁ@wﬂ+[ﬁh@mwﬂ@wﬂ%t€Mﬂv (11)

z(t) = o (t), t €[=h,0],

with the quality criterion
Ju] =/ L (t,x,u(t,-))dt — inf (1.2)
0

on [0,7], where ¢y € C is a fixed element such that (0,¢9) € D, z(t) is the phase
vector in RY, x; is the phase vector in C, 7 is the moment of the first exit (¢,2;) on the
boundary 4D , fi : D — R%, fo: D x [~h,0] = M¥™ are d x m -dimensional matrices,
and for each (t,¢) € D, fa(t,¢,-) € Ly ([—h,0]; M?*™) with the norm || f2 (¢, ¢, M, =

1
(ff)h f2(t, ,) quy) " a+,=1,L:DxL,—R"

The control parameter v € Ly, ([0,T] x [—h,0]) is such that u(t,y) € U, and U is a
convex and closed set in R™ for almost all t, .

Many works are devoted to the optimal control problems for functional-differential
equations systems. We note the monograph [1] devoted to the application of the method
of dynamic programming and the principle of maximum to such problems. There is also
a wide bibliography. Althought these methods, as a rule, give the necessary conditions
of optimality, it would be desirable to have suitable sufficient conditions for checking to
apply them.

In this regard, we cite the work [2] in which in the case of compactness of the set of
admissible controls an analogue of the Filippov theorem on optimal control existence for
ordinary differential equations was obtained.

For noncompact set of admissible controls an analogue of the Cessari theorem is
obtained in [4]. In the mentioned work the condition of compactness is imposed on a
set of constraints and a certain condition of growth is established which connects the
right-hand sides of the system and the quality criterion.

In [5] under the condition of compactness of the set of admissible controls values
sufficient conditions for optimality on a fixed interval [tg,¢1] for neutral-type equations
are obtained.

In [6] the problem of optimal control of a delayed linear system is rewritten in a form
that does not depend on the delay and which is studied by the methods of ordinary
differential equations. In the works [7]- [9] the optimal control problem of the system

0

uozmm+m(um/

moxu+o«)—uw
-7
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is considered.

In [7] certain Hamilton-Jacobi-Bellman equations are obtained for certain quality
functionals and, in terms of their solutions, sufficient conditions for optimality in the
form of a reverse link are obtained.

In [8] similar questions are considered for problems with phase restriction.

In [9] for such problems the authors obtained sufficient conditions for optimality under
the condition of nondecreasing function raz+ fo (x, y) in both variables and for the quality
criterion

J(u) = /000 e #ta' (t)dt, o€ (0,1).

The main goal of this work is to obtain the theorem on the existence of optimal
controls for a wider class of problems under weaker conditions as compared with the
above mentioned works [2]- [9].

This paper is organized as follows. In Section 2 we give rigorous formulations of the
considered problems and state main results. Section 3 is devoted to the proof of the main
results.

In Subection 3.1 we prove the existence theorem, the uniqueness and extension of the
solution of the initial problem to the boundary 0D of the domain D.

In Subsection 3.2 the theorem on the existence of optimal control for problem -
is proved.

Examples of the application of the results obtained for ordinary differential equations,
equations with delaying argument and equations with maxima are given in Section 4.

2 Statement of the Problems and Main Results

Now we give exact statement of the problem and formulate the main results of this paper.
The main conditions for the problem (1.1)-(1.2) are assumed as follows.

Assumption 2.1 Admissible controls are m-dimensional vector functions u €
L, ([0,T][—h,0],R™), such that u (¢,y) € U for almost all t € [0,T] and y € [—h,0].

The set of admissible controls is denoted by U.

