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Abstract: In this paper, the authors present some existence results for weak solu-
tions to some functional implicit fractional differential equations of Hilfer type, by
applying Moénch’s fixed point theorem associated with the technique of measure of
weak noncompactness.

Keywords: functional differential equation; left-sided mized Pettis Riemann-
Liouville integral of fractional order; Hilfer fractional derivative; implicit; weak solu-
tion; fixed point.

Mathematics Subject Classification (2010): 26A33, 36A08, 34A09.

1 Introduction

Fractional differential equations have recently been applied in various areas of engineer-
ing, mathematics, physics, bio-engineering, and other applied sciences [15[24]. For some
fundamental results in the theory of fractional calculus and fractional differential equa-
tions, we refer the reader to the monographs of Abbas et al. [IH3], Samko et al. |23],
Kilbas et al. |18|, and Zhou [27].

The notion of a measure of weak noncompactness was introduced by De Blasi |13].
The strong measure of noncompactness was developed first by Banas and Goebel [7] and
subsequently developed and used in many papers; see, for example, Akhmerov et al. 5],
Alvarez 6], Benchohra et al. [11], Guo et al. |[14], and the references therein. In [11}[21],
the authors considered some existence results by applying the techniques of the measure

* Corresponding author: mailto:John-Graef@utc.edu
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2 S. ABBAS, M. BENCHOHRA AND J.R. GRAEF

of noncompactness. Recently, several researchers obtained other results by applying the
technique of measure of weak noncompactness; see [|3|9,/10], and the references therein.

Implicit functional differential equations have been considered by many authors [41[8]
26]. Our intention is to extend the results to implicit differential equations of fractional
order. Recently, considerable attention has been given to the existence of solutions of
initial and boundary value problems for fractional differential equations with a Hilfer
fractional derivative; see, for example, [15H17,25]. In this paper, we discuss the existence
of weak solutions to the problem of implicit Hilfer fractional differential equation of the
form

(D5 u)(t) = f(t,u(t), (DF Pu)(¥), t € T:=1[0,T],

(Lo "u)()le=0 = &,

where a € (0,1), 8 € [0,1],y=a+B—aB, T >0, € E, f:IxExFE — Fisagiven
continuous function, F is a real (or complex) Banach space with norm || - || and dual
space E*, such that F is the dual space of a weakly compactly generated Banach space
X, I; 77 is the left-sided mixed Riemann-Liouville integral of order 1 — ~, and D{" is
the generalized Riemann-Liouville derivative operator of order o and type S introduced
by Hilfer in [15]. Our goal in this work is to give some existence results for implicit Hilfer
fractional differential equations in Banach spaces.

(1)

2 Preliminaries

Let C be the Banach space of all continuous functions v from I into F with the supremum
(uniform) norm

[0]loo := sup [|v(t)]| -
tel

As usual, AC(I) denotes the space of absolutely continuous functions from I into E. We
denote by AC'(I), the space defined by

ACHI) :={w:I - E: %w(t) € AC(I)}.

By C,(I) and C’}/ (I), we mean the weighted spaces of continuous functions defined by
C(I)={w:(0,T] — E:t'"Tw(t) € C}

with the norm
[wlie, = sup [t' " w(t)] s,
tel
and p
17y — . aw
C’W(I)_{wEC.%eC&,}
with the norm
lwlley = llwllos + l[wllc,-
In what follows, we denote |w||c, by ||w|c. Let (E,w) = (E,o(E, E*)) be the Banach
space E with its weak topology.

Definition 2.1 A Banach space X is called weakly compactly generated (WCG, for
short) if it contains a weakly compact set whose linear span is dense in X.
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Definition 2.2 A function h : F — F is said to be weakly sequentially continuous
if h takes each weakly convergent sequence in E to a weakly convergent sequence in F
(i.e., for any {u,} in E with u, — v in (E,w), we have h(u,) — h(u) in (E,w)).

Definition 2.3 ( [22]) The function u : I — F is said to be Pettis integrable on
I if and only if there is an element u; € E corresponding to each J C I such that
¢(us) = [, (u(s))ds for all ¢ € E*, where the integral on the right-hand side is assumed
to exist in the sense of Lebesgue (by definition, u; = [, u(s)ds).

Let P(I, E) be the space of all E—valued Pettis integrable functions on I, and L (I,
be the Banach space of Lebesgue integrable functions w : I — E. Define the class P; (I
by

E)
E)

P(I,E)={u€ P(I,E) : p(u) € L*(I, E) for every p € E*}.
The space Py (I, E) is normed by

T
fule, = sw [ lpfu)lan,
peE*, |l¢l<1J0

where A stands for a Lebesgue measure on I.
The following result is due to Pettis (see [22, Theorem 3.4 and Corollary 3.41]).

Proposition 2.1 ( [22]) If u € Pi(I,E) and h is a measurable and essentially
bounded E-valued function, then uh € Py(I, E).

For all that follows, the symbol “[” denotes the Pettis integral. Now, we give some
results and properties of fractional calculus.

Definition 2.4 ( [2[18]/23]) The left-sided mixed Riemann-Liouville integral of order
r > 0 of a function w € L*(I) is defined by

1

(Ijw)(t) = m/o (t— ) " lw(s)ds for a.e. t €1,

where I'(+) is the (Euler’s) Gamma function defined by

L) = /Oo t=tetdt, € > 0.

0
Notice that for all r, 71, 72 > 0 and each w € C, we have I[jw € C, and
(I3 I52w) (t) = (I w)(t) for ae. t € 1.

Definition 2.5 ( [2||18]23]) The Riemann-Liouville fractional derivative of order r €
(0,1] of a function w € L'(I) is defined by

D)) = (587w) @

1

t
- F(l—f)c(lit/o (t —s)""w(s)ds for ae. tel.
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Let r € (0,1], v € [0,1), and w € Cy_(I). Then the following expression leads to
the left inverse operator given by
(DgIjw)(t) = w(t) for all t € (0,T).
Moreover, if I; ™ "w € C1_,(I), then the composition

(Ly~"w)(0F)

(Lo Dow)(t) = w(t) — (r)

t"1 for all t € (0, 7]

is proved in [23].

Definition 2.6 ( [2|18/[23]) The Caputo fractional derivative of order r € (0,1] of a
function w € L'([I) is defined by

e = (1 ge)o
1 K . d
= m/0 (t—s) %w(s)ds forae tel.

In [15], Hilfer studied applications of a generalized fractional operator having the
Riemann-Liouville and the Caputo derivatives as special cases (see also [16,/17,25]).

Definition 2.7 (Hilfer derivative) Let o € (0,1), 8 € [0,1], w € L(I), and
I(gl*a)(lfﬂ) € ACY(I). The Hilfer fractional derivative of order a and type 8 of w is

defined as d
(Dgz,ﬁw)(t) _ <I()5(1O‘)(itlc()1a)(1ﬁ)w> (t) for a.e. tel. (2)

Properties of the Hilfer derivative. Let « € (0,1), 8 € [0,1], vy = a+ 8 — af,
and w € L'(I).

1. The operator (DS"?w)(t) can be written as

(Doa’ﬂw)(t) _ (Ig(la)i[é—7w> (t) = ([5(17Q)D3w> (t) forae.tel.

Moreover, the parameter v satisfies

ye (0,1, y>a,y>p, and 1-7<1-p(1-a).

2. The generalization for B = 0 coincides with the Riemann-Liouville derivative,
and for g = 1, with the Caputo derivative:

D§’=D§ and Dy =c°D§.
3. If Dg(l_a)w exists and is in L(I), then
(DS PIgw)(t) = (Ig(lfa)Dg(lfa)w)(t) forae. tel.
Furthermore, if w € C,(I) and Ié_ﬂ(l_a)w € CI(I), then

(Dg"ﬁfgw)(t) =w(t) for a.e. t € 1.
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4. If DJw exists and is in L' (I), then

o)

(15 D5 w)(0) = (I3 Dyw)(1) = wlt) — g3

77! forae. tel.

Corollary 2.1 Let h € C,(I). A function uw € L'(I,E) is a solution of the problem
(Dgu)(t) = h(t), tel:=]0,T],
(1o~ "w)(t)]t=0 = ¢,
if and only if u satisfies the Volterra integral equation

o
L'(v)

From the above corollary and Lemma 5.1 in [4], we have the following lemma.

w(t) = 7 4 (ISR (1).

Lemma 2.1 Let f : I x E x E — E be such that f(-,u(-),v(-)) € Cy(I) for any u,
v e Cy(I). Then problem 1s equivalent to the problem of obtaining the solution of the
equation

o) = 1 (0 i+ T5a)(0.000) )
moreover, if g(-) € C, is the solution of this equation, then
u(t) = 57 + U50) 0

Remark 2.1 Let h € Pi([I, E). For every ¢ € E*, we have
o(Igh)(t) = (Ifeh)(t) for ae. t € 1.

Definition 2.8 ( [13]) Let E be a Banach space, Qg be the class of all bounded
subsets of E/, and B; be the unit ball in E. The De Blasi measure of weak noncompactness
is the map 8 : Qg — [0, 00) defined by

B(X) = inf{e > 0 : there exists a weakly compact  C E such that X C eBy + Q}.

The De Blasi measure of weak noncompactness satisfies the following properties:

)
(b) B(A) = 0 if and only if A is weakly relatively compact;
(c) B(AUB) = max{(A4),5(B)};
(d) B(A”) = B(A) where A” denotes the weak closure of A;
(e) B(A+ B) < B(A) + B(B);
(f) B(AA) = [A|B(A);
(8) Blconv(A)) = B(A);
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(h) B(Ujaj<nAA) = hB(A).

The next result follows directly from the Hahn-Banach theorem.

Proposition 2.2 Let E be a normed space and let xg € E with xg # 0. Then, there
exists ¢ € E* with ||p]| = 1 and o(x0) = ||zo]|-

For a given set V of functions v: I — F, let
V() ={vt):veV} tel,

and
V(I)=A{v(t):veV, tel}.

Lemma 2.2 ( [14]) Let H be a bounded and equicontinuous subset of C. Then the
function t — B(H(t)) is continuous on I,

Bc(H) = rglgIXﬁ(H(t))

B < /I u(s)ds) < /1 B(H(s))ds,

where H(s) = {u(s) : uw € H, s € I}, and B¢ is the De Blasi measure of weak noncom-
pactness defined on the bounded sets of C'.

and

For our purposes, we will need the following fixed point theorem.

Theorem 2.1 ( [20]) Let Q be a nonempty, closed, convez, and equicontinuous subset
of a metrizable locally convex vector space C(I, E) such that 0 € Q. Suppose T : Q — Q
is weakly-sequentially continuous. If the implication

V =conv({0} UT(V)) implies V is relatively weakly compact, (3)

holds for every subset V' C @, then the operator T has a fized point.

3 Existence of Weak Solutions

Let us start by defining what we mean by a weak solution of the problem .

Definition 3.1 By a weak solution of the problem ({1) we mean a measurable function
u € C, that satisfies the condition (I, "u)(0t) = ¢ and the equation (D§ u)(t) =
Ft,u(t), (DG u)(t)) on I.

The following hypotheses will be used in the sequel.

(H;) For a.e. t € I, the functions v — f(¢t,v,w) and w — f(¢,v,w) are weakly sequen-
tially continuous.

(Hz) For each v, w € E, the function t — f(¢,v,w) is Pettis integrable a.e. on I.

(H3) There exists p € C(1,[0,00)) such that for all ¢ € E*, we have

p@) |l

| < for a.e. t € I and each u, v € E.
L+ el + llulle + vl e

o (f(t,u,0))
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(Hy) For each bounded and measurable set B C E and for each t € I, we have

B(f(t. B, DG B) < '~"p(t)B(B),
where DY’ B = {Dy"Pw : w € B}.
Set
p* = supp(t).
tel

Theorem 3.1 Assume that conditions (H1)—(Hy) hold. If

p*Tlf'y%»oz
L=t <1,
I'l+a«)

then the problem has at least one weak solution defined on I.
Proof. Consider the operator N : C,, — C,, defined by

o)
L'(v)

(Nu)(t) = ="'+ (I§9)(1), (5)

where g € C,, is given by

o)
L'(v)

First notice that by hypothesis, for each g € C,, the function

olt) = f (t, A1 <15*g><t>,g<t>) .

t (t—s)""g(s)
is Pettis integrable over I, and the function

t— f (t7 %t'y_l + (Ié”g)(t),g(t)) forae. t €,

is Pettis integrable. Thus, the operator N is well defined. Let R > 0 be such that

p*Tlf'y+a

B> Fiar

and consider the set
Q={ueCy:fulle < Rand ||t "ut) -} Mu(h) |

p*Tl—'y—i-a p* /tl 1y . 1y .
<—(ts —11)¢ t to —8)*7 " —1t t1—s)* " |dsp.
= I‘(1+a) (2 1) +F(0[) 0 |2 (2 S) 1 (1 8) | S

Clearly, the subset @ is closed, convex, and equicontinuous. We shall show that the
operator IN satisfies all the assumptions of Theorem The proof will be given in
several steps.

Step 1. N maps Q) into itself.
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Let w € Q and t € I and assume that (Nu)(t) # 0. Then there exists ¢ € E* such
that [|[t'=7(Nu)(t)lle = (=7 (Nu)(t))|. Thus,

1—y gt
vl = o (55 + 1y [ € 97 at0as).

where g € C,, is given by

g() = (t, ¢

L'(v)

Py <I$g>(t>,g<t>) .

