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Abstract: An active backstepping scheme is proposed to attain three different types
of synchronization between the chaotic Cai system and the Chen system. Complete
synchronization, anti-synchronization and hybrid synchronization are accomplished
by using the active backstepping method between different switches of the Cai and
Chen systems, where the Cai system is considered as a master system and the Chen
system is considered as a slave system. The goal is to design appropriate controllers
by using the Lyapunov stability criteria and active backstepping method so that
asymptotically stable synchronized state for different switches of the master and slave
systems can be obtained. The results obtained by theoretical and graphical analysis
are in agreement.
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1 Introduction

In the area of applied sciences “chaos” is an important field as one of its beautiful features
is its applications in several areas such as ecology, secure communication, medicine,
biology etc. So many integer order chaotic and hyperchaotic systems have been obtained
after the invention of the classical “Lorenz system” in 1963, and so many chaotic and
hyperchaotic systems have also been developed in the field of fractional calculus. In the
field of chaos, synchronization has been a fascinating branch for the last three decades
and researchers have shown their interest to this branch.
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Since 1990, when the important phenomenon of synchronization was discovered by
Pecora and Carroll [10], the field of synchronization has been growing day by day. Numer-
ous new researches have been done theoretically and experimentally in the field of syn-
chronization. Several researches have been done to extend the phenomenon of synchro-
nization from complete synchronization [10] to a new range of synchronizations [2,9,17]
and to develop the new techniques [6,15,16] to achieve synchronization. The active back-
stepping technique has been applied widely to achieve synchronization in different cases.
In the last few years, outstanding work has been done on synchronization via active back-
stepping such as complete synchronization between identical systems [1], combination
synchronization [11], reduced order synchronization [8], multi-switching synchronization
for three chaotic systems [13] etc. The active backstepping method is found very effec-
tive for the cases given above. Some of these works have been done on multi-switching
synchronization. Since 2008, when a new type of synchronization was achieved for two
identical chaotic systems by Ucar [12], multi-switching synchronization has been a hot
topic among researchers. Later, multi-switching synchronization between the Lorenz sys-
tem and the Chen system with fully unknown parameters [14] has also been achieved.
Inspite of all the work that has been done, there is a large scope of work in the field of
multi-switching synchronization.

In this paper, for different switches of the chaotic Cai system and the Chen system
three types of synchronizations are achieved by the active backstepping method. It is
clear from numerical simulations that the active backstepping method is very fast, by
which synchronization can be achieved very quickly. The proposed scheme has significant
applications in the field of secure communications as the synchronization attained by any
arbitrary pair increases the grade of security. Secure communication [5] is a field where
synchronization is being used very widely. It was found by some researchers that because
of arbitrary multiplying factor projective synchronization is an important tool to make
communication more reliable [7]. Multi-switching synchronization is defined in such a
manner that any pair of state variables may achieve synchronization, which increases the
level of security. The advantage of the presented scheme is that by choosing different
values of scaling factors different synchronizations can be achieved by a single approach.

This manuscript has been arranged in the following manner. Problem formulation
is given in Section 2. In Section 3 dynamics of the Cai system and the Chen system
is given. Section 4 contains the scheme for multi-switching synchronization achieved by
the active backstepping method and Section 5 contains simulation results for three types
of synchronization between the Cai system and the Chen system. In Section 6, main
features of this work are highlighted.

2 Problem Formulation
Suppose an n-dimensional system is considered as the master system

01 = h11(v1,02, ..., 0,), U2 = ho1(V1,vV2,...,Un), .., 0p = hp1(v1,v2,...,05), (1)
and the n-dimensional slave system is

w1 = hia(wy, wa, ..., wy) +ur, We = hoa(wi,ws,

'7wn)+u27"';wn :hn2(w17w27"’,wn)+una
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where wuq,us,...,u, € R — R are the controllers and h;1,his € R® — R for i =
1,2,...,n are continuous functions. Suppose the errors are defined as
€1 = p1wi + q1v1, €z = paws + qaVs2, ...,y = PpWp + Gnln, (3)

where, p;,qi,7 = 1,2,...,n are arbitrary scaling factors. By using equations (1) and (2)
the error dynamical system can be expressed as