Assumption 2.2 The maps fi(t,¢) : D — R% and fa(t,p,y) : D x [~h,0] — M**™
are defined and measurable with respect to all their arguments in the domains D and
Dy ={(t,p) € D,y € [—h,0]} respectively, and satisfy the linear growth condition and
the Lipschitz condition with respect to ¢, i.e. there exists a constant K > 0 such that

[f1(t ) + 128 0, 9) | < K (14 [lelle) (2.1)
for any (t,¢) € D,y € [—h,0],
Lf1(t, 1) = fr(t,o2)| + [ f2(E 1, 9) — f2(E, 2, 9)[| < Kl[o1 — @2l (2.2)
for all (¢, 1), (t,92) € D, y € [—h,0].
Assumption 2.3 Conditions for the criterion function are:

1) the map L(t, ¢, 2) : D x L, — R! is defined and continuous with respect to all its
arguments in the domain Dy = {(t,¢) € D,z € L,};
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2) there exists a > 0 such that
|L(t, 1, 2) = L(t, 2, 2)|| < allor — p2lle
for all (¢, 1, 2), (t, 92, 2) € Da;
3) the Frechet derivative L, of the map L is continuous with respect to all its argu-

ments in the domain D5, and there exist constants Cy > 0, a > 0 such that for all
(t,,2) € Dy the following inequality holds:

-1
[Lu(t, @, 2)llL, < CL1+ llellE + N121E, )

4) there exists a constant C' > 0 such that L(t, ¢, 2) > C’||z||’2p for all (¢,p,2) € Da;
5) L(t,p, z) is convex with respect to z for any fixed t, ;

Our first result concerns the existence, uniqueness and extension of the solution of
the original problem (|1.1]) to the boundary 0D of the domain D. It is some analogue of
the Carathéodory theorem for ordinary differential equations.

Definition 2.1 The solution of the initial problem (1.1) on the segment [—h, A],
A >0, is called a continuous on the segment [—h, A] function x(t) such that

1) x(t) = @O(t)a le [7h70}§
2) (t,x) € Dont € |0, Al
3) for t € [0, A] the function z(t) satisfies the integral equation

t
0

0
z(t) = po(0) —|—/ [fl(&mg) —|—/_hf2(s7xs,y)u(s7y)dy ds. (2.3)

Remark 2.1 Tt is obvious that for ¢ € [0, A] the solution z(t) is an absolutely con-
tinuous function and satisfies the equation (1.1 for almost all ¢ on [0, A].

Theorem 2.1 Suppose that Assumptions[2.1] and[2.9 are satisfied. Then there exists
a solution of the initial problem (2.3) on the mazimal segment [—h, ], 7 > 0 and (1,2,) €
oD.

The following theorem gives for the problem - the existence conditions of the
optimal pair z*(t),u* (¢, 6)), which provides the minimum of the quality criterion ([1.2)).

In this case u* € U is called the optimal control and the corresponding trajectory
x*(t) is called the optimal trajectory.

Theorem 2.2 Suppose that Assumptions are satisfied. Then there exists a
solution of the optimal control problem - .
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3 Proofs of the Theorems

3.1 Proof of Theorem [2.1]

Let us fix an admissible control u* € U. First, we shall prove the local existence and
uniqueness of the solution of the problem , on some segment [—h, o], a > 0.

To do this, we use the standard principle of contraction mappings.

Obviously, there exist ap > 0 and By > 0 such that all (¢,¢) for which 0 < ¢ < ay,
and |l¢ — pollc < Bo belong to D are equivalent to ¢g on [—h, 0].

Now we consider the class B(«, y) of all continuous on [—h,a] functions z(t) that
are equivalent to g on [—h,0] and |z(t) — ¢o(0)| < By for ¢ € [0, a.

Obviously, the set B(q, 8p) is closed relatively uniformly metric on [—h, o] .

In this case there exists ag > a1 > 0 such that if 2(t) € B(a, fy) at 0 < a < «q, then
the following inequality holds:

[ = 0(0)[l < Bo, te€[0,al. (3.1)

Indeed, under the condition of uniform continuity of ¢y on [—h, 0] there exists a3 > 0
such that if |§; — 02| < a1, then

lpo(61) — wo(b2)] < % (3.2)

for all 61,0 € [—h,0].
Hence, for each t € [0, a1] at @ < a from (3.2)) and the properties of the set B(a, o)
we have

e = wolle < sup [a(t +0) —o(0)| + sup |a(t+6) —po(0)] <
0c[—h,—t] 0e[—t,0]

< sup I@o(t+9)—¢o(9)\+esup |z (t +0) — @o(0)] +

bel-h.~1] €[—t,0]
+osup |po(8) — o)) < 0 4 B0 o g
0e[—t,0] 3 3 3

Next we shall prove that a > 0 can be choosen so that the operator

<100(t)5 le [7h?0]7

(Ae) (1) = { 0(0) + [ fu(s,za)ds + [0 [0, fols,aany)uls,y)dyds, t € [0,a], )

maps the set B(q, By) into itself and this operator is a contraction.