Then,

e

WOl < g5 [ =9 el

p*Tl—A/ t o
(o) /O(t—s) Lds

p*Tlf'H»oz
< ==
- I'(l+a)
< R

A

IN

Next, take t1, to € I with t; < o, and let v € Q with
£ (Nu)(t2) — £ (V) () # 0.
Then, there exists ¢ € E* such that
1437 (V) () — 657 (V) ()] = (83 (V) (22) — £ (V) (1)
and ||¢|| = 1. Hence,

4577 () 12) — £17 (N 61) 1 = Lot (N ) 82) — #17 (V) 1)
<o (87 [Cm o B0 [T o fas).

where g € C,, satisfies

Therefore,

It~ (Nu)(ta) = £ (Nu)(ta) | < 87 / (s — S>a—1|%0§9($)>>|d8

t1
+/ |t§—’y(t2 . S)afl - ti_’y(tl - S)a71| |90(g(5))|d8
0

IN())
< t577l (to — s)“_lréfy))ds

ty
1—v _ a—1 _ 1—v _ a—1 p(s)
—|—/O [ts 7 (ta — 8) t; Tt —s) |I‘(a)ds

* t1
(ts — 1) + F}(?oz)/o 37 (t2 — 8)* 1 — 617 (11 — 5)* | ds.

p*Tlf'era
<ty
T I'l+a)
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Hence, N(Q) C Q.

Step 2. N is weakly-sequentially continuous.

Let {u,} be a sequence in @ such that {u,(t)} — u(t) in (F,w) for each ¢ € I. Fix
t € I; since f satisfies (Hy), we have f(t,u, (), (Dy Pu,)(t)) converges weakly uniformly
to f(t,u(t), (DYPu)(t)). Hence, by the Lebesgue dominated convergence theorem for
Pettis integrals, (Nuy,)(t) converges weakly uniformly to (Nu)(t) in (E,w) for each ¢ € I.
Thus, N(u,) = N(u), and so N : Q — @ is weakly-sequentially continuous.

Step 3. The implication (@ holds.
Let V be a subset of Q such that V = eonv(N(V) U {0}). Clearly,

V(t) C cono(NV)(t)) U{0}) for each t e I.

Furthermore, since V' is bounded and equicontinuous, by Lemma 3 in [12] the function

t — v(t) = B(V (t)) is continuous on I. From (Hs), (H4), Lemma[2.2] and the properties
of the measure §, for any t € I, we have

() < BETY(NV)(1) U {0})

< BETINV)(D)
Tl—V ! a—1

< Ta) O\t s|*7p(s)B(V(s))ds
-t a—1_1—~

< () [t — s|* s p(s)v(s)ds
p*Tl—'y+a

< e

Thus,
lvlle < Ljvlle-

From ({]), we see that |[v]|¢ = 0, that is, v(t) = B(V(t)) = 0 for each t € I. By [19]
Theorem 2], V' is weakly relatively compact in C. Applying Theorem we conclude
that N has a fixed point that is a weak solution of the problem (|1)).

4 An Example

Let

Ell{u(ul,uQ,...,un,...):Z|un|<oo}

n=1

be our Banach space with the norm

oo

lulle = lual.

n=1

As an application of our results, we consider the Hilfer fractional differential equation

M

un)(t)), te€0,1],

{(Dé’éun)(t) = fult,u(t), (DE" (6)

(I§ ) ()= = (0,0,...,0,...),
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where ) ()
ct Uy (T
n(t,ult),v(t)) = , t€|0,1],
St w0 ) = e+ e e T 0
with
= ) dec — ér 1
U= (UL, U2,y Un,- ), and €= 2 5 )
Set

f=U1 ooy frnen)

Clearly, the function f is continuous.
For each u, v € F and t € [0,1], we have

||f(t7uav)||E S Ct2

et+4 :

Hence, condition (Hj) is satisfied with p* = ce~*. We shall show that condition (4)) holds
with T'= 1. In fact,
p*TI=7vte 9ce=t 1
=—- =5 <L

I'(l+a) I';) 4

Simple computations show that all the conditions of Theorem [3.] are satisfied, and so
problem (6] has at least one weak solution defined on [0, 1].
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Abstract: The paper deals with the problem of monoaxial attitude stabilization
of a rigid body. The possibility of implementing such a control system in which
the restoring torque tends to zero as time increases is studied. With the aid of the
Lyapunov direct method and the differential inequalities theory, conditions under
which an equilibrium position of the body is stable with respect to all variables as
well as with respect to a part of variables are derived. The results of a numerical
modeling are presented to demonstrate the effectiveness of the proposed approaches.

Keywords: rigid body; monoazial attitude stabilization; dissipation; asymptotic sta-
bility; Lyapunov function; differential inequality.
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1 Introduction

In problems of a rigid body attitude control, restoring torques are usually the basis
of control system functioning. However, attitude stabilization of a body is impossible
without damping torques ensuring suppression of a body oscillations in a neighborhood
of a stable equilibrium position. Therefore, the question how to create a damping torque
and to design a specific damping mechanism is one of the main problems that should
be solved for practical realization of attitude control systems [6, 7, 9, 14, 20, 24]. At
the same time, due to limited resources of control systems based on jet propulsion, there
arises a natural question on the possibility of implementing such a control system in
which the restoring torque tends to zero as time increases.
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A more general formulation of the problem suggests that a mechanical system with
dissipative and potential forces is given. Let the system admit an asymptotically stable
equilibrium position. Consider the case of an evolution of the potential forces. We assume
that the evolution consists of the appearance of a scalar positive time-varying multiplier
at the vector of these forces. The issue of preservation of stability of the equilibrium
position despite the evolution of potential forces is stated.

The stability problem in mechanical systems with a nonstationary parameter at po-
tential forces was considered in many works, see, for example, [1, 3, 10, 13, 15, 22, 23,
26, 28] and the references cited therein. However, it should be noted that a few results
were obtained for the case of vanishing potential forces.

In this contribution, the issue of monoaxial attitude stabilization of a rigid body is
studied. It is assumed that the body is under the action of a time-invariant essentially
nonlinear dissipative torque and a time-varying restoring torque that vanishes as time
increases. Using the differential inequalities theory [11, 16-18] and approaches proposed
in [1, 3, 23], conditions providing stability with respect to all variables as well as with
respect to a part of variables of an equilibrium position of the body are derived.

2 Statement of the Problem

Consider a rigid body rotating about its mass center O with angular velocity w. Assume
that the axes Oxyz are principal central axes of inertia of the body. Differential equations
governing the attitude motion of the body under control torque M have the following
form

Jo+wxJw=M, (1)

where J = diag{ 4, B, C'} is a body inertia tensor in the axes Ozyz.

Let unit vectors s and r be given, the vector s be constant in the inertial space and
the vector r be constant in the body-fixed frame. Then the vector s rotates with respect
to the coordinate system Oxyz with angular velocity —w. Hence,

$=—w xs. (2)

Thus, we will consider the differential system consisting of the Euler dynamic equations
(1) and the Poisson kinematic equations (2).

Let the torque M be a sum of the dissipative component M, and the restoring one
M,: M = My + M,. We will assume that the dissipative torque is defined by the
formula M, = —OW (w)/0w, where W(w) is a continuously differentiable for w € R3
positive definite homogeneous function of the order v + 1, v > 1. It should be noted
that mechanical systems with essentially nonlinear dissipative forces were considered, for
instance, in [19, 21]. In particular, such type forces arise when a body rotates in a viscous
medium [19]. Moreover, it is worth mentioning that essentially nonlinear control laws are
more robust with respect to the impact of delay and nonstationary perturbations than
linear ones, see [2, 5].

The restoring torque M,. should be chosen such that the torque M ensures monoaxial
stabilization of a rigid body [29]: the system of equations (1), (2) should admit the
asymptotically stable equilibrium position

w =0, s=r. (3)
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From the results of [25, 29] it follows that the torque M, can be determined by the
formula
M, = —alls — r|[*'s xr,

where 1 > 1, a > 0, and || - || denotes the Euclidean norm of a vector.

Next, consider the case where the restoring torque evolves with time, and the evolution
is expressed in the appearance of a scalar multiplier h(t) at the vector of the torque. Thus,
system (1) can be rewritten as follows

OW (w)
ow

Jo+wxJw=— — h(t)alls —r|* s x r. (4)

Assume that h(t) is a positive and continuously differentiable for ¢ > 0 function, and
h(t) — 0 as t — 4o00. Hence, the restoring torque vanishes as time increases. We will
look for conditions under which the equilibrium position (3) of system (2), (4) is stable
with respect to all or a part of variables.

3 Main Results

First, according to the approach proposed in [23], construct a Lyapunov function in the

form . W)
T ah(t

=—-—w'J
%1 2w w+u+1

Is — [+

Differentiating the function with respect to system (2), (4), we obtain

ah(t)

1'/1:—(V+1)W(w)+u+1

Is — r[[* T < ()W,

where o(t) = max {o; h(t) /h(t)}.
Thus, on the basis of the theory of differential inequalities, see [11, 16], we arrive at
the following theorem.

Theorem 3.1 If there exists a constant L > 0 such that fot o(r)dr < L fort >0,
then the equilibrium position (3) of system (2), (4) is stable with respect to w.

Corollary 3.1 If h(t) <0 fort >0, then the equilibrium position (3) of system (2),
(4) is stable with respect to w.

Next, we will show that with the aid of more precise estimates of the derivative of
V1, conditions of the asymptotic stability with respect to w of the equilibrium position
(3) can be derived.

Let h(t) < 0 for t > 0. Denote

1 h(t
zZ1 = fwTJw, zZ9 = a4 ( )
2 w41

Is —x[**.

Then Vi = z1 + 25.
Choose a positive number A. We obtain

Vi < —exf T —p(t) 25



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 18 (1) (2018) 15

fort >0, 21 >0,0< 29 <A, where

= (v min _ Wiw) =——2A"2
c=(v+1) B o 3w2) pzsy >0, P (t) h(t)A .

Hence, the differential inequality

v+l

Vi <o)V, 2

holds in a neighborhood of the equilibrium position (3) and for all ¢ > 0. Here

~ o . v+1 v+1
o) = u1 >0, UernO{nu1+u2:1 (Cul +v() Y2 ) .
It can be shown that o)
- c(t
P(t) = T
2
Ty ))

Assume that for a solution (w '

is fulfilled on an interval [to,t1], where 0 < ¢y < t¢;. Then, integrating differential
inequality (5), we obtain

-, T ah(t) . ut+l _ )
w ' (t)Jw(t) + u+1HS(t) e[ = Vi(t)
t = (6)
. v—1 =1 v—1
< Va(to) (1 + AT ) [ @(T)dT)
to
for ¢ € [to, t1]. Here Vi (t) = Vi (t,w(t),s(t)).
Thus, we arrive at the following theorem.
Theorem 3.2 If h(t) <0 fort >0 and
t
/ p(r)dr — +o00  as t— +oo, (7)
0

then the equilibrium position (3) of system (2), (4) is asymptotically stable with respect
to w.

Example 3.1 Let the nonstationary multiplier A(t) in system (4) be defined by the
formula h(t) = e~ P, where B = const > 0. Then, for any 8 > 0 and any A > 0,
we obtain ¢(t) = const > 0. Hence, the equilibrium position (3) of system (2), (4) is
asymptotically stable with respect to w.

Remark 3.1 Function ¢(¢) depends on the chosen number A. To guarantee that
the equilibrium position is asymptotically stable with respect to w, it is sufficient to find
at least one value of A for which condition (7) is fulfilled.
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Remark 3.2 It is easy to verify that, the smaller the value of A, the more precise
estimate (6). However, decreasing the value of A, we narrow the domain of initial
conditions of solutions of system (2), (4) for which the estimate can be applied.

Remark 3.3 The use of estimate (6) does not permit us to obtain conditions of
stability with respect to s.

Really, for any A > 0, the inequality @(t) < ¢(t) holds for ¢ > 0. Hence,

L (1 + szT(to)/t ¢(T)dr)_"21

h(t) 2 to
1 v—1 w1 e [Yh(r) ) T
>— (1= T (o)A [ AT
= h(t) < g it () /t h(r) dT)
1 v—1,vt 1y h(t) -7
= (10T )at .
) ( 5 Vi 2 (to) og h(t0)> — 400 as t— 400

Finally in this section, we consider one more approach to a Lyapunov function con-
struction for system (2), (4) which permits us to find stability conditions not only with
respect to w, but also with respect to all variables.

Let

1 h(t
Vo= ~w Jw + — (t) s — )T +Ar7 ()]s x r|Plw T I(s x 1),

2 w41
where v > 0, 8 > 1, 0 > 0. Then there exist positive numbers «y, as, a3 such that

ah(t)
pw+1

ah(t
< ayfjw]? + 210
gt 1

Differentiating function Vo with respect to system (2), (4), we obtain

arflwl|* + Is = x|+ — agyh” (@) l|wlllls —x|l” < V2

Is = [+ + azyh” (@) |wll s — x]”.

ah(t)

1 Is — r||"+1 + a’yh‘ffl(t)i.z(t)ﬂs X r||ﬂ*1wTJ(s X )

Vo=—(v+1)W(w)+

oW (w)
ow

+yh? ()|s x || (s x 1) T (—w x Jw — — h(t)alls —r||* (s x r))

d(l|ls x r|[’~ (s x 1))
Os

Assume that h(t) < 0 for t > 0. It is easy to verify that one can choose positive
constants ay, as, ag and § such that the inequality

+yh? (H)w T (—w xs).