é1=g1+ fi+piur, €2 =92+ fo+paus,....én =gn+ fn+ Pntn, (4)
where e = (eq, €9, ....e,,) is the error vector, g1, go, . . ., g, are the functions which contain
only error components and fi, fa, ..., f, are the nonlinear functions which contain the

terms of master and slave systems. First, put Iy = e; and consider the [; subsystem
so that [; = G1(ly, f1,p1u1), where a virtual controller es = 9(l1) is assumed. The aim
is to design the virtual controller 9¥(l;) and the controller p;u; by using the Lyapunov
stability criteria so that the l; subsystem will be stabilized. The same procedure will be
repeated in the next step to stabilize the (I1,l3) subsystem, where Iy = eo —9(l1) and the
virtual controller es = ¥(l1,1l3) . Thus, eventually an asymptotically stable (I1,1s,...,1,)
system will be achieved so that the master and slave systems will attain asymptotically
stable synchronization state.

3 The Cai System and the Chen System
The Cai system [3] is considered as the master system which is given below

01 = (1(v2 —v1),
Vg = mu1 + 01v2 — vy 3, (5)

. 2
U3 = v1° — 0103,

which shows chaotic behavior for the parameter values (; = 20,n; = 14,6, = 10.6,; =
2.8 and the well known Chen system [4] is considered as the slave system which is given
below

w1 = Ga(wy — wr),

Wy = (02 — (2)wi + Oawy — wiws, (6)

w3 = Wwiwz — Mows,

which exhibits chaotic behavior for the parameter values (o = 35,73 = 3,0, = 28.

4 Multi-Switching Synchronization Methodology
The slave system with controller is

Wy = Co(we —wr) + uyj,
wo = (02 — (2)wr + O1wa — wiws + ugj, (7)

W3 = wiwe — Now3 + Uzy,

where uy;, usj, usj, represent different controllers and j = 1,6 represent different switch-
ing states.
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First, we will define a general synchronization methodology using the active back-
stepping technique. In order to explain the method, for j = 1, the errors are defined as
follows:

€11 = p1wi + q1v1,
€21 = paW2 + g2V2, (8)

€31 = p3ws + q3vs,

where p;,q;,1 = 1,2,3 are arbitrary scaling factors. If py = po = p3 = 1 and ¢; =
g2 = q3 = 1, then anti-synchronization will be achieved for the pairs of state variables
(w1, v1), (w2, v2), (w3,v3). If p1 = p2 =p3 =1 and 1 = g2 = g3 = —1, then complete
synchronization will be achieved and if py = ps =p3=1and ¢4 = 1,0 = —1,q3 = 1,
then hybrid synchronization will be achieved.

Hybrid synchronization has been defined as the synchronization for which some state
variables attain completely synchronized state and some state variables attain anti-
synchronized state. But in this paper, since we have chosen the master-slave combination
in multi-switching manner, we assume in the case of hybrid synchronization that any state
variable which is taken with w; and ws will be completely synchronized with these state
variables and the state variable which is taken with ws will be anti-synchronized. From
(8) the error dynamics can be written as

é11 = p11 + q171,
€21 = patg + ga¥2, 9)

€31 = p3w3 + q303.
By using (5) and (7) in (9), we get

é11 = p1{Ce(wa —w1) + w1} + ¢ {¢i(v2 —v1)},
€21 = p2 {(02 — (2)wy + O2we — wiws + u21 } + g2 (M1 + O1va — v1v3), (10)

és1 = p3 (wiws — naws + uz1) + g3 (v1> — 1v3) .
Hence the error dynamical system can be written as

é11 = Q(prwa — prwr) + C1(qive — q1v1) + prun

_ ol (e21 — gov2) — Ca(e1n — qiv1) + Ci(qrv2 — quo1) + pruan, 11
b2 )
= p;ﬁem — (2e11 + fl + pruqq.
2