Indeed, by Lemma 2.2.1 [10] it follows that z; is a continuous function with respect
to t € [0,a]. Therefore, from Assumption fi1(s,zs) is continuous with respect to
s € [0,a] and the function

0
[ s, uls.9)dy (3.4)

is measurable with respect to s and satisfies the estimate

0 0 »
’/ f2(s,xs,y)U(s7y)dy‘ <y (/ lu(s,y)|” dy)
—h —h
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for some constant C; > 0. From this we have the integrability of with respect to s
and hence the absolute continuity of the second integral in .

Now we evaluate the difference |(Az)(t) — ¢o(0)| at t € [0, @], o < ap.

With and using Holder’s inequality and Fubini’s theorem we get

(Az)(8) — po(0)] < /Otlfl(sws)IdSJr/ot (/ 1o, 20, 0) |u<s,y>|dy) ds <

t t 0 % 0 %
< [ KO+ lelos+ | (/ Kq<1+|xs||c>qdy> (/ |u<s,y>|”dy) ds <
0 0 —h —h

« 0 %
< K(1+ 6o+ oo+ K1+ s+ Lol ([ [ utsnpras) ok,
0 —h

Here ¢ = 1%.
Let us choose now oy < a1 from the condition

«@ 0 %
K+ o+ ol o+ ot ([7 [ spraas) <20 @
0 —h

Thus, for all o < a3 the operator A maps B(«, 5y) into itself.

Let us show that there exists a3 € [0, 2] such that the operator A will be a contraction
on B(as, Bo).
Let z and z € B(a, fo). By (2.2) we have

t t 0
|(Az) () — (A2)(8)] < / K ||s — 5]l ds + / K 22 — 2allc / o) dys <

a 0 %
< (Ka + Kauha </ / lu(s,y) " dyds) ) sup |z(t) — 2(t)].
0 —h te[—h,a]

And now from this we have

sup |(Az)(t) — (A2)(1)] <

te[—h,a]

[ 0 %
< (Ka+Kaéhé (/ / |u(s,y)|pdyds> ) sup |z(t) —2(t)].  (3.6)
0 —h te[—h,a]

Now choosing 0 < a3 < as from the condition

1
[ 0 P
Ka+ Katht (/ / |u(s,y)|pdyd5) <1
0 J-n

we get that the operator A : B(as, 59) — B(as, ) is a contraction. Thus, on the
segment [—h, a3) there exists a unique solution to the initial problem .

To prove the extension of this solution to the boundary 0D, we use the approach of
Theorem 2.3.2 [10]. Note that by for (¢,¢) € D the following estimates hold:

[f1(t,0)l < K(1+[[ellc) (3.7)
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and 0 0
} | Beutn| < Ka+lelont [ sl (3.8)
—h —h

Let [—h, 7] be the maximum interval of existence of the solution x(¢). For its extension
to the boundary 0D it is necessary to show that for any closed set G € Dtg there
exists tg such that (t,z:) ¢ G for t € [tg,7]. The last statement can be proved by
contradiction. Indeed, if this is not the case, then, similar to Theorem 2.3.2 [10], the set
Q= {(t,z;) : t € [~h, 7]} is closed and bounded in D.

Therefore, the estimates and imply the existence of a constant M such that

= 0 0
for (t,9) € Q we have | (t, )| < M and |[°) Fa(t, o, y)ult, y)dy| < M [°, |u(s,y)] dy.
From (2.3) for each t1,t € [0,7] we have

1
P

T 0
j@(t2) — x(t1)] < M(ta — t1) + Mh(ta — t1)7 (/Q [h u(s,y)” dyds> : (3.9)

This implies that {(t,x) : ¢ € [—h, 7]} belongs to a compact set in D. The last state-
ment contradicts Corollary 2.3.1 from [10]. The theorem is proved. O

3.2 Proof of Theorem [2.2]

First note that controls u(t, ) = u() are admissible.