Vo < —ay (Jwl"* + a7 (@)lls — x| 7H) + asyhH (@)At)lls — x| lw]

+agyh? (t) ([Is — x| ?lw]® + [Is = |7 [lw]]” + [Is = =]~ [lw]?)
holds for ¢t > 0, w € R3, ||s —r|| < 4.
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1
With the aid of the substitution { = h#+1 ||s — r||, we arrive at the estimates

2 a pn+1 U*L B
ot|lwl|]* + —— — asvh? T (t)]||w < Vs
el + -2 - (O)]we? < Vo
< ap|w||? + ——&FH 4 agyh” T (1) |w]€P,

- w1

Vo < —au (Jwl*1 497 5 067) + asah”F Oh(e) ol

o B y o B-1 _
+agyh” 7 (1) ([lw]® + @) €7 + agyh” 1 () w267

Hence, if 8 > uv, o > B/u, v is sufficiently small, ||s — r|| < §, and

h(t)] < Lh*T 55 () for >0, (8)
where L = const > 0, then
1 2 a i+l 2 a 1
_ R <V, <2 _ 7 ekt 9
3 (cllot? + o) < va <2 (aalol? + o), o)
: |- E= 1 v+l B+ = Gl
Vo < —5auh” i (1) (w7 +4€7) < —agh” T (VT (10)

Here a7 is a positive constant.
Using estimates (9) and (10), we obtain that if there exist numbers 8 and o such that
B > pv, o > B/u, inequality (8) is valid, and

t
h%(t)/ W~ (1) dr — +o0 as ¢ — 400, (11)
0

then the equilibrium position (3) of system (2), (4) is asymptotically stable with respect
to all variables.
Denote 8 = 0 — 3/p. Then conditions (8) and (11) can be rewritten as follows

h(t)| < LR 745 (£) for t >0,

t
- Bt
h i (t)/ ROV EGED (1) dr — 400 as t — +o0.
0

It is easy to see that, to derive less conservative stability conditions, we should take
B = pv. As a result, we obtain the following theorem.

Theorem 3.3 If h(t) <0 fort >0, and there exist positive numbers 0 and L such
that

h(t)] < LA 751 (t)  for t>0, (12)

1 t gy vEL
h HFT (t)/h+m(7)d7%+oo as t— +o0,
0

then the equilibrium position (3) of system (2), (4) is asymptotically stable with respect
to all variables.
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Corollary 3.2 If h(t) <0 fort >0, there exist positive numbers 8 and L such that
condition (12) is valid, and

t

h%ﬂl(t) <1 +/ h9+%(r) d7'> >p for t>0,
0

where p = const > 0, then the equilibrium position (3) of system (2), (4) is stable with

respect to all variables and asymptotically stable with respect to w.

Example 3.2 Let the nonstationary multiplier A(t) in system (4) be defined by the
formula h(t) = (t+1)%, where @ < 0. In this case Theorem 3.3 and Corollary 3.2 provide
less conservative stability conditions for 6 = 0.

We obtain that if @ > —1/v, then the equilibrium position (3) of system (2), (4)
is asymptotically stable with respect to all variables, whereas if & = —1/v, then the
equilibrium position is stable with respect to all variables and asymptotically stable with
respect to w.

Remark 3.4 Recently, attention was paid to the problems of synchronization in
various nonlinear systems such as dumbbell satellites [8], coupled systems [27], dissimilar
and uncoupled rotating systems [12]. As the stability properties are important in studying
oscillations in such systems, it seems that the results obtained in this paper may be
extended to the mentioned classes of nonlinear systems.

4 Results of a Numerical Simulation

In this section, we demonstrate the previous theoretical results by means of a numerical
simulation. Consider the monoaxial attitude stabilization of a rigid body with the inertia
tensor J = diag{1.0, 1.2, 0.8} in the equilibrium position (3). Denote the unit vectors of
the body-fixed frame Oxyz by ri1,ra, r3 and the direction cosines of the unit vector r in
the body-fixed frame Ozyz by 71,72,73. Let r be chosen as r = %rl + %1‘2 + %1‘3.

So, in the equilibrium position (3) the direction cosines v1,72,7s are equal to 1/+/3.
Assume that a positive definite homogeneous dissipative function W is defined by the
formula

W = g (wg/?’—&—ws/?’—i—wf/?’).

Here wy, wy, w, are components of the vector w. In this case v = 5/3, and the dissipative

T
torque is My = — (wi“, w;’j/S, wi/g) .

Choose the restoring torque as a linear function of s (u = 1). Such approach is
commonly used for satellite attitude stabilization, see [25, 29]. In particular, in [4], it
was applied to the problem of monoaxial satellite stabilization in the orbital frame. Let

h(t)

r=——7-8XT,

5V/3

where h(t) = (t +0.1)*, o = const < 0. We will consider two values of the parameter a:
1) a=-1/5and 2) a = —12/5.

In the first case, in accordance with Theorem 3.3, the equilibrium position (3) of
system (2), (4) is asymptotically stable with respect to all variables v1, vz, ¥3, W, Wy, W
(see Figs. 1 and 2).
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Figure 1: Angular velocity for « = —1/5. Figure 2: Direction cosines for « = —1/5.

In the second case, in accordance with Theorem 3.2, the equilibrium position is asymp-
totically stable with respect to wg,w,,w. (see Fig. 3). At the same time, Fig. 4 demon-
strates that there is no asymptotic stability with respect to 1,72, V3.

0.30% 0.7
0,254 //
0,20 0.64/
0,15‘ K
0,107 0,51
0,05 T
04— T
0 10 20 30 40 50 0 20 40 60 80 100
t t
— W ——W --® —_ Y —— Y -.-
X y z }/] }/2 }/3

Figure 3: Angular velocity for o = —12/5. Figure 4: Direction cosines for « = —12/5.

In both cases one and the same set of initial conditions was taken. The initial values of
“aircraft” angles ¢(0) = 0.8, ¢(0) = 1.0, #(0) = —0.6 result in the following initial values
of direction cosines: 71(0) = 0.5646424737, v2(0) = 0.5920595303, v3(0) = 0.5750168603.
The initial values of angular velocity projections are w;(0) = w,(0) = w,(0) = 0.3.

5 Conclusion

The method of differential inequalities is a powerful tool for the stability analysis of
nonlinear systems. In the present paper, the method is used for the investigation of the
problem of monoaxial attitude stabilization of a rigid body. The possibility of implement-
ing such a control system in which the restoring torque tends to zero as time increases is
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studied. The practical use of the investigation is connected with the challenge of propel-
lant economy in control systems. With the aid of the Lyapunov direct method and the
differential inequalities theory, stability conditions of an equilibrium position of the body
are derived. It should be noted that Theorem 3.1 provides conditions of stability with
respect to the angular velocity, in Theorem 3.2 conditions of the asymptotic stability
with respect to the angular velocity are given, whereas, under the conditions of Theorem
3.3, we can guarantee the asymptotic stability with respect to all variables.

An interesting direction for further research is the application of the proposed ap-
proaches to the problem of three-axial stabilization of a rigid body.
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Abstract: In this paper, we investigate the coupled KdV system of fractional order,
which describes a resonant interaction of two wave modes in shallow stratified liquid.
The Lie group analysis method is applied for this coupled system. Then the corre-
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1 Introduction

Fractional partial differential equations (FPDEs) are becoming increasingly popular due
to their practical applications in various fields of science and engineering, such as polymer
physics, viscoelasticity materials, control theory, signal processing, systems identification
and electrochemistry [1H5].

So it is necessary to obtain exact solutions or numerical solutions for FPDEs. During
last few decades several analytical numerical and semi-analytical methods have been used
for solving FPDEs [6L|7}/9%10}20].

Lie group analysis originally advocated by Sophus Lie has proven to be an efficient
approach for PDEs [8], with the increasing applications of FPDEs, principle procedure of
Lie group analysis was extended to FPDEs for finding the exact solution of the equation
[L1HL3].
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Jafari et al. [14,|15] applied Lie group method to solve the time-fractional Kaup-
Kupershmidt equation and time-fractional Boussinesq equation. In [18], Adem and
Khalique have applied Lie symmetry analysis for Korteweg-de Vries(KdV) system given
by

Ut + Ugpy — %uux — v, + %(uv)x =0,
(1)

UVt + Vppz — %uuz — %m}z + 2(uwv), = 0.

The result for time fractional KdV-type equation has been obtained by Hu et al. [16].
Chen and Jiang [17] have applied the methods to simplify successfully two classes of
FPDEs.

In this paper, we study Lie group method for solving the KdV system of fractional
order

Dgu 4 tggy — Zuuw — v, + %(uv)w =0,
(2)

Do + vggy — Sty — %m}x +2(wv), =0,

1
where @ (0 < a < 1) is a parameter describing the order of the fractional derivative,
when o = 1, the KdV system (2) becomes the KdV system (I]).

The paper is organized as follows. In Section 2, we present the analysis of the Lie
symmetry group of FPDEs system. We obtain the Lie point symmetries of fractional
KdV system in Section 3. Then, in Section 4, we obtain invariant solutions and reduced
equations of this system. Finally, conclusions are given in Section 5.

2 Preliminaries

We give some basic definitions and properties of the fractional Lie group method for
finding infinitesimal function of the PDE system of fractional order.

Definition 2.1 The Riemann-Liouville fractional derivative of order « [2,/19], is de-
fined by

O"u(z,t) .

D¢ u(z,t) % u(a, t) o nel

u(xr,t) = —————= =

' ote T TCE S T R
I'(n—a) dt™ JO (t—7)otl-n Ton @ n.

For fractional PDE system with two independent variables we have

o t

%:F(x,tu,v,u(l)m(l),--~), 0<ac<l,
0% (x,t

% - G(xatauavau(l)av(l)a"')'

According to Lie’s algorithm, the infinitesimal generator of the symmetry group admitted
by is given by
0 0 0 0
X = &%(a,t, u,v)% + ft(x,t,u,v)a + n*(x,t,u, v)% + n”(m,t,uw)%, (3)

in which £%,£% n%,nY are infinitesimal functions of the group variables.
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Since the KdV system of fractional order has at most a-order derivatives, the a-
prolongation of the generator should be considered in the form

+n"(z,t,u v)g—l— Y(z,t,u v)2
77 Y ? 77 » Y ) 8/1_}

X = €0, 1,,0) o+ (0,1, 0,0) -
u

Ox ot

1 ) . P
+771( Ju (m,t,u,vyua),v(i))af—i—m( v (x,t,u,v,u(i),v(i))£+...
k 0
I (0, ) v Uk, V(k)) g
11,7 5k
(k)v 0
703y ey (01U, 0,01y, V(1) UGy V) o
L1552k
a)u v a
+77t( ) (z,t,u,v, - y U(a)s * -) +77t( ) (x,t,u,v, - ’U(a)’...) . @)

ouf
where
1" = D3 ") + €Dy (us) = D3y (€ ua) + DSy (Dre(€')w) = DT (E'w) + €D,
0" = Dg,(n") + €7 D3, (v,) — DS,(670,) + Dy (Dar(€1)0) — DT (€0v) + €' Dyt o

Dy; and Dy, are the total derivative operators defined as

Dy = 6+Uta+uxt 0 +Utta + Ugat 7— 9 + -
ot ou Ou, Ouy Ougy ’

Dy = a+Uta+7}zt 0 +Utta + Uzt — 9 + -
ot ov v, Ove OVypy

Definition 2.2 A vector X given by is said to be Lie point symmetry vector field
for system , if

7 5
x (@) [Df‘u + Uppr — Zuu"L — VU, + E(uv)l} =0,

7
700 + 2(uv)x} =0.

— Uy, —

X (@) [D?U + Vi — 1

3 Lie Symmetry for Coupled KdV System of Fractional Order

In this section, we investigate the infinitesimal generator of the KdV system of fractional
order .

Theorem 3.1 Lie symmetries of (@ are

1. Ifa# %, %, then we have:
&z, t,u,v) = ¢ + cau, & (z,t,u,v) = 3cat,
n"(z,t, u,v) = —2ca0u, n’(z,t,u,v) = —2coaw,

where ¢1 and co are two arbitrary constants. Hence, the infinitesimal generators
are given by
0 0 0 0 0

X = = Xpp—a 3t dau— — 2av—.
1 2= arg 3te = 2augh = 20
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2. If a= %, then we have:
fw(x,t,u,v) =C1 — C2, ft(w,t,um) = _662t7
n*(z,t,u,v) = 2co0u, n'(z,t,u,v) = 2coqu,
where c¢1 and cy are two arbitrary constants. Hence

0 0 0 0 0
Xy = e Xpo = —x% — 6t§ + Qau% + Qav%.

3 Ifa= %, then we have:
fx(x,t,u,v) =C +82l', ft(l‘vtau7v) :962ta
n"(z,t,u,v) = —2co0u, n'(x,t,u,v) = —2c200,

where ¢1 and co are two arbitrary constants. Hence

P a0 P P
Xo=2 x,-22 10l ol _oan
1= o 2=y, TG T 2aug, —2avgs

Proof. Let us consider a one parameter Lie group of infinitesimal transformation in
x,t,u,v given by
T — x4+ (2, t,u,v), t—t+ ez, t,u,v),
u— u+en*(z,t,u,v), v—v+en’(z,t u,v), (5)

with a small parameter € < 1, and the symmetry group of KdV system will be generated
by the vector field 7 now we find the coefficient functions £7, £, n%, n? in .
By applying the X (%) to both sides of , we have

7 5
X (@) {Dtau + Uppr — Zuuz — VU, + Z(uv)m} =0,

5 7
X (@) [Dtav 4+ Vpgy — — Uy — — VU5 + 2(uv)m} =0. (6)

4 4

Expanding @, and solving the obtained system using a mathematical software, we obtain
the Lie point symmetries.