Similarly

éa1 = p2 {(02 — C2)w1 + bowa — wiws} + g2(mvy + O1v2 — vV1v3) + Pausy

p2(02 — (2 D2
= g(eu - qwl) + 672(621 - Qsz) - (611 - Q1U1)(€31 - (]3113)
P1 P1ps3 (12)
p2(f2 — ¢ p P2g
+ ga(mur — O1v2 — v1V3) + Pattoy = 2(;2)611 - = er1esr + 2 361103
1 3
P2q1

_|_

e31U1 + O2e21 + fo + paug;
p1p3
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and

és1 = p3(wiwz — nows) + q3(v1” — 6103) + P3us

D3 2
= e11 — q1v1)(es1 — qovg) — e31 — q3v3) + g3(v1° — dav3) + p3u
p1p2( 11— q1 1)( 21 — 42 2) le( 31 — g3 3) Q3( 1 2 3) p3uss3 (13)

P3qi1v1
Vo —

D3 P3q2
= eriear — €21 — Mm2€31 + f3 + p3us,

= €112
p1p2 P1p2 P1p2
where
—p1G2
fi= » @22 + C2q1v1 + C1q1v2 — C1q1v1,
2
q1p2 P243q1
f2= _T? (02 — G2)v1 — v1v3 — 02q2v2 + q2(mv1 — 0102 — v103), (14)
1 3
_ _P3 2
f3= q1G201V2 + 1)2q3v3 + q3(v1° — 0203).
P1P2

Let [ = e;1. Then its derivative will be

I =ei = LS: e21 — Goli + f1 + pruas, (15)
2

where eo; = 91(l1) is considered as a virtual controller. Our aim is to design ¥;(l1) so
that the I; subsystem (15) could be stabilized. Consider the following Lyapunov function

K, = 0.5, (16)
Then the derivative of K7 will be
. . p1<‘2
Ki=hli=0 7191(11) —(ee11 + f1 +prun | - (17)
2

If ¥1(11) = 0 and w1y = —p%(fl), then K; = —(2€2; which is negative definite. Hence by
the Lyapunov stability criteria the [; subsystem is asymptotically stable. Suppose the
error between eo; and 91 (l1) is denoted by lo = ez — ¥1(l1). Then we have the (I,15)
subsystem given below

L= e
. pp22(92 —(2) P2 D293 P21 (18)
Iy = ( - es1 + ﬂs) Iy + Ol + e31v1 + f2 + pauoi.
b1 p1ps p1p3 P1p3
In order to make the (l1,l2) subsystem stable, es; = ¥a(l1,l2) is taken as a virtual
controller. Now, we take the Lyapunov function and its derivatives as
Ky = K + (0.5)l52,
) 0o —
Ky = —Gli® — 02l5° + 1o [(pQ( 2—C2) _ pe Vo (l1,12) + Pats ’03) l1 + 2051,
P P1ips P1p3 (19)
B2 v192(l1,12) + plCQh + f2 +p2u21} .

P1p3 D2
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Hence by choosing the controller us; in the following way

1
Upy = —— <p2 (02 — C2)ly + l1v3 + 2015 + 23174211 + f2> (20)
P2 \P1
and the virtual controller ¥5(l1,1l2) = 0, we get Ky = —(ol1? — 6515% which is negative

definite. Hence the (I1,l2) subsystem is asymptotically stable. Now, suppose the error
between €31 and 192([1,[2) is lg = €31 — 192(117 lg) Then

p3
P1p2 p1p2

I3 = p; laqrvi — m2l3 + f3 + p3us. (21)
2

Now to stabilize the (I1,ls,13) system, the controller uz; is defined as

1
usy = —— H( Ps _ P2 ) ly — P32 UQ} lh— ( bs _ P2 ) qilavy + f3] (22)
b3 pPip2  P1P3 Pip2 pPip2  P1P3

and the Lyapunov function K3 as

K3 = Ky + 0.5157. (23)