Let z(t) be a solution that coresponds to u(t) and 7 be a moment of the first exit
(t,2z¢) on the boundary 9D.

Now we shall prove that z(¢) is bounded on [0, 7].

From for € [0, 7] we have

t 1 t
2(8)] < lpo(0)] + / K(1+ |22l o)ds + Kh / (1 + llzlle)ds llull, <

t
1 1
< lpol0)] + KT + K ||u||LPT+<K+hqu||u||Lp>/o sl ds =

¢ ¢
=Cs + 04/ lzs]| ds < Cs3 + Cy max |x(s1)|ds (3.10)
0 0 516[_h75]
Since
< + ,
e [z(s)| < [ lpo(s)] nax |1 (s1)]

and from (3.10]) we have

t

<C;+C d
Jmax (o) < Co+Cy | max [a(sn)]ds

for some constant C5 > 0. Using Gronwall’s inequality we have n[lai( | lz(s)| < Cs,
s€|—h,t

)

t € [0, 7] for some constant Cs > 0 which does not depend on ¢. From this it follows that

<
Jpax lz(s)| < Cs

and max ||| < Cs.
s€[—h

)
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Since from Lemma 2.2.1 [10] x; is continuous with respect to ¢ € [0, 7], under the first
condition of Assumption we have L(t, x¢,u(6)) (where (u(t,8)) = u(f) is continuous
with respect to t and hence

/T L(t,x, u()dt (3.11)
0

is bounded. Therefore infU J(u) < oo. Since J(u) > 0, there exists a nonnegative
ue

lower limit m of the values J(u). Let u(™(t,0) be a minimizing sequence such that
J(u™) = m, n — oo monotonously.
Let (™) be a sequence of coresponding to u(™ solutions of equation , [—h,Tn] be
a maximal interval of its existense. From Theorem ﬂ it follows that [, xﬁf)] € 0D.
We have

Tn T 0
m+12> / L(t, ;vg"),u(”))dt > C/ / ‘u(”) (t,y)‘pdydt (3.12)
0 o J-n

for sufficiently large n. Consequently u(™ (t,y) is weakly compact in L, ([0, T] x [~h,0]).
Therefore one can choose a sequence (also denoted by u(™(t,y)) which is weakly
converging to u¥(f) € L,([0,T] x [~h,0]) in L,([0,T] x [—h,0]).
By Mazur’s lemma ( |11], Ch. 5) there exists a convex combination by(t,y) =
S - (K)u® - (t,u) of elements u((t,y) such that by — u(*) strongly converges

in L,([0,T] x [—h,0]).

Therefore there exists a subsequence by, (¢, y) of sequence by (¢, y) such that for almost
all (t,y) on [0,T] x [—h, 0] it converges to u®(t,y).

Since U is convex, we have by, (t,y) € U, and from the closedness of U it follows that
u*(t,y) € U for almost all (¢,y). So, the control function u*(¢,y) is admissible.

Let us prove uniform boundedness of solutions (™ on [—~h,7,] . From under

Assumptions and we have for ¢t € [0, 7,]

q 4 t q
]W)(t)‘ §3q’1|<p(0)|q+KqT52q’1/ (1+ngn> ds+
0

1

T 0 P P t
([ [ e} s ot
0 J—h 0

With (3.12), from the last inequality for some positive constants C; and Cg which do
not depend on ¢,y and n, we have

q
ds.
C)s

q t
2O <Crv [ foal?as
0

for t € [0, 7).
Thus we have the estimate
t

max |z(s)| < Cy + C max |z(s1)|ds
se[fh,t]l ()] < Co 8 0 sle[—h,s]l (s1)]

for some constant Cl.
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Using Gronwall’s inequality we have

max
te[_hﬂ—n]

x(“)(t)‘ < Cho, (3.13)

where C1g is a positive constant which does not depend on n.
So x(™(t) are uniform bounded. Let us extend the functions 2(™)(t) to the whole
segment [0, 7] as follows

z(™) T,
Y (t) = { 2 Ef_)n’)t) fe[o[;_:’]%] (3.14)