1. If a # %7 %7 then we have:

fz(x,t,u,v) =c+ T, gt(xat7uvv) = 302t7

n"(z,t,u,v) = —2co0u, n’(z,t,u,v) = —2coa.

Hence, the infinitesimal generators are given by

X1 = %, Xy = ax% + 3t% — QO[U% — QOZ’U%.
2. If @ = 3, then
&z, t,u,v) = 1 — cox, &' (2, t,u,v) = —6cat,
n*(z,t,u,v) = 2co0uu, n'(x,t,u,v) = 2coaw.
Therefore
Xp1 = (,%, Xpo = —x% — Gt% + Qau(,% + 2041)(,%.
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3. Ifa= %, then

fI(I,t,u,’U) =c1+ Co, §t(x,t,u,v) = 9C2t7

n"(z,t,u,v) = —2cou, nY(z, t,u,v) = —2coaw.
Therefore
0 0 0 0 0
Xy =2 Xy= tZ _20u-2 — 200~
' O 2 = gy TGy~ 2aug, TRy,

4 Symmetry Reduction

In the previous section, we obtained the infinitesimal generators X;; (i = a,b,¢,j = 1,2).
Here we want to obtain similarity variables and their reduction equations. Then by using
these variables the system transforms into a system of fractional ODE.

One has to solve the associated Lagrange equations

dx dt du dv

& (z,tu,v) iz tu,v)  ne(z,tu,v) (Tt u,v)
We consider the following cases.
e Case 1: 0<oz<1,a7é%,%,Xa1:8%.
In this case the symmetry X,; gives rise to the group-invariant solution:
r=t, u=F(r), v=G(r), (7)

substituting (7)) into (2)) results in the fact that F'(r) and G(r) satisfy the following
differential equations:

dF (1) dG(t)

=0 =0
dt ’ dte ’
by using Laplace transformation we get
k k
F(t) = ——t*! G(t) = ——t*!
0= prayt™ " GO =gt
where k is a constant, therefore
k k
u(z,t) = ——t*7! v(x,t) = ——t*7 1

@) ()

e Case2: 0<a<l,a# %,% ,XQQZO{J)%—FSt%—QOéU%—QOéU%.
In this case, the group-invariant solution is:
r=tre, u=F(r)z—2% v=G(r)z"?, (8)
substituting into leads to the following fractional ODE system:
DOF + kyF(r) + korF'(r) + ksr®F" (1) 4 kar® FO) (r) + ks F2(r)
+ker F(r)F'(r) + k:G?(r) + kgrG(r )G’( )+ ko F(r)G(r)
+k10rF’§r)G( )+ k:urF( )G (r) = /
DG + kyG(r) + kyrG' (1) + k3r2G”( ) + k4r3G D(r) + kg F2(r)
+hgrF(r)F'(r) + kG2 (r) + kgrG(r )G’( ) + ko F(r)G(r)
+horF (r)G(r) + ky rF ()G (r) =

where k; = h;() and k; = g;(a), (i =1,2,--- ,11) are constants.
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e Case 3:a=1% ng——xa —6t8—|—2u6 +2v8
For this case the group-invariant solution is:

r=tx ", u=F(r)z?, v=G(r)z2 (9)

Again by substituting @D into , we have:

D F — 24F(r) — 696rF'(r) — 405r2F" (r) — 216r3F3(r) + 2 F?(r)
1?5 rE(r)F'(r) + 2G?(r) + 6rG(r)G'(r) — 5F(r)G(r)

——TF’( )G(r) — L;TF(T)GI(T) =0

D2 G — 24G(r) — 696rG’(r) — 405r2G" (r) — 216r3G3(r) + SF2(r)

+5rF(r)F' (r) + §G2(r) + 5rG(r)G' (r) — 8F(r)G(r)

—12rF’( )G(r) — 12rF(r)G'(r) = 0.

o Aoy — 1 _ .0 ) ) o)
o Case bia = 3, Xpo = w55, + 95 — 2ugz, — 2vg,.
In this case, the group-invariant solution is:

r =tz ?, u=F(r)z2 v=_G(r)z"?, (10)

substituting into ([2)) results in the fact that F'(r) and G(r) satisfy the following
fractional ODE system

DiF - 24F (r) — 1692.09rF' (r) — 2430r2F" (r) — 729r3F3(r) + I F%(r)
iérFE g Er; +2G2%(r) + 9rG(r)G'(r) — 5F(r)G(r) — %TF’(T)G(T)
D3 — 24G(r) — 1692 ong’( ) — 2430r2G" (r) — 729r3G3(r) + 2F%(r)

rF(r)F'(r) + §G*(r) + $rG(r)G' (r) — 8F(r)G(r)
7187"F’( )G(r) — 18rF(r )G’( )=0

Note. For a = 1, the Lie point symmetries provide is similar results to those obtained
by Adem and Khalique in [18].

5 Conclusion

In this paper, we carry out the Lie symmetry group analysis for a fractional PDE system.
First, we apply Lie symmetries method for the KdV system of fractional order , and
get its infinitesimal generators. Then, we use similarity variables to obtain reduction
equations. Finally, we have shown that the KdV system of fractional order can be
transformed into a fractional ODE system.
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and boundedness results in the literature.
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1 Introduction

In recent years much attention has been drawn to the stability and boundedness of
solutions of ordinary scalar and vector nonlinear differential equations of third order. See
Afuwape [1,12],0Omeike [9,/10] Ezeilo [4,/5], Remili [11H14] and the references cited therein
for a comprehensive treatment of the subject. Lyapunov’s second (direct) method has
been used as a basic tool to verify the results established in these works.

In 2009, Tung [17] proved two results, for the cases P = 0 and P # 0, respectively,
on the stability and boundedness of solutions to the vector differential equations of third
order

X" () + U(X'()X"(t)+ BX'(t) + X (t) = P(t). (1)
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Recently, in 2014, for the same cases, Omeike [9] discussed the global asymptotic stability
and boundedness of solutions to nonlinear vector differential equations of third order

X))+ W( X' () X" (t) + (X ()X (t) + cX(t) = P(t). (2)

The purpose of this paper is to study the uniform asymptotic stability, bounded-
ness and square integrability of solutions of the third order nonlinear vector differential
equations of the form

QX)X ()" + (X' (1) X"(t) + G(X (1) X'(t) + X (t) = P(1), 3)

where X € R™", t € R and c is a positive constant, ¥ and G are n X n—symetric
and differentiable matrix functions; €2 is an n x n—symetric differentiable and inversible
matrix function. P : R — R™ is a continuous function with respect to t. Let

0 = Q(X(0) = & (i (X(0),and G = G(X(0) = (95 (XW) (5 =1,2,..m),

where 1; (X (t)) and g; ;(X (t)) are the components of Q(X) and G(X) respectively. On
the other hand X (¢), Y (¢), Z(¢), Q(X(t))), G(X(t))) and ¥(X'(t))) are, respectively,
abbreviated as X,Y, Z, Q, G and ¥ throughout the paper. Additionally, the symbol
(X,Y) corresponding to any pair X and Y in R™ stands for the usual scalar product

> x4, that is, (X, Y) = > 2;y;, Thus (X, X) = HX||2
i=1 i=1

Let us, for convenience, replace by the equivalent differential system

X' =Q(X)Y,
Y = Z, (4)
7' = —WQHX)Z — WY — GQY(X)Y — X + P(t),

which was obtained by setting

X = Q'X)y,
X" = Y +Q1(X)Z,
where
0(t) = (Q71(X)) = - 1(X)Q (X))~ (X). (5)

This paper is organized as follows: in Section 2, we will recall briefly some basic
definitions and preliminary facts which will be used throughout the following sections.
In Section 3 we give stability results. In Section 4 boundedness of solutions is discussed.
Finally, in Section 5 sufficient conditions for the square integrability of solutions are
given.

2 Preliminaries

In order to reach our main results, we dispose some well-known algebraic results which
will be required in the proofs.

Lemma 2.1 [4] Let D be a real symmetric positive definite n x n matriz. Then for
any X in R™, we have

dq || X |P< (DX, X) < Aq || X |I?,

where 64, Ay are the least and the greatest eigenvalues of D, respectively.
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Lemma 2.2 [} Let Q, D be any two real n X n commuting matrices. Then

(i) The eigenvalues \; (QD) (i =1,2...,n) of the product matriz QD are all real and
satisfy

i Q)AL (D) S A (@D) < max X, (Q)A(D).

(ii) The eigenvalues \; (Q + D) (i = 1,2...,n) of the sum of matriz Q and D are all real
and satisfy

1r§nj1£n)\j Q)+ 1glklgn/\k (D) <X (Q+ D)< 1§1Ja§nAj Q)+ 1211]3?”)% (D).

Lemma 2.3 [{] Let H be a continuous matriz function with H(0) = 0. Then

dX

d
i

%/o o(H(0X)X, X)do = (H(X),

Lemma 2.4 Let H(X) be a continuous vector function with H(0) = 0. Then
1
S XIS [ (0X) X)do < 8 X P
0

where 0y, Ap, are the least and the greatest eigenvalues of Jn(X) (Jacobian matriz of H ),
respectively.

Definition 2.1 We define the spectral radius p (A) of a matrix A by
p(A) =max{|\|: X\ is the eigenvalue of A}.

Lemma 2.5 For any A € R™™"™ we have the norm ||A|| = /p(ATA). If A is
symmetric, then ||A| = p(4).

We shall note all the equivalent norms by the same notation || X|| for X € R™ and
|A]| for a matrix A € R™*"™.

In the sequel we will assume :
H,) There are positive constants wo, w1, ag, a1, by, by such that the following conditions

are satisfied
bo < X(G) < b1, ap < N(T) <ar, wo < Ni(Q) <ws.

Hy) The n x n differentiable matrices 2, Q~1, ¥ and G are symmetric, associative and
commute pairwise.

3 Stability

Our study of (3]) here is concerned primarily with the problems of the stability for the case
P(t) = 0. For the ease of exposition throughout this paper we will adopt the following
notation :

o(t) =l (X () + G (X)) || (6)
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Theorem 3.1 In addition to the fundamental assumptions imposed on Q, ¥ and G,
we suppose there exist positive constants B and dy such that

Then every solution of satisfies

lim X (¢t) = lim Y (¢) = lim Z(¢t) =

t—o0 t—o0 t—o0

Proof. To prove this theorem, we define a Lyapunov functional W = W(t, X, Y, Z)

as
W = Vexp(—pu(t)), (7)
where .
1
= 8/0 d(s)ds
vV = %<CX,CX>+ %Bbo <Y,GQ_1Y>+B%O(Z,Z>+<CQ_1Y,Z>
1
+B(cX, by Y>+/ o{c¥(eQ'Y)QY, Q7Y )do, (8)
0

d is some positive constant which will be specified later. It is clear by that
W(t,0,0,0) = 0. Note that wy < X;(Q2) < wy implies that - < \;(Q71) < w% Hence by
(H1), Lemma[2.1] and Lemma 2.2] we have

1
c/ (e Y)QY, QY )do > ;‘Lgny”?
0 wy
and )
1 8b
= Y.GO Y)Y > 20 1y 2.
50 (¥.GO7'Y) = 72 | Y |
Hence
V2 S X P 48X b0 + 82 | Z |+ 1Y 2 + (BB ) e,
- 2 2w1 2w

Thus, we clearly have

BQ b2

2
1
5 | X |7 +8(cX,bpY) = §HCX + BboY ||* — | Y |I?
and
ﬁbo 2 -1 ﬂbO 0-1ly2 62 -1 -1
Z QO Y, Z) = Z YI© - QY. QY
122 He v, 2) = 50 +ﬁb I? - g5 (@Y. 07Y)
51’0 0-1ly2 62 2
> Z 4+ — YI© —
e A
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Combining the preceding estimates, we find
b c
oz Sy Al |

1
> || eX Y ||
V> 3 | cX 4 BboY [|” + Bby

where
_ % cag (%3 c?

2wy 2w} 2 2Bwby

Condition (i) implies

B agby — ¢ 1 B c
g T~ %) 2 5

2,81)00)1 2LLJ1 2 2,8b0w1
It is evident, from the terms included in the last inequality, that there exists a sufficiently
small positive constant kg such that

A= (5 a()b()—C)>0.

Vk(IXIP+IY 1P+ Z12). (9)
Finally, by condition (ii) and (7)) we get
W= Ko([ X2+ Y2+ 2] (10)
1
where Ky = ko exp(—go).