Its derivative will be
K3 = —Gli? — Oaly® — pol3® (24)

which is negative definite. Hence according to the Lyapunov stability theory (0,0,0)
equilibrium point of (11, 12,13) system is now asymptotically stable. The (1,13, [3) system
is given by

ly = pl% — b,
P

l2 = l l + 7Q1U1l3 — 92[2 — pligll, (25)
p1p3 pips b2

. b29q
I3 71211 — mals — 2.
pips pips3

Now, for the second switch the errors are defined as follows
€12 = p1wi1 + q1V2, €22 = Pawz + q2V3, €32 = P3Ws3 + 3. (26)

Then, the controllers are

1

Ulg = —— ,

12 P (f1)

1

Ugg = —— <p2(92 —G2)h 4 P28 00+ 20,05 + ;L@ll + f2> (27)
P2 \P1 P1p3 P2
1

gy = —— [(( ps P2 >l2_p3(12v3> I — ( p3 P2 )q1l2v2+f3} 7
ps3 pip2  pip3 P1p2 Pip2  P1p3

where l; = e19,ly = eg9,13 = e32. For the third switch the errors are

€13 = p1w1 + q1v3, €22 = PaW2 + q2U1, €32 = P3W3 + q3V2. (28)
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The controllers defined by using the above procedure are

1

U3 = —— ,

13 p (f1)
1 P1G2

Ugg = — — (02 — 42)11 + ll’UQ + 20515 + 711 + f2 (29)
P2 \P1 p1ps3
1

U3z = —— [(( Ps P2 )lz - p3QQU1> Iy — ( Ps P2 )q1l2v3 +f3} )
ps3 pip2  pip3 P1p2 Pip2  P1p3

where |1 = e13,lo = ea3,13 = e33. In case of switch four the errors are defined as
€14 = P1W1 + q1V1, €24 = P2W2 + q2V3, €34 = P3W3 + q3V2 (30)

and the controllers are

1

Uy = —— ,
14 o (f1)

1

Ugq = —— <p2(92 —G2)ly + 2 5102 + 20202 + @11 + fz) (31)
P2 \P1 p1p. b2
1

Uy = —— [(( ps P2 >l2 _ p3QQU3> I — ( p3s P2 >q1l2v1+f3>,
p3 Pip2  P1P3 P1p2 pip2  pip3

where 1] = e1y4,ly = e24,13 = e34. For switch five the errors are taken as
e1s = P1w1 + q1U3, €25 = Paws + qa¥2, €35 = P3W3 + q3v1. (32)

For switch five the controllers are

1
Uy = —— ,
5= (f1)
1
tgg = —— <p2(92 — G+ 2B 0, 420,00, + LTS (33)
P2 \P1 p1ps3 b2

1 D3 D2 D342 D3 D2
Ugs = —— — lo — vg | i — - qilavs + f3 |,
ps3 pip2  pip3 p1p2 Pip2  P1p3

where [; = ey5,1lo = 25,13 = e35. For switch six the errors are
€16 = P1W1 + q1V2, €26 = P2wW2 + q2V1, €36 = P3W3 + q3V3 (34)

and the controllers are

1

U = —— ,
16 o (f1)

1

Usg = —— <p2(92 —G)li + D243 livs 4 20215 + p1C211 + f2> (35)
P2 \P1 P1p3 b2
1

Uzp = —— K( Ps _ P2 )lz - p3q2v1> I — ( Ps P2 )Q112U2 +f3} ;
ps3 pip2  pip3 P1p2 Pip2  P1p3

where [; = e16,lo = eg6,l3 = e36. It is obvious that the values of fi, fo, f3 will be
different in all the switches, since the values of f1, fo, f3 will be changed according to
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Figure 1: (a) Synchronization between the state variables w1, v1 in switch one; (b) Synchro-
nization between the state variables ws, v2 in switch one; (¢) Synchronization between the state
variables ws, v3 in switch one; (d) Convergence of e11, €21, €31 to zero for switch one.

the error defined. If ¢q,¢o, g3 are chosen as any arbitrary scalars but not equal and all
p1 = p2 = p3 = 1, then this will become a case of modified projective synchronization.
If ¢ = g2 = q3 are chosen as any arbitrary scalars and all p; = ps = p3 = 1, then
the problem will be reduced to projective synchronization which is a particular case of
modified projective synchronization. The method described above is easy to apply for
the dynamical systems having dimension greater than three also.