If s1 < s9 < 7, then from (3.9) it follows the estimate
‘y(”)(sl) — yn(SQ)‘ § 011(52 — 51) -+ C12(52 — 81)%. (315)
If 1 < 7, < s9, then similarly to (3.15) we have

[y (1) = 3" (s2)] = |2 (51) = ()

< Cilmn — s1| + Cra|mn — 51| <

< Ch1 (s2 — s1) + Cra(s2 — 51)%

This implies the equicontinuity of the function set {y™ ()} on [0,T] and from
and it follows uniform boundedness of this set. Hence the set {y™(¢)} includes a
subsequence which converges uniformly on [0, 7] and which we denote as {y(”) (t)} Let
y@(t) be its uniform limit on [0, 7.

Function y*(t) is defined and continuous on [0,7]. Therefore, we also have y; =
y*(t +0) for all t € [0,T]. Let 7* be a moment of the first exit (¢,y;) on the boundary
aD, i.e.

) € 0D},
vt € [0,T).

« | inf{t €]0,T]: (t,y;
T, if (ty;)eD,
Note that if
ygf) =y (1,4 0) =2 (1, +0) = SU(TZ)»
then 7, is the moment of the first exit (¢,y}") on 0D.

Let us prove that
7 < lim inf7,. (3.16)

n—oo
Suppose that it is not true. Then

7% > lim infr, =7 (3.17)

n—oo

Obviously, there exists a subsequence 7,, such that 7,, — 7 for ny — oo. Therefore
for sufficiently large nj; we have 7 < 7* and

(r,yr) € D. (3.18)

But (Tnk7y$::)) € 9dD.

On the other hand, taking into account the uniform convergence of the sequence y™ (t)
to y*(t) on [—h,T] and uniform on [—h,T| continuity of y*(¢) it is not difficult to see
that y") — y* in C for ng — oo.

Ty
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Since the set 9D is closed, we have (7,yF) € D. The latter contradicts (3.18]).
Therefore

7 <7 =liminf 7,.
n—oo

Let x*(t) = y*(¢) for t € [0,7*]. Show that z*(¢) is a solution of the equation
which corresponds to the equation u*(t).

We consider two cases.

1. Let 7* < 7. Then by the theorem of the characterization of the lower bound, the
set {n € N: 7, <7*} is finite. Consequently, there exists a subsequence {7,,} of the
sequence T, such that 7,, > 7*. Then y(™)(t) = z(™)(t) for t € [0,7*] and (™) (¢)
converges uniformly to x*(t) for ny — oo. We have

2 (¢ / fi(s, 2™ )ds + / / Fols, 2 y)um™ (s, y)dyds (3.19)

for ¢ € [0, 77].
Then we get

t 0
) (¢ / fi(s,a™)ds + / / fals, 20y (s, y)dyds +
0 —h

/ / (Fals, ™)) — fols, 27 ) (@) (s, ) — u* (s, y)dyds+

+/O /_h fa(s, k) (u™) (s,y) — u* (s, y)dyds. (3.20)

It is obvious that xgnk) — x5 on C for all ¢t € [0, 7%].

From (2.2)) we have
t t
/ fi(s,z™))ds — / fi(s,x¥)ds (3.21)
0 0

and in view of the Lebesgue theorem on dominanted convergence, we also obtain that

t 0
/ / Fals,20), ) (s, y)dyds — / / sz (dyds. (322

Similarly, we establish that the third integral in tends to zero for ny — oo.

Taking into account Assumption [2.2 with respect to f2, it is easy to see that
the expression fot f?h fa(s, 2%, y)u(s,y)dyds defines a linear continuous functional on
La([0, 4] x [, 0]).

Therefore the last integral in ) tends to zero because of the weak convergence of

u™)(s,9) to u*(s,y). Using the hmltmg transition in we obtain that z*(t) is the

solution of the initial problem on [0, 7*] which corresponds to the control u*(t,y).