Now, we show that W is negative definite function.
First, by Lemma from the integral term in we have the following derivative

d 1
o / o (eQ Y)Y, Q7Y )do = c(¥QTY, 0Y + Q71 7).
0

Hence, the time derivative of functional V along the system leads to
V =+ + V5,
where
Vi Bebo (YY) — e (Y,GQ7?Y),
Vo = ¢(Q7'2,Z) — Bbo(Z, 901 Z),

1 1
Vs = c{0Y,Z)— Bbo(Z, VoY) + iﬁbo (Y,GOY) + §5b0 (Y,G'Q 'Y).
By virtue of (H;), Lemma [2.1] and Lemma [2.2] it follows

Vi = (Y,(Bebol —cGQHQY) < —@(i -B) Y |3
Wo w1
1 1 2
Vo = (Z,(cI = pbo¥)'Z) < _Jo(ﬁaobo -l Z]*".
Finally, by (5), Lemma 2.5 and the inequality 2 | UV ||<|[ U || + || V ||> we get
_ _ 1
6@ | = 17X X)QH(X) [I< o GO (11)
0
1 1
Vs = ¢ <9K Z> — 5b0<Z, \I’9Y> + 561)0 <Y, G9Y> + iﬁbo <K G/Q_1Y>
1 & ﬂboal 1 / 1 !
Lug (2]410 + 2ko + 2k05b0b1> H f ” +2k0ﬁb0 ” G H ]V

A

K15(t)V,



34 D. BELDJERD AND M. REMILI

1 b
where K| = max 72(0 + Bboai + 6b0b1); ﬁ . Hence, we conclude that
2k0w0 Qko
Vg <-M | Z P =N | Y|P + Ki6(t)V. (12)

Clearly, from condition (i) of Theorem [3.1] we have

1
N:@(——ﬁ) >0 and M =

1
f(,Baon — C) > 0.
wo Wi wo

Now, from @ and we obtain

W = |V~ 07| exuo)

IN

=M Z PN Y240 = 60V exp-uto)

1
Choosing K7 — 7= 0, the last inequality becomes
W <-CUZIP+1Y ], (13)

where C' = exp(—2%)min {M, N}. In view of and , it follows that the
solution (X (t),Y (t), Z(t)) of (4) is uniformly stable.
Now E = {(X,Y,Z2) : W(X,Y,Z) =0} = {(X,0,0) : X € R"} and the largest
invariant set contained in E is F' = {(0,0,0)}. By LaSalle’s invariance principe
tli)rgoX(t) - tlg(r)loY(t) - tliglo () =0.

This fact completes the proof of Theorem [3:1}

4 Boundedness

Our main theorem in this section is stated with respect to P(t) # 0 as follows :

Theorem 4.1 Assume that all the conditions of Theorem[3.1] are satisfied and there
exist positive constants di and Dy such that :
L) [ P@) [<A(E) <di,

L) [y Ms)ds < Dy,

I3) lim || Q(X(t)) ] emzists.

t—o00

Then there exists a positive constant Dy such that any solution X (t) of @ and their
deriatives X'(t), and X" (t) satisfy

I X(t) 1< Ds, || X'(t) I< Ds, || X"(t) [|< Ds. (14)
Proof. For the case P(t) # 0, on differentiating along the system we obtain
—J + Ki0(t)V +c(Q7Y, P(t)) + (BboZ, P(t))
—T+ KOV MG (17 Y 1 +8%0 [ Z]]).

e
=h
A

N



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 18 (1) (2018) 41 35

Using Lemma [2.5] we get

Vi < —J+ KoV + IO Y [T+ [ Z ),

where Ky = max{c,ﬁbo} and J=M || Z|>?+N | Y |?.
wo
Now, the inequalities | Y || < [| YV [|*4+1land || Z || < | Z ||> +1 lead to
Vg < —J + K80V + K01 Y 2+ Z |12 +2). (15)

From we have

W = [V’ — ;6(t)V] exp(—u(t)). (16)

1
Since K — p =0, it follows that
Wa < [FJ+HEXOY P+ Z |* +2)] exp(—pu(?)).
In view of and (7 the above estimates imply that

K.
W <-CUYIP+1 2]+ fZ/\(t) W+ K3A(1), (17)

with K3 = 2K5,. Integrating both sides from 0 to ¢, one can easily obtain
t KQ t
W(t) —W(0) < Kg/ A(s)ds + 7/ W(s)A(s)ds.
0 Ko Jo

Let
Dy =W (0) + K3D;s. (18)

Thus .
W(t) < Dy + &/ W {(s)A(s)ds.
Ko Jo

By the Gronwall inequality it follows

W (t) < Dy exp (% /Ot )\(s)ds) < Ds, (19)

where D3 = Dsexp (%Dl). This result implies that there exists a constant D, such

that
| X(¢) |< Da, [|Y(¢) [|< Da, || Z(t) ||< Da.

From we have

X' = e 'ye|
< QY@ |
Dy
S P

UJO.
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Since lim || Q'(X(¢)) || exists, we have
t—o0
1(X(1) 1< a, (20)
for some positive constant g;. So, from we get

16(t) ||< j— (21)

Hence

X" | oY (1) +Q7'Z(t) ||

< oyl + 1~z |
< (% + i)D4~
Wy wWo

Therefore, there exists a positive constant Dy such that

I X(@) < Ds, | X'(t) [I< Ds, || X"(¢) < Ds, (22)

1
for all ¢ > 0, where D5 = max{(q—l2 + —)D4, D4}. This completes the proof of
Wy wo
Theorem [£.11

5 Square Integrability
Our next result concerns the square integrability of solutions of equation .
Theorem 5.1 In addition to the assumptions of Theorem[{.1, we assume that

ar + by
2

Then all the solutions of (@ and their derivatives are elements of L?[0,+00).

I4) C—(

) > 0.

Proof. Define H(t) as
H(t) = W(t) +€/0 (I Z(s) 1P + 1Y (s) |1*)ds, (23)

where € > 0 is a constant to be specified later. By differentiating H(t) and using we

obtain
H'(t) < (e = )1 2@) P + | Y () |12) + (KW + Kz ) A).

If we choose € — C < 0, then from we get
H'(t) < Kg\(2), (24)

where Ky = KoD3 + K3. Integrating from 0 to t, t > 0, and using condition (I2)
of Theorem ] we obtain

H(t) — H(0) = /0 t H'(s)ds < K,D,.
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Using and equality H(0) = W(0) we get
H(t) < K4Dy + Dy — K3Ds.
We can conclude by that

K4D1 + Dy — K3Dy
e ?

t
/0 (I Z(s) 112+ 1Y (s) [I*)ds <
which implies the existence of positive constants o1 and o5 such that
t t
/ | Z(s) |2 ds < o and / 1Y (s) |12 ds < 0.
0 0

From we have
t
/ | X/(s) |2 ds = / | Q1Y (s) | ds
0

/ 1|2 11 Y (s) I ds
< g =B (25)

IN

Also

[ (o +a= 2612 )as

/0 (IO 17+ [Hos) 11117 1) 1Y (s) II* ds

/ | X" (s) | ds

IN

t
+/0 (I P+ 10Gs) Q") I Z(s) |? ds.
From and we have

¢
[ o e 1) 1ve s < (% L) [ve) e
0 0 0
Q1 q1
<
- wg(wg—i_wo)oh
and
¢
/ (I P+1o6) I 1)1 2(s) IPds < / 1Y (s) |I” ds
0 wo UJO
1
< -
- wo(wo wg)
It follows
1 1 1 q1
X' (s)|Pds < L (84— (= + BYgy =5, 26
[ixoras @ Do Ll Byn —n )
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Next, multiplying by X (t), we obtain
((Q(X)X")", X )+ (B(X)X", X) + (GX)X, X) + e | X |P= (X, P@).  (27)
Integrating from 0 to t we have
c/o | X(s) |I* ds = Ly () + La(t) + Ls(t), (28)
where
L) = _/0 (X)X ()" X (s) ) ds
L) = = [ {(MOX@)X"6) + GXE)X(). X(0)) ds.

~
@
—

~
=

/0 (X (s), P(s))ds.

Integrating by parts and using and , we obtain

L) = —(@X'(0).X(0) ~ (X", X()
HOX'0.X0) - [ X6 X6 s
< 1= (@X(0, X)) ~ X0, XE) + X1, X' ()
+0%wx I+ 11 X" (s) |) ds
< (X0, X) — QX0 X(0) + (X' (0, X'(0) | +5 (51 + 5.

In view of and we get
= (X7 (8), X (£)) — (QX"(), X (£)) + (QX"(£), X'(£))] < DZ(q1 + 21).

for all ¢ > 0. Consequently, there exists a constant I; such that L (t) <y, with
Iy = D2(q1 + 2wy) + “-(B1 + B2). Similarly we have

Ly(t) = —/0 ((TX"(s) — GX'(s)),X(s))ds

IN

L O @ i+ 16 xe ) 1 xe | d

IN

L@ 1) s+ [ 161X X6 s
0 0
T [ 1xr a5 [ e [0 P s

a b ar+0b ¢
Do+ 2o (U [IXE) P as
0

IN

IN
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Next

Ly(t) < /0 1 X(s) 11 P(s) |l ds

IN

¢
D5/ A(s)ds
0
< D1Ds.
By and condition (1) of the Theorem [5.1| we obtain

(o= () [ X 1P as <k

N

b
where K =1[; + %52 + 5151 + D1 Ds. This fact completes the proof of theorem.

Example 5.1 As a special case consider the following equation

QX)X ()" + V(X)X (t)+ G(X)X'(t) + X (t) = P(t), (29)
where
sinz 9 0 9+ 1> 1
— 1422 — 1+y?
o) = (P07 gemea ) 0= (U a )
1 sint
o) - (TR0 o= (L -t
0 2 cost

Clearly, ¥ (Y),G(X) and Q(X) are symmetric matrices and commute pairwise. Then,
by an easy calculation, we obtain eigenvalues of the matrices ¥ (Y),G(X) and Q(X) as
follows:

woy = 1 S )\1 (Q(X)) S 22 = Wi,
apg = 8 S >\i (\IJ(Y)) S 11 = ai,
o = 2<\(G(X)) < % — b,

for i € {1,2}. For ¢ € [0,+00) a straightforward calculation gives

t t .
2xsinx
Q(X(s)) || du = / cosT 2'(s)| ds
JRELEN |~ o
bl —siny 2ycosy \ ,
+ — s)|ds
/0 (1+y2 (1+y2)2)y()
< /62(t) ( COS U 2u sinu ) d
< - u
o | 1Tu* (14+u?)

—sinwv 2v cos v
1+ 02 (1—}—1}2)2

“+o0
o/

p2(t)

+ / (
e1(t)

“+o0
</

= (7T+2)a

14+ u?+2u
(1+u2)”

1+u?+2u
(1+u2)?

du)
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where
01(t) = min{z(0), z(t)}, 02(t) = max{z(0), z(t)},
pi(t) = min{y(0),y(®)},  a(t) = max{y(0), y(t)}.
Similarly
Feo teo 9y 2
G'(X(s ds:/ — | du= .
| e = [ | o=
Now, we have
.92 2
sin” ¢ cos*t 1 2
P) ||= + = < =At) <2=d;.
IPOI=Vi e T ive ~1ve 12 M !
So,
t t 2 +oo 2
A(s) || ds = ds < ——ds=m=D;.
Ty G Sy
By taking 8 = 0.44, it follows easily that
7 c 1
04375 = — = — < f < — = 0.45455.
16 aobo w1
We have also b )
ay 1
c— ==->0.
2 3
Thus, all the conditions of Theorem are satisfied.
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Abstract: The great difficulty facing the optimization algorithms is the easiness of
trapping into local optima. Many researchers have benefited from the good character-
istics of chaotic mappings to overcome this difficulty, but for some complex functions
the problem persists. In this paper, we attempt to avoid this problem by proposing
a new chaos optimization technique based on partition of data set in global research
step. The numerical results show that the proposed algorithm provides the best
results as compared to other ones.
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map.
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1 Introduction

Chaos theory has been successfully developed since its early years through wide ap-
plications in other sciences such as physics, mechanics, electronics, biology, economy,
astronomy, meteorology, optimization, secure communication, ... etc [1H7]. As far as
optimization problems of some usual functions that are continuously differentiable are
concerned, some traditional optimization algorithms such as the Newton method, the
gradient method and the Hessians method [8,/9] can get their global optimal points
with the advantage of speed convergence and high precision. However, these traditional
optimization algorithms will easily trap into local optimum when solving optimization
problems of some multi-modal functions.
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This is due to the several important dynamical characteristics of chaos, namely: the
sensitive dependence on initial conditions, ergodicity, pseudo-randomness, and strange
attractor with self-similar fractal pattern. Many researchers use the chaotic mappings in
the optimization algorithm in order to avoid falling into local optimum [10}/11].

Recently, researchers have focused on developing the hybrid algorithms by combin-
ing heuristic algorithms with chaos searching technique to solve non linear system of
equations and optimization problems such as chaotic Monte Carlo optimization, chaotic
BFGS, chaotic particle swarm optimization, chaotic genetic algorithms, chaotic harmony
search algorithm, chaotic simulated annealing, gradient based methods and so on |[12H14].

Among those who tried to find a solution to the problem of trapping in local minima
are L.S. Coelho in [15] and T. Hamaizia et al in [16]. They have resolved this problem for
a large range of objective functions but for some complex functions the problem persists
as we will explain later. In this paper, we recall the algorithm proposed by T. Hamaizia
et al in [16] and we propose some modifications in order to improve it. The chaotic
variables are generated by using the Lozi map [17] defined by the function L as follows:

G-l

It is a 2—d invertible iterated map that gives a chaotic attractor called the Lozi attractor
which is obtained for ¢ = 1.4 and b = 0.3 as shown in Figure[l| (a). Numerical computa-
tion of the density p(s) of iterated values x(k) is displayed in Figure[l|(b). In this figure,
the iterated values x(k) are normalized in the range [0, 1] i.e. fol p(x)dz =1 and we no-
tice that the highest value of p(x) is approximately 1.8 when z is in the neighbourhood
of 0.6.

8w 8

2.5

-2.4 x 2.5

(a) (b)

Figure 1: (a) Chaotic attractor of Lozi map and its attractive basin obtained for a = 1.7 and
b=0.5. (b) Density of z(k) in over the interval [0, 1] splitted into 100 boxes for 10,000, 000
iterated values.

2 The ICOLM Algorithm

In [16] T. Hamaizia and R. Lozi have used a sampling mechanism to coordinate the
research methods based on chaos theory, and they refined the final solution using a
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second method of local search. The obtained results show that the ICOLM algorithm
is fast and converges to a good optimum compared with the COLM algorithm. But for
some complex functions the problem persists. In order to avoid this problem, we will give
some modifications of this method so that to improve it. We can describe this algorithm
as follows:

Firstly, we choose a map and adopt it to have a chaotic behavior in order to use it to
generate several sequences of points by using different initial conditions.