5 Numerical Simulations

5.1 Complete synchronization

Numerical simulations are shown only for three switches as the remaining ones can be
achieved in a similar manner. The values of p}s and ¢}s are chosen in such a manner
which lead to complete synchronization, anti-synchronization and hybrid synchronization
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Figure 2: (a) Anti-synchronization between the state variables w1, v2 in switch two; (b) Anti-
synchronization between the state variables wa, vs for switch two; (¢) Anti-synchronization be-
tween the state variables ws, v1 in switch two; (d) Convergence of the errors e12, €22, €32 to zero
for switch two.

between different state variables of the drive and response systems.

The case of complete synchronization is considered for the first switch and the values
of scaling factors are p; = ps =p3 =1 and q1 = ¢q2 = g3 = —1.

The initial conditions are kept fixed for the slave system throughout the paper, which
are (—5,25,1), but in each type of synchronization the initial conditions for the master
system are different. In the case of complete synchronization the initial conditions for
the master system are (8,20,30). Hence for the first switch the initial conditions for the
errors are (—13,5, —29). Complete synchronization between w1, v1 and ws, vo is shown in
Figure la-b. Figure lc-d show synchronization between ws, v3 and the errors e, €21, €31
converging to zero.
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Figure 3: (a) Complete synchronization between the state variables wi,vs; (b) Anti-
synchronization between ws,v; for switch three; (¢) Complete synchronization between the
state variables ws, v2; (d) Convergence of e13, €23, €33 to zero for switch three.

5.2 Anti-synchronization

Anti-synchronization is shown for the second switch. In order to achieve anti-
synchronization, the values of p; = po = p3 =1 and q; = g2 = g3 = 1 are chosen. Since
the initial conditions for the master and slave systems are (15,40, 6) and (—5,25,1), the
initial conditions for the errors are (35,31,16). Figure 2 a-b show anti-synchronization
between w1, v9 and ws, vs, and Figure 2 c-d show anti-synchronization between the state
variables ws, v1; and the errors ejs, €32, €35 converging to zero.

5.3 Hybrid synchronization

In this subsection the case of hybrid synchronization is considered for the third switch. In
order to attain hybrid synchronization, the values of py = ps =ps=1and ¢t =1,¢2 =
—1,q3 = —1 are chosen. In the case of hybrid synchronization the initial conditions for the
master system are (26, 10,6). According to the initial conditions for the master and slave
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systems (26, 10,6) and (—5, 25, 1) respectively, for the third switch the initial conditions
for the errors are (—11,51,—9). Figure 3 a-b show complete synchronization between
w1, vs and anti-synchronization for wq,v;. Figure 3 c-d exhibit the state variables ws, vo
in complete synchronized states and the errors e;s, es3, €33 converging to zero.

The numerical results presented in this paper are obtained by using Matlab software.
In numerical simulations, complete synchronization, anti-synchronization and hybrid syn-
chronization are shown and other types of synchronization can be achieved by choosing
different scaling factors.

6 Conclusion

In this manuscript, we have investigated multi-switching synchronization between the
Cai system and the Chen system by using the active backstepping method. An effi-
cient and easy method is proposed to design suitable controllers and fruitful results are
obtained. Both theoretical and graphical analysis lead to the same conclusion. The con-
trollers designed by this approach are very effective as synchronizations are achieved very
rapidly by this method. Since the chaos synchronization has its applications in secure
communications and multi-switching increases the grade of security as it is very difficult
to guess which pair of state variables will attain synchronization, the proposed method
has significant applications in the field of secure communication. The approach is also
significant in the sense that by simply taking different scaling factors, various types of
synchronization can be achieved. This work can be extended to fractional order systems
and various higher dimensional systems.
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