2. Let 7* = 7. Take an arbitrary ¢; € [0,7] such that ¢t; < 7*. Then the set
{n € N : 71, <t} is finite.

In the case of the finiteness of the set Z = {n € N : t; < 7, < t*} the proof reduces
to the preceding case. Let Z be infinite and d,, be a subsequence of the sequence 7,
such that 7,, €Z. Then for each t € [0,t] we have y(™)(t) = z(")(t) y*(t) = z*(t).
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is the solution of the initial problem (|1.1)) on

Similarly to the previous case then x*(t)
t,y), that is

[0,t1] corresponding to the control u*(t,

¢ t 0
x*(t) :<p0(0)+/0 fl(s,xz)ds—i—/o /_h fa(s,x y)u* (s, y)dyds (3.23)

for t € [0,t1]. Since t; < 7* is arbitrary, the equality holds on the interval [0, 7*].
Let us show it holds also for ¢ = 7*. Let ¢, € [0,7*] and ¢, — 7%, then *(¢,) —
x*(r%).
Similarly to the inequality we get for n — oo

tn

T* 0 0
/mwmﬁ%m%mwwmwfwaﬂmmewmmwm
0 —h 0 —h

Therefore x*(t) satisfies (3.23) for ¢t = 7* too.
It remains to show that the control u*(s,y) is optimal. We have two cases.
1. Let 7 < T.

a) Let 7* < lim inf 7, = 7. Then, similarly to the above, there exists a subsequence
n—oo

Tn, Of the sequence 7, such that 7,, > 7* and for t € [0,7*] y(™)(¢) = (") (¢) and
y () = " (t).
We show the integrability of the function L(t,z},u(™)(t,-)) on [0, 7*]
Using inequality
Lt ap u" (1)) = Lt a7, o) <

< sup ||Lu(t, zf,uo + )\(u("’“)(t7 )= uo)’ u(”’“)(t, )= uo‘ ,
A€(0,1] q Ly
where ug = const, uy € U, we have
L(t, xfu™) () < L(t, x},uo)+
+ sup |[Ly(t,x},uo + )\(u(”k)(t, )= uo)’ u("’“)(t, ) - uo‘
A€(0,1] q Ly

Using condition 3) of Assumption we have

Lt 27,0 (1,)) < Lt 27 w0) + Co w1, ) — wo| |+
+Cu o1& [ (8, ) — o, +
p—1
+ O sup Huo ™2, — uo)‘ Hu<”k>(t, ) - u0’ (3.24)
A€l0,1] Ly Ly

The first term in is integrable in accordance with (3.11]). The second and third
terms are also integrable on [0,7*] due to (3.12), (3.13) and the uniform convergence of
(™) () to z*(t) on [0, 7].

The integrability of the last term in follows from the estimate

dt <

Ly

| ol + ) = ol [, ) =
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(p—1)2 T
<2 r
0

Therefore the function a(t, z},u(™)(t,-) is integrable on [0, 7*].
Let x r(t) be a characteristic function of the set {t € [0,¢] : ||Ju*(t, ~)||Lp < R} for some

R>0.
Since L(t,y,z) is convex on z (condition 5) from Assumption 2.3), the following
inequality holds

p—1

(uollf, + (¢, ) - uonip)dt) ( / " (e, ) - uogp>dt>

* P

L(t, 7, vt )xXr(t) 2 Lt @i, (1) xn(D)+
(Lult.af o (), v(t ) = (t)) Xr(t) (3.25)

for any admissible control v(t,y) € U, t € [0,7*]. Here <L;, v— u*> is the action of the

linear continuous functional L, on the element v(t,-) — u*(t, ) € L,. Putting in (3.25)
u(t,-) = ul™)(t,-) we have

/ L(t o, u"™)(t, ) xr(t)dt > / L(t, 27, u* (¢, ) xr(t)dt+
0 0
+/ <L;(t,x;,u*(t,.),u<nk>(t,.) —u*(t,-)>XR(t)dt. (3.26)
0
Under condition 3) of Assumption [2.3| we have
| Lu(t, z,u” (¢, ')HLq Xr(t) < K(1+ ||$:||g' + R)p_1’

therefore, the second term defines a linear continuous functional in L, ([0, 7*] x [—h, 0]).
So, the second integral in tends to zero, because of the weak convergence of u™* (t, s)
to u*(t, s).