Secondly, every sequence {y(i),i = 1,2,...,n} is normalized in the range [0,1] as
follows: @

, y(i) — «
(i) = L=

for all i = 1,2,...n, where o = min{(y(¢),7 > 1}, 8 = max{(y(¢),i > 1}. The rest are:

Algorithm 2.1 Inputs:

M,: max number of iterations of chaotic global search.
Mgli: max number of iterations of first chaotic local search in global search.
M gly: max number of iterations of second chaotic local search in global search.
M;: max number of iterations of chaotic local search.
Mt = My(Mgly + Mgls) + M;: stopping criterion of chaotic optimization method in
iterations.
Agi1: step size in first global-local search.
Agi2: step size in second global-local search.
A: step size in chaotic local search.

Outputs:
: best solution from current run of chaotic search.
: best objective function (minimization problem).

Step 1: Initialization of the numbers My, Mgli, Mgls, M; of steps of chaotic search
and initialization of parameters Ag1, Agi1, A and initial conditions. Set k = 1, y1(1),
y2(1), a = 1.7 and b = 0.3. Set the initial best objective function f = +oo.

-Step 2: Algorithm of chaotic global search:
while k£ < M, do
a:l(k) = Li + Zz(k‘)(Ul - Li), 1= 1, 2, e n
if f(z(k)) < f, then
7= a(k), [ = fla(k))
end if
-Step 2-1: Sub algorithm of first chaotic global-local search:
while j < Mg, do
fort:=1ton do
if » < 0.5 then (where r is a uniformly distributed random variable with range
0.1])
zi(J) = T + Agunzi(7) (Ui — ;)
else
2i(j) = i = Agnnzi(j) (i — Li)
end if
end for

~ BI
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j=j+1
end while
- Step 2-2: Sub algorithm of second chaotic global-local search:
while s < My do
fori=1tondo
if » < 0.5 then
ZZ?,(S) = CC_Z' + /\91221(8)((]@ — ZC_Z)
else
{EZ(S) =T; — )\ngZi(S)(.’E_Z' — Lz)
end if
end for
if f(z(s)) < f, then
= a(s), [ = f(x(s))

s=s+1
end while
k=k+1
end while
- Step 3: Algorithm of chaotic local search:
while k£ < M, do
for i =1ton do
if » < 0.5 then
zi(k) = &; + Mz (k) (U; — ;)
else
end if
end for
if f(z(k)) < f, then
&= k), f = f(a(k))
end if
k=k+1
end while.

Although this method was developed to find a solution to trapping into local opti-
mization when solving optimization problems of some multi-modal functions, the success
was partial because if the objective function is not smooth, this method will easily trap
into local minima as we are going to clarify. If in step k£ in global search the optimal
solution of our problem is f(x*), then all the points z(s),s > k in the red part of Figure
will be ignored during the search; but it is possible that the global minima will be in
the neighbourhood of one point of the red part. To solve this problem we suggest to
divide the number of iterations in global search into packs and at the beginning of each
pack we set the best objective function f = +oo.

On the other hand, due to the non-repetition of chaos, the chaotic research can carry
out overall searches at higher speed than stochastic ergodic searches that depend on
probabilities. Motivated by this idea, we will replace the step of local search (random
step) by a chaotic local search as we will explain later. This is why we will call this new
method Pure Chaotic Optimization Algorithm (PCOA).
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Figure 2: Example of the trapping into local minima.

3 Pure Chaotic Optimization Algorithm

As mentioned in the previous section, the fundamental changes that will be undertaken
on the ICOLM are:

At first, we divide the data set that will be used in global search into packs and at
the beginning of each pack we set the best objective function f = +oo in order to go out
of the local minima.

The second change is in the global local search and local search where we use chaotic
search instead of random search. To apply the global local search, we use a linear
transformation to project the points of chaotic sequences in the neighbourhood of the
point of global search and the same idea will be used in the local search. In the following
we give an example to illustrate this idea.

Example 3.1 In order to facilitate the process suppose that the search domain is
[[,u4] = [0, 1] and we need to do a local search in the neighbourhood of the point z* = 0.5
(i.e. the interval of local search is [z* — A, z* 4+ A, but if * — A <[ (resp z* + A > u),
the interval of local search is [I,2* 4+ A] (resp [2* — X\, u])). To project all the points in
the neighbourhood of the point z* = 0.5 we use the following linear transformation:

2
u—1

T(x) = x+ (2% = N).

Figure [3| (a) shows the plot of transformation T where we see that all the points of the
interval [I,u] are transformed into the interval [z* — A, z* + A] (A = 0.01) and Figure
(b) shows the probability density function of T'(L).

In the following we are going to describe the pure chaotic optimization algorithm.

Algorithm 3.1 Inputs:
N: max number of iterations of chaotic global search.
Np: max number of packets of global search.
Mygy: max number of iterations of chaotic global search for any packets.
Mg;: max number of iterations of chaotic local search in global search.
M;: max number of iterations of chaotic local search.
Mt = N,(MgMg + M;): stopping criterion of chaotic optimization method in iterations.
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Figure 3: (a) Transformation T'. (b) Probability density function of T'(L1).

Agi: the width of the interval in chaotic local search in global search.
A: the width of the interval in chaotic local search.
Outputs:
: best solution from current run of chaotic search.
: best objective function (minimization problem).

~ BI
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Step 1: Initialization of the numbers Mg, My, M; of steps of chaotic search and
initialization of parameters Ay, A and initial conditions. The Lozi map is adopted to
have a chaotic behavior in order to use it for generating several sequences of points by
using different initial conditions (the number of sequences is equal to dimension of the
objective function) after every sequence {y(#),7 = 1,2,...n} is normalized in the range

[0, 1] as follows:
(i) = y(ﬁi)_—aoz

for all i = 1,2, ...n, where a = min{(y(i),7 > 1}, 8 = maz{(y(7),i > 1}.
-Step 2-1: Algorithm of chaotic global search:

fort=1:N, -

Set the initial best objective function f(¢) = +oc.

while k£ < M, do

if f(z(k)) < f, then

z=a(k), f = f(z(k))
- Step 2-2: Sub algorithm of chaotic global-local search:

Transform the points generated by Lozi map in the neighbourhood of the point Z and

we begin the search
while j < M, do

if f(2(j)) < f, then
#=2(j), [ = f(2(5))
end if

j=Jj+1

end while

end if

k=k+1
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end while
end for
- Step 3: Algorithm of chaotic local search:
Transform the points generated by logistic map in the neighbourhood of the point Z and
we begin the search
while £ < M; do
if f(z(k)) < f, then
&= k), f = f(a(k))
end if
k=k+1
end while.

During the chaotic local search, the step size A (resp Ay ) is an important parame-
ter in convergence behavior of optimization method which adjusts small ergodic ranges
around X*. The step sizes A and Ay are employed to control the impact of the current
best solution on generating a new trial solution. The small A and Ay tend to perform
exploitation to refine results by local search, while the large ones tend to facilitate a
global exploration of search space.

4 Numerical Examples and Discussion

In order to test this new method vs the previous one in very tough conditions, the
simulation results are obtained with the following four objective functions.

4.1 Some test functions

1.
(x} — 1622 + bx;)

n
s —
fl(x17x27~'7$n) = =1 2 )

where —5 < x; <5 for 1 <i<n.

fa(21,20) = o — T2 + 25 — 923 — 5wy + 112223 + 99sin(71z;)
+ 137sin(97z1x2) + 131 sin(51x,),

where —10 < z; <10 and —10 < zo < 10.

fa(z1,20) = [L+ (21 + 22 + 1)3(19 — 1421 + 327 — 14wy + 62129 + 323)] ¥
[30 + (221 — 322)2(18 — 3221 + 1227 + 481y — 36129 + 2723)),

where —2 <21 <2 and —2 < x5 < 2.

fa(z1,x3) = 1004/ |22 — 0.0123| + 0.01 |21 + 10/,

where —15 < z1 < =5 and —3 < a9 < 3.
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Figure 4: (a) Styblinski-Tang’s function fi. (b) Magnification of Styblinski-Tang’s function
fi. (c) Function f5. (d) Magnification of function f>. (e) Goldstein-Price function f3. (f) Bukin
function f4.

Figures[4] (a) and (b) show the 3D plots of the Styblinski-Tang function f; which is a d-
dimensional function, usually evaluated on the hypercube z; € [-5,5], for alli =1, ..., d.
It has a global minimum

—39.16617 x d < f4(—2.903534, ..., —2.903534) < —39.16616 X d.

Concerning f> shown in Figures[d] (c) and (d), it possesses hundreds of local minima [16],
but its global minimum is not yet theoretically known.
f3 is the Goldstein-Price function usually evaluated on the rectangle

(:le,.TQ) € [*272] X [*272]3

it has a lot of local minima and one global minimum f3(0, —1) = 3 and the 3D plot of
this function is in Figure [4] (e).
f4 is the Bukin function which is usually evaluated on the rectangle

(:L’l,ZL'Q) S [—15,—5} X [—3,3},

it has a lot of local minima and one global minimum f4(—10,1) = 0, see Figure [4] (f).
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4.2 Numerical experiments

In order to enrich our study, we are going to use different values of step sizes and different
values of the number of iterations for both methods that are presented in Tables[I|and
Each optimization method was implemented in Matlab (MathWorks). All the programs
were run on a 2.53 GHz, i3 processor with 4 GB of random access memory. Since the
ICOLM algorithm gives random results, in each case study 50 independent runs are
made involving 50 different initial trial conditions and all the results are summarised
in Table |3} however the pure chaotic optimization algorithm is a deterministic method,
therefore one run is made involving 50 different initial trial conditions and all the results
are summarised in Table @

We generally believe that the use of large number of steps will lead us closer to the
global minimum for all test functions. But this is not true as shown in Table [3] because
of the trap of local minima mentioned in Section

Concerning the optimization results by using the PCOA we have:

e For the function f3 the global minimum is easily reached in few steps and little
time compared with the ICOLM algorithm as explained in Tables [3] and [4]

e Concerning fi, the global minimum is obtained by using configurations C3.

e For f5 which possesses hundreds of local minima, the best result is obtained using
configurations C3 and the global minimum is not yet theoretically known.

e Finally, the best result for f; is obtained using configurations C3.
We note that the PCOA converges faster than the ICOLM as shown in Tables [3]
and [4

A Agin | Agiz | Mg | Mgin | Mgz | M,
C1 0.01 0.04 | 0.01 30 5 5 20
C2 0.01 0.04 | 0.01 | 100 5 5 50
C3 | 0.001 | 0.04 | 0.01 | 500 10 10 100

Table 1: The set of parameter values for every run of the ICOLM algorithm.

A )\gl Np Mg Mgl M,
C1 | 0.001 | 0.01 | 100 10 | 100 | 100
C2 | 0.002 | 0.05 | 100 | 100 | 200 | 200
C3 | 0.005 | 0.08 | 1000 | 100 | 200 | 200

Table 2: The set of parameter values for every run of the PCOA algorithm.
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T Fun | Case Op So Op Pts Mean val | Std.Dev T/s
C1 -103.3610 | ( 2.7455, -2.8977,-2.9069) | -103.3383 0.0136 6.461655
f1 C2 | -117.4956 | ( -2.8970,2.9005,-2.8926) | -117.4806 | 0.0114 20.458741
C3 | -117.4983 | (-2.9046, -2.9000,-2.9038) | -117.4867 | 0.0082 180.311540
C1 -392.9923 (0.2443,2.0614) -383.8462 | 7.6147 7.619080
f2 C2 | -395.8094 (0.2434,2.0632) -389.7800 | 5.6617 27.695888
C3 -395.7769 (0.2434,2.0640) -387.4540 6.1347 253.251734
C1 3.0669 (0.0108,-1.0068) 3.7525 0.2849 3.561953
f3 C2 3.0004 (-0.0007, -1.0010) 3.0064 0.0052 11.280039
C3 3.0001 (1 0.0006, -1.0001) 3.0039 0.0026 105.905089
C1 0.1027 (-9.4415,0.8914) 0.7547 0.4245 3.562340
fa C2 0.02794 (-9.4132,0.8861) 0.4295 0.1159 12.257843
C3 0.0487 (-9.5870,0.9191) 0.3587 0.2091 109.698371

Table 3: Optimization results over 50 runs for 3 parameter configurations using ICOLM algo-
rithm.

Test Function | Cases | Optimal solution Optimal point T/s
C1 -117.4772 (-2.8830, -2.8759, -2.9111) 2.648436
fi C2 -117.4924 (-2.8869,-2.8949,-2.9014) 8.289850
C3 -117.4985 (-2.9034, -2.9026,-2.8952) | 47.761714
C1 -390.2672 (0.0622,1.8189) 2.237673
fe C2 -395.8622 (10.2433,2.0638) 5.072239
C3 -395.8742 (0.2432,2.0636) 49.7400
C1 3.0000 (-0.0001,-0.9999) 1.202800
f3 C2 3.0000 ( -0.0000, -1.0000) 3.343877
C3 3.0000 (-0.0000, -1.0000) 18.763473
C1 0.0322 (-10.7807,1.1622) 1.122277
fa C2 0.0108 (-9.6809, 0.9372) 2.754711
C3 0.0086 (-10.2723,1.0552) 25.725318

Table 4: Optimization results over one run for 3 parameter configurations using PCOA algo-
rithm.