Therefore

n—roo

Jim inf / Lt 2w (2, ) (t)dt > / L(t, 2 u* (1, ) x () dt.
0 0
Since L(t,y,z) > 0, xgr(t) < 1 and xgr(t) — 1 forR — oo, we get from the last
inequality that

/ Lt x},u(t,)dt < lim inf [ a(t, =}, u™) (¢, )dt. (3.27)
0

n— oo 0

The integrability of L(t,z}, u(™)(t,-) on [0,7*] is taken into account.
Let us also consider the difference

r

Using condition 2) of Assumption [2.3| we have

r

*

L™ ut™)(t,)) = Lt ut™) (1, )| . (3.28)

*

L(t 2™ ul (t,) = Lit, 2, u) (t,))| dt <
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-
< a/ ngn’“) —
0

The limit transition in is possible by the Lebesgue theorem on the majorization
of convergence and the uniform convergence of z(™*)(t) to 2*(t) on [0,7*]. From
(13.29)) we find that the expression tends to zero for n — oc.

Further, we have

dt — 0,nj — oo. (3.29)

*

lim inf / Lt 2™ w2, ))dt >

n—oo 0

*

> lim inf / [L(t, 2™ u®) (t,) = L(t, 2%, u™))]di+
0

n—oo

* *

4 lim inf ‘L(f,x;‘,uw(t,-))—L(t,m;,u*(t,-))‘dwr/ L(t, 2 (4, ))dt. (3.30)
0

n—o0 0

As is shown above, the first limit on the right-hand side (3.30)) is zero, and the second
limit is non-negative with (3.27).

Then
B H : T (nk)  (ni) . : : T (nk) , (nk) .
m = lim inf L(t,xy *  u'™/(¢t,-))dt > lim inf L(t,xy 7 u\™ (t,))dt >
N —00 0 N —>00 0

*

> / L(t7x:aU*(t7))dt
0

Thus J(u*) = m, so the pair (z*(t),u*(t,s)) is optimal.
b) Let 7* =7 = lim inf 7,.
n—oo
Let us consider the set Z ={n € N : t; < 7, < 7*}, where we again take an arbitrary
t1 € [0,T] such that t; < 7*. It is enough to consider the case when this set is infinite.
Then, in the same way as in a), we can show that

t1
/ L(t,x},u*(t,-))dt < m.
0

Thus, by the limit transition for t; — 7* we establish that

5

/ L(t, a7 (£, ))dt < m.
0

Hence J(u*) = m.
2. Let 7* = T. Then from (3.16) we have 7 = lim inf 7,, = 7%, and the proof reduces
n—oo
to case 1, b ). The theorem is proved. O

Remark 3.1 The method of proving the existence of optimal control and optimal
trajectory is constructive if we take into account the fact that the approach of works |16,
Chapter 7], or [17, Chapter 4] can be used to construct a minimizing control sequence.
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4 Applications

As an application of the obtained results, we consider some particular cases of problem

LD-[2).

Example 4.1 If v = u(t) and does not depend on the value y, then the problem
(1.1)-(1.2) reduces to the ”ordinary” optimal control problem for functional-differential
equations

.’E(t) = fl(tv‘rt) +g(taxt)u(t)v te [O,T],
.Z‘(t) = (PO(t>7 te [—h,O],

Tlu] = / L(t, 0, u(t))dt > inf,
0
where g(t, z;) € M4™ and g(t, ;) f fa(t, ze, y)dy, u(t) € L, ([0,T]), u(t) € Y.
Example 4.2 Equations with maximum.

A particular case of the problem (1.1)-(1.2]) is the optimal control problem with
maximum on the interval [—h,T], h > 0.

(1) = it max 2()) + foltoi, mas w(s))u(t) (1)

z(t) = ¢(t), t € [=h,0],
Jlu] = /0 Lt x(t), u(t))dt — inf, (4.2)

where I(t) = [8(t), a(t)], maxz(s) = (maxx1(s),...,maxz4(s)), B(t),a(t) are continu-
ous on [0, T] functions such that 8(¢t) < a(t) <t and tg[l(}r%]( (t)—t) = —h, G is a domain

inRY f(t,z,y): [0,T] x G x G — M>*™ 4 cUCR™, L(t,z,u) : [0,T] x G x U — R
The general theory of equations with maxima is presented in the monograph [12].

The problem (4.1))-(4.2) reduces to problem (1.1))-(1.2) if we put
u(t,y) = u(t) € Ly([0,T]),

t,p) = fit, o0 0
hit:o) = filt,9(0),  wax = @(0),

0
= t, max 0),s)ds.
| gt e o(0).9)

Let the following conditions be satisfied:

4.A. Functions fi(t,z,y) and fo(t,x,y,s) are defined and measurable with re-
spect to all its arguments in domains @ = {t€[0,T],z € G,y € G}, and Q; =
{t€[0,T],z € G,y € G,s € [—h,0]} and satisfies with respect to z,y the linear growth
and the Lipschitz condition with constant K > 0 in these domains, i. e.

[fit, 2, 9)| + [ f2(8 2y, 8) | < K(1+ |2 + |y]) (4.3)

|f1(t>$7y) - fl(t7$17y1)| + HfQ(t,Z‘,?J,S) - f2(t7331>y175)|| g
< K (|lzo — 21l + |y — wl) (4.4)
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for all t € [0,T], z,y,z1,51 € Q s € [-h,0].

4.B. 1) The function L(t,z,y) : [0,T] x G x U — R! is defined and continuous with
respect to all its arguments and satisfies the Lipschitz condition with respect to x;

2) the partial derivative L,, is continuous in the domain of definition and satisfies for
some Cy > 0, a > 0 the following estimate:

Lt z,w)|| < Co(1+ |2 + [ulP~);
3) there exists a constant Cy > 0 such that
L(t,z,u) > Cy [u’ ,p>1;

4) the function L(¢,x,u) is convex with respect to u for each fixed t € [0,T], = € G.
The optimal control problem (4.1)-(4.2)) can be written as follows:

0
iWF#ﬁwﬂg%ﬂm+[fwﬂmg%%@@Mﬂ (4.5)

z(t) = p(t),t € [=h,0]

I(u) = /OT L(t,z(t),u(t))dt — inf . (4.6)

Then all of the conditions of Assumptions hold.

Moreover, the domain D C [—h,T] x C' is a set {(t,¢) : ¢t € [-h,T], ¢ € Q, where
Q is a set of functions ¢ € C such that p(8) € G for § € [—h,0], IQ is a set of
functions ¢ € C such that ¢(f) € G, and for each of these functions there exists a point
6 € [—h,0] such that ¢(8) € OG. It is obvious that the set [0, 7] x 2 = D is open, and
0D = ([0,T] x 02) U ({T} x Q) is closed.

Let us check the conditions of Assumptions Indeed, by 4.A we have

Filt9)| = | At 0)

wwﬂs

R max
0c[B(t)—t,a(t)—t]

SKQ+ww+

g@DSKUHMbHﬂM

and for f)(t, ) the condition (2.I) holds. For fa(t,¢) the situation is similar. Further

)f1(t7<P) - fl(ta‘;pl)‘ <

max
0c[B(t)—t,a(t)—t

< K |{|e(0) —¢1(0)] + max p(0) — max © 9D<
( ( ) 1( )l 0€[B(t)]—t,a(t)—t] ( ) 0c[B(t)—t,a(t)—t] 1( )

< K — + max 0) — 0 < 2K —

> (”(‘P ‘PlHC He[ﬁ(t)fetl,a(t)ft]‘(p( ) — @a( )|D = lle %01”07

that is the condition holds.

Further, since the mapping L is finite-dimensional with respect to u, the Frechet
derivative L, is the Jacobi matrix 4%, and the norm || L, |z, = || Ly|. Therefore, con-
dition 3) from Assumption 2.3 is trivially satisfied. It is obvious that other conditions
from Assumption 2.3 are also satisfied. Therefore, for problems and (4.2), when

conditions 4.1 and 4.2 are satisfied, Theorems 2.1 and 2.2 hold.
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