5 Conclusion

In this paper, we have presented a new technique of chaotic optimization algorithm
inspired by ICOLM methods [16]. In order to test the numerical performance of this new
technique, the four non linear multi modal benchmark functions are employed. More
detailed analysis on this new technique by using other maps and testing them on a large
number of test functions in higher dimension will be provided in near future.
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1 Introduction

Integral inequalities are a necessary tool in the study of various classes of equations. In
1919, Gronwall [10] introduced the famous Gronwall inequality in the study of the solu-
tions of differential equations. Since then, many contributions have been made (see [1]-
[3]). The applications of integral inequalities were developed in a remarkable way in
the study of the existence, the uniqueness, the comparison, the stability and continuous
dependence of the solution in respect to data. In the last few years, a series of gen-
eralizations of these inequalities appeared. The problem of stability can be solved by
Lyapunov techniques for differential equations (see [12]- [14]), or in terms of nonlinear
integral inequalities. These inequalities can be used in the analysis of various problems
in the theory of nonlinear differential equations and control systems (see [3] and ref-
erences therein). There is an extensive literature on the inequalities, for example, the
Barbalats lemma is an integral inequality used in applied nonlinear control. The second
Lyapunov method has long played an important role in the history of stability theory,
and it will with no doubt continue to serve as an indispensable tool in future research

* Corresponding author: mailto:MohamedAli.Hammami@fss.rnu.tn
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papers (see [14]). V. I. Zubov studied the boundaries of the asymptotic stability domain
in which he proved the theorem of the asymptotic stability domain. This result is now
known as Zubov’s theorem (see [17], [6]). The concepts of stability and boundedness of
solutions have been studied extensively by Taro Yoshizawa (see [18], [19], |7]).

In a recent paper [11], I.A. Rus has formulated ten problems of interest in the theory
of Gronwall lemmas. One of them concerns finding examples of Gronwall-type lemmas in
which the upper bounds are fixed points of the corresponding operator A (Problem 5).
The new inequalities, derived in this paper, are useful in many applications, in particular
to the stability of dynamical systems. We propose new sufficient conditions to ensure the
global uniform asymptotic stability of time-varying systems described by the following
equation:

;t:f(t,x)—i—g(t,x% (1)

where f: Ry X R"™ — R™ and g : Ry x R®™ — R"™ are piecewise continuous in ¢ and
locally Lipschitz in z on R4 x R™, and the associated nominal system is given by:

&= f(t,z). (2)

For all zyp € R™ and ty € R, we will denote by z(t;to,xp), or simply by z(t), the
unique solution at time ¢y starting from the point zq.

Unless otherwise stated, we assume throughout the paper that the functions encoun-
tered are sufficiently smooth. We often omit arguments of functions to simplify notation,
||.|| stands for the Euclidean norm vectors. We recall now some standard concepts from
stability and practical stability theory; any book on Lyapunov stability can be consulted
for these; particularly good references are [4]: K is the class of functions Ry — Ry
which are zero at the origin, strictly increasing and continuous. K is the subset of K
functions that are unbounded. £ is the set of functions Ry — R which are continuous,
decreasing and converging to zero as their argument tends to +oo. KL is the class of
functions Ry x Ry — R, which are class K on the first argument and class £ on the
second argument. A positive definite function Ry — R is the one that is zero at the

origin and positive otherwise. We define the closed ball B, := {x eR™: |z] < 7"}.

2 Abstract Gronwall Lemma

To present our problem we need some standard notations of Nonlinear Analysis. Let X
be a nonempty set and A : X — X be an operator. We denote by Fy = {z € X/Ax = x}
the fixed point set of the operator A. The symbol, F4 = {z%}, has the following meaning:
the operator A has a unique fixed point and we denote this unique fixed point by z%. In
general, throughout this paper we follow the notation and terminology from I.A. Rus [15]
and [16].

Definition 2.1 (I.A. Rus [15]). Let (X, —) be an L-space. An operator f: X — X
is, by definition, a Picard operator if:

i) Fy ={a"}.
il) (f™(z))neny — o* as n — oo, for all x € X.

In terms of the Picard operators, a classical result in metric fixed point theory has
the following form ( [13], [9]).
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Proposition 2.1 (Contraction principle). Let (X, d) be a complete metric space and
let f: X — X be an a-contraction, i.e., a €]0,1] and d(f(x), f(y)) < a.d(x,y), for each
x,y € X. Then f is a Picard operator.

Proposition 2.2 (Abstract Gronwall lemma). Let (X,—,<) be an ordered L-space
and A : X — X be an operator. We suppose that:
i) A is a Picard operator (Fa = {z%}).
ii) A is an increasing operator.
Then we have:
a)xe X,z < Alx) = ax <.
b)reX, x> Ax)=a> 1.

3 Main Results

In this section we point out some Gronwall-type inequalities using some results concerning
Picard operator theory.

The following result is well known from the book of A.N. Filatov (see [§]), here we
will give a new proof of it using the theory of operators.

Theorem 3.1 Let x € C([a,b],R+) be such that

t

2(t) < 8ot — a) + 51/ o(s)ds + 3, Vt € [a,b], 3)
where 61 > 0, do and d3 are real numbers, then
02 02
x(t) < 5——!—53 exp51(t—a)—6—, Yt € [a, b]. (4)
1 1

Proof. Let (X, —,<) = (Cla, b, &%, <), where ||.||- is the Bielecki norm on C[a, b],
i.e., 7 is a positive real number and

lallr = max (j2(t) exp(r(t - ).

We consider on X = C[a, b] the operator A : X — X defined by
A(z)(t) = 62(t — a) + 01 /75 x(s)ds + 03, t € [a,b)].
Suppose that z is a fixed point of A, then A(z) = x or, equivalently,
z(t) = 62(t —a) + &1 /ta:(s)ds +d3, t€]a,bl.

By differentiation, we get
.’E,(t) = (51$(t) + 52,

which is an ordinary differential equation ( added to an initial condition, this ODE admits
a unique solution according to the Cauchy-Lipschitz theorem ). Since z(a) = J3, it comes

out that 5 5
x(t) = 2 455 ) expdi(t —a) — =.
01 )

1
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Conversly, we can easily verify that A(x) = z and using the fact that A admits a unique
fixed point, we get

1 1
24 (t) = (2405 ) expdi(t —a) — =, t€[ab].
51 51
One can easily check that A is an increasing operator: let x, y € Cla,b], if < y, then
A(x) < A(y). The last point is to show that A is a contraction with respect to ||.||,. We
have

A6 = Al < e [ a(s) y(s)lds

IA

”x_y”T(Slef'r(tfa)/ e‘r(sfa)ds
o

e L]
T

o
< o=yl 10

)
Then ||A(z) — A@W)|; < ||z — yll,— [1—e =] and A is a contraction with 7
T
suitably chosen. Finally, the proof follows from Proposition 2.2. O
Remark 3.1 If 65 > 0, then there is a direct proof for this well known Gronwall-type
lemma.
Theorem 3.2 Let x € C([a,b],R4) be such that

z(t) < da(t —a) + & /tx(s)ds +p(t), Vtela,b, (5)

a
where 61 > 0, da, d3 are real numbers and ¢ is a continuous function on [a,b], then

t
x(t) < %exp (t—a)+ 6 / o(s)expd1(t — s)ds + ¢(a) — 2—2, Yt € [a, b]. (6)
1 a 1

Proof. We use the same notations as in the last proof. Let the operator A be defined

by
A(z)(t) = 62(t —a) + 51/ x(s)ds + ¢(t), t€[a,b].

Suppose that z is a fixed point of A, then A(z) = x or, equivalently,

t

x(t) = 6a(t —a) + & / z(s)ds+ ¢(t), te€la,b].

a
By differentiation, we get
2'(t) = 01x(t) + 02 + ¢ (1),
which is an ordinary differential equation. Since z(a) = ¢(a), it comes out that

%
1

x(t) = 5 expd1(t —a) + 0 / o(s)expdi(t — s)ds + ¢(a) — =.
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Conversly, we can easily verify that A(x) = z and using the fact that A admits a unique
fixed point, we get

t
xh(t) = g—jexpél(t —a) —|—61/ p(s)expdi(t — s)ds + ¢(a) — g—j, Yt € [a, b].

One can easily check that A is an increasing operator: let z, y € Cla, b], if < y, then
A(z) < A(y). On the other hand, by the same calculation as in the previous theorem,
one can easily check that A is a contraction with respect to ||.||;, with 7 suitably chosen.
Finally, the proof follows from Proposition 2.2. O

Remark 3.2 If the function ¢ is a constant, then we get the particular case of
Theorem 3.1.

Theorem 3.3 Let x € C([a,b],R+) be such that

t

o(t) < alt) + 5(0) [ a(s)ds, Ve lad], ™)
where « is continuous and B is a continuous function on [a,b], then
t t
z(t) < a(t) + ,B(t)/ a(s)exp (/ B(u)du) ds, Vt € [a,b]. (8)

Proof. Using the same notations, let the operator A be defined by
¢

A(z)(t) = a(t) + ﬁ(t)/ x(s)ds, t € [a,b].

a

Suppose that z is a fixed point of A, then A(z) = x or, equivalently,
t
2(t) = a(t) + B(t) / 2(s)ds, € [a,b].

a

By differentiation, we get
Bt)a'(t) = [B'(t) + B2(t)] 2(t) + o/ (H)B(t) — B'(t)a(t),

which is an ordinary differential equation. Since z(a) = a(a), it comes out that

x(t) = a(t) + B(t) /at a(s) exp </: B(u)du) ds.

Conversly, we can easily verify that A(z) = 2 and using the fact that A admits a unique
fixed point, we get

x4 () = at) + () /t a(s)exp (/st B(u)du) ds, Vte€ la,b].

a

One can easily check that A is an increasing operator: let z, y € Cla, b], if < y, then
A(z) < A(y). The last point is to show that A is a contraction with respect to ||.||-. We
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have

[A@@)(t) = Aly)(D)]e ™Y < B(t)e”(t*“)/Ix(S)—y(S)IdS

t
< e -yl Bt)e T / =g
t
< ool 2O 1 - emre-0)]
-

ﬁ & —71(b—a
< o=yl Pl [y - o]

Then |A(z) — A(y)||» < ||z — y||7% [1— e 7®=9)] and A is a contraction with T
T
suitably chosen. Finally, the proof follows from Proposition 2.2. O

Remark 3.3 If a(t) = 03 and B(t) = 41, then we get the particular case of Theorem
3.1.

The following result is well known from the book of Filatov and Scharova (1976), here
we will give a new proof of it using the theory of operators.

Theorem 3.4 Let x € C([a,b],R) be such that
2(t) < alt) + B(t) / k(s)z(s)ds, Vit € [a,0], )

a

where « is continuous, 5 and k are continuous functions on [a,b], then

z(t) < a(t) + B(t)/ a(s)k(s)exp (/ B(u)k(u)du) ds, Vvt € |a,b]. (10)

a

Proof. Using the same notations, let the operator A be defined by

A(z)(t) = a(t) + B(t)/ k(s)z(s)ds, t € |a,b].

Suppose that z is a fixed point of A, then A(x) = x or, equivalently,
t
2(t) = alt) + ﬁ(t)/ k(s)2(s)ds, t € [a,b].
By differentiation, we get
B'(t) B'(t)
B(t) Bt)”

which is an ordinary differential equation. The solutions of the homogenous equation are

(1) = [ﬁ(t)k(t) n } 2(t) + o/ (1) — o(t)

o) =330 [ Bl
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A particular solution can be obtained using the method of variation of the constant, then
the solutions of our ODE are

oft) = A3t esp ([ t BH(s)ds) +alt) + 500 [ " a(s)k(s) exp (/ t k) ) ds.

Since z(a) = a(a), it comes out that

o) = alt) + 560) [ " o(s)k(s) exp ( / t ﬁ(U)k(U)du> ds.

Conversly, we can easily verify that A(xz) = z and using the fact that A admits a unique
fixed point, we get

£5(t) = alt) + 5(0) [

a

" a(s)k(s) exp ( / t B(u)kz(u)du) ds, Vtelab]

One can easily check that A is an increasing operator: let z, y € Cla, b], if < y, then
A(z) < A(y). On the other hand, A is a contraction with respect to ||.||-. We have

[A@@)(t) = Ay)(D)]e ™ < ﬁ(t)e_T(t_“)/ k(s)]a(s) —y(s)lds

t

< o=yl B [ k(s)eeds
B(t) .
< o=yl =2 koo |1 — €77
[T -
< o —gll A 1)
o0 k o0 —_ — . .
Then ||A(z) — AW)|l- < ||z — y||TM [1—e (b “)] and A is a contraction

with 7 suitably chosen. Finally, the proof follows from Proposition 2.2. O

Theorem 3.5 Let z(t) be continuous and nonnegative on [0, h| and satisfy

o) < alt)+ [ (@a(s)a(s) +b(s) ds, (11)

where a1(t) and b(t) are nonnegative integrable functions. Then, on [0, h]

oft) < att) + | (ar(s)a(s) + b(s)) exp ( / t a1(§)d£> s (12)

Proof. Using the same notations, let the operator A be defined by

A(z)(t) = a(t) —|—/0 (a1(s)x(s) +b(s))ds, te0,h].

We note that Fq = {z% }, where

24 (t) = alt) + /0 (ax(s)a(s) + b(s)) exp ( / t Mg)dg) ds, Vte[0,h).
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One can easily check that A is an increasing operator: let z, y € Cla, b], if < y, then
A(z) < A(y). On the other hand, A is a contraction with respect to ||.||-, with 7 suitably
chosen. Finally, the proof follows from Proposition 2.2. O

For the following results we will use another norm, the rest of data are the same.

Theorem 3.6 Let z(t) be bounded continuous in J = [a,00), and suppose

z(t) < ae” 7t~ +/ be Ntsle(s)ds, te (13)
where a > 0, b > 0, and v > 0 are constants and b < % Then
2(t) < %(7 —§e =) te g, (14)

where 0 = /2 — 2br.
(Al

Proof. Let (X,—,<) = (C(J), —, <), where C(J) is the Banach space of functions
« which are bounded and continuous in J = [o, 00) with norm ||z|| = sup|z(¢)|. Using
teJ

the same notations, let the operator A be defined by

A(z)(t) = ae™ 7= —|—/ be 1t slp(s)ds, te

(0%

Suppose that z is a fixed point of A, then A(z) = x or, equivalently,

xz(t) = ae_'Y(t_a)—F/ be Mt =5le(s)ds
t

ae~ V(=) be*Vt/

e x(s)ds + bew/ e Px(s)ds.
a t
By differentiation, we get
¢
2 (t) = —2aye 7Y foap(t) — 2b’ye_7t/ e’ x(s)ds,

(e

we derive once again, it comes out that

2(t) = (72 — 2by)ac(t),

which is an ordinary differential equation. Using z(«) and (), we get

z(t) = —(y — 6)e 00,

Sl S

Conversly, we can easily verify that A(x) = z and using the fact that A admits a unique
fixed point, we arrive at

2% (1) = %(7 — ety
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One can easily check that A is an increasing operator: let z, y € Cla, b], if < y, then
A(r) < A(y). T z,y € C(J) and ||z — y|| = L, it is easy to see that

t [ee) 2 2
1A2)(t) — Aly)(#)] < / bLe— (=9 gs + / bLeT (=) ds < ;bL _ ;bua: —yl,

t

whence we conclude that A(x) € C(J) and A is a contraction. Finally, the proof follows
from Proposition 2.2. O

Theorem 3.7 Let 2(t) be a continuous function for a <t < 8, and suppose

B
z(t) < ae” 7Y +/ be Mt sla(s)ds, a<t<B, (15)
where a > 0, b > 0, and v > 0 are constants and b < % Then
2(t) < 3= 0)e Y, a<i<p, (16)

where 6 = /7% — 2by.

Proof. Since the proof of this result follows by the similar arguments as in the last
theorem, we omit the details. O

Remark 3.4 We use the condition b < J to prove that the operator A is a con-

traction but we can omit this condition and use the Gronwall lemma to prove the last
proposition.

4 Application to Stability of Dynamical Systems

We consider the following system:
T = f(t,ﬂ?), x(tO) = To, (17)

where t € Ry, z € R® and f : Ry x R™ — R"” is continuous in ¢ and locally Lipschitz
in z. We begin by giving the definition of uniform boundedness and uniform stability
(see [14], [18], |19], [7])-

Definition 4.1 (uniform boundedness) A solution of (17) is said to be globally uni-
formly bounded if for every o > 0 there exists ¢ = ¢(«) such that, for all t; > 0,

[zoll < a=[lz(®)] <cla), Vit

Definition 4.2 (uniform stability)
(7) The origin « = 0 is uniformly stable if for all € > 0, there exists 6 = §(e) > 0, such
that for all ¢ty > 0,
lzoll <6 = |lz®)]| <€ V>t

(#4) The origin x = 0 is globally uniformly stable if it is uniformly stable and the solutions
of system (17) are globally uniformly bounded.
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We recall in the following definition the notion of practical stability ( see [5]).

Definition 4.3 (practical stability) The system (17) is said to be (PS1) uniformly
practically stable if, given (A, A) with 0 < A < A, we have

[zoll < A= [lz(®)| <A, t=to, Vip€Ry.

(PS2) quasi-uniformly asymptotically stable (in the large) if Ve > 0, o > 0, ¢y € Ry,
there exists a positive number T = T'(¢, o) such that

[zoll < a=[lz@®)] <e, t=>1to+T.

(PS3) uniformly practically asymptotically stable if (PS1) and (PS2) hold at the same
time.

As application to stability, let us consider the nonlinear dynamical system:
&= At)z +g(t o), (18)

where ¢t > 0, z(t) € R”, the matrix A(.) is continuous and bounded, g : Ry xR" — R" is
continuous in (¢, ), locally Lipschitz in = such that g(¢,0) = 0. We suppose that z =0
is globally uniformly asymptotically stable equilibrium point for the nominal system
& = A(t)x, this is equivalent to saying that

|®(t, t0)|| < kexp—v(t —to), Vt>to,k>0,7>0, (19)

where ®(t,tg) is the state transition matrix associated to A(t). The solution of this system
with the initial condition (¢, zg) is given by:

x(t) = D (¢, t)z(to) +/t D(t,5)g(s,z(s))ds. (20)
We have .
[z(8)]] < kexp—(t — to)||$(to)|\+/t ke 77 g(s, (s))||ds. (21)
It follows that .
ez t)] < ke”t°||;z:(t0)||+/t ke™|lg(s, x(s))l|ds. (22)

We will impose a restriction on g to study the practical stability.
If we suppose that for all (¢, z),

lg(t, )|l < p(t),

with p being a nonnegative continuous function which tends to zero as ¢t — oo, then (22)
becomes ,
M z(t)] < ke”to\lx(to)”*/ ke p(s)ds.
to
The assumption on p means that: Ve >0, IT >0/ Vi >to+T, pt) <e. We
have also 35/ Vit € [to,to +T], p(t) <p.
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Then, V¢ >ty + T,

to+T t
e < ka4 [ ko p(s)ds+ [ ke pls)ds
to to+T
to+T t
< keMo||z(to)||+kB e”sds—i—ks/ e’ds
to to+T
< ket + L [otorD) _ o] 1 B Tt _ grteorm]
aé v

or equivalently, Vi > tg + T
k k
(O] < ke 0= () [+ L e [T 1] + =
v Y
- —y(t—to) kB —(t—to) [T :
We see that the function : ¢ — ke =10 ||z (tg)||+—e (=" [e7T — 1] vanishes,
Y

then
lz(t)|| < Me, Vt>ty+ T,
for a certain T” > T > 0, this shows the practical stability of the system.
Another approach is to study the asymptotic behavior of the system in a small neigh-

borhood of the origin. For the rest of our presentation, we need the following definitions
which are related to stability.

Definition 4.4 (uniform stability of B,)
(¢) B, is uniformly stable if for all € > r, there exists = §(e) > 0 such that for all ¢, > 0,

lzoll < 6 = lz(t)]| <&, ¥t to.

(ii) B, is globally uniformly stable if it is uniformly stable and the solutions of system
(4.1) are globally uniformly bounded.

Definition 4.5 (uniform attractivity) The origin = 0 is globally uniformly attrac-
tive if for all € > 0 and ¢ > 0, there exists T'(e,c¢) > 0, such that for all ¢y > 0,

lz@®)|l <e, Vit>tg+T(ec), |xol <ec.

Definition 4.6 (Class K function) A continuous function « : [0,a) — [0, +00) is said
to belong to class K, if it is strictly increasing and «(0) = 0. It is said to belong to class
Koo if a = 400 and a(r) = +o00 as r — +o0.

Definition 4.7 (Class KL function) A continuous function S : [0,a) X [0,400) —
[0, +00) is said to belong to class KL, if for each fixed point s, the mapping £(r, s) belongs
to class K with respect to r and for each fixed r, the mapping B(r, s) is decreasing with
respect to s and B(r,s) — 0 as s — +o0.

The following proposition provides a characterization of global uniform attractivity
and global uniform stability.

Proposition 4.1 If there exists a class KL function B, a class Ko «, a constant
r > 0 such that, given any initial state xg, the solution satisfies

l@] < Bllzoll, ) +7, ¥t =0,

then B, is globally uniformly attractive and globally uniformly stable.
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Note that, if the class KL-function S in the above relation is of the form S(r,s) =
kre=, with A\, k > 0 we say that the ball B, is globally uniformly exponentially stable.
It is also worth noting that if, in the above definitions, we take » = 0, then one deals
with the standard concept of GUAS and GUES of the origin (see [4] for more details).
Moreover, in the rest of this paper, we study the asymptotic behavior of a small ball
centered at the origin for 0 <|| z(¢) || —r, so that if » = 0, we find the classical definition
of the uniform asymptotic stability of the origin viewed as an equilibrium point.

Other applications to stability will be done in the following example by considering
the system (18), we keep the same assumptions.

Example 4.1 1) Suppose that condition (22) holds and for all (¢, x),

lg(t; )| < n(@)l]],

with 1 being an integrable function, then (22) becomes
¢
M lla(t)] < kevtOllx(to)llﬂL/ kn(s)e* ||z (s)l|ds.
to
Let u(t) = €"*||z(t)]|, then the last inequality becomes
¢
u(t) < ku(to) —|—/ kn(s)u(s)ds,
to
using Theorem 3.4 we get
¢ ¢
u(t) < ku(to) +/ E2u(to)n(s) (exp/ lm(u)du) ds,
to S

then
u(t) < kMu(ty), where M =1+ k|n|[ie*Iml,

One can obtain an estimation on the trajectories as follows, for all ¢t > ¢,

lz()]| < kM||z(to)[le= 7).

Then the origin is a globally uniformly exponentially stable equilibrium point for the
system.

2) If we suppose that for all (¢, z),
lg(t, )l < n(®)ll=ll + ',

with 7 being an integrable function and 1’ > 0, then (22) becomes

" |lz(t)] < ke”“llfv(to)“*/t ke *{n(s)llz(s)]| +n'}ds.

Let u(t) = e*||z(t)]|, then the last inequality becomes

u(t) < ku(to) + [ {kn(s)u(s) + kn'e’*}ds,

to
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using Theorem 3.5 we get

u(t) < ku(to) + /t{k‘Qu(to)n(s) +kn'e™} (exp /t k:n(u)du) ds,

to S

then u(t) < kMu(ty) + e, where M = 1+ k||n||;e*I"l* and r = kT"/ek”"“R
One can obtain an estimation on the trajectories as follows, for all ¢t > ¢,

la(0)]) < kMl (to) ¢ 41,
Then B, is globally uniformly exponentially stable.

In the following example g(¢,0) is not necessarily zero, in such a situation = 0 is no
longer an equilibrium point.

3) We suppose that for all (¢,x),
lg(t, )l < n(@®)ll=ll +n'(t),

with 1 being integrable and 1’ being a piecewise continuous function, then (22) becomes

Mlz(t)] < ke”t‘)llw(to)IlJr/ ke * {n(s)[lx(s)]| + ' (s)}ds.

to

Let u(t) = e*||z(t)]|, then the last inequality becomes

mwsmwm+[{mwwwww#@w%w,

using Theorem 3.5 we get

t ¢
u(t) < ku(to) +/ {K*u(to)n(s) + kn'(s)e™*} (exp/ k‘n(u)du) ds,
to s
then u(t) < kMu(tg)+e(t), where M = 14k||n|j1e*I1"l and (t) = keFlnl: ftz 7' (s)er*ds.
Finally, we get for all t > to,
lz()]| < kM||z(to) e ") +e(t)e ",

If we suppose that the function : ¢ — e(t)e™7* vanishes, we obtain that the system
(18) is uniformly practically asymptotically stable.

5 Conclusion

In this paper we have reduced the study of various integral inequalities to fixed point
problems. We have also derived some general Gronwall-type results and have given
examples of such results in the particular case of the Banach space C(J) using two
different norms.
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1 Introduction
In this paper, we study the following nonlinear discrete anisotropic problem

—M(A(k — 1, Au(k — 1)))A(a(k — 1, Au(k — 1)))
FalB)ulk) PO ~2u(k) = 5(k) f (k, u(k)), k € Z7, 1)

w(0) =0, lim w(k)=-1, lm u(k)=1,

k——o0 k—4oc0

where Au(k) = u(k + 1) — u(k) is the forward difference operator, Z* = {k € Z : k # 0}
and M, a,«,d, f,p are functions to be defined later.
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Note that difference equations can be seen as a discrete counterpart of partial differential
equations and are usually studied in connection with numerical analysis. In this way, the
main operator in problem

Alalk — 1, Au(k — 1)))

can be seen as a discrete counterpart of the anisotropic operator

AN (R
P 8951 ’ 6:& ’

The first study in this direction for constant exponents was done by Cabada et al. [2] and
for variable exponent by Mihailescu et al. [8] (see also [6]). In 6], the authors studied
the following problem

—Ala(k —1,Au(k — 1)) + a(k)g(k, u(k)) = 6(k) f (k,u(k)), ke,
u(0) =0, kgr_n u(k) =—-1, lim wu(k)=1,

k— o0

where
g(k, &) = |€ — PP 2(¢ — D)y (k) + € + 1P 72(¢ + 1) xz- (K).

The authors in [6] proved an existence result of weak heteroclinic solutions of problem

()

In this paper, we consider the same boundary conditions as in [6], but the function
M(A(k —1,Au(k — 1))

which appears in the left-hand side of problem is more general than the one which
appears in [6]. Indeed, if we take M(t) = 1 in the problem (I}, we obtain the probem
studied by Guiro et al in [6].

To prove an existence result of problem (1)), we define other new spaces and new
associated norms and we adapt the classical minimization methods used for the study of
anisotropic PDEs. The idea is to transfer the problem of the existence of solutions for (/1
into the problem of the existence of a minimizer for some associated energy functional.

The study of heteroclinic connections for boundary value problems got a certain
impulse in recent years, motivated by applications in various biological, physical and
chemical models, such as phase-transition, physical processes in which the variable
transits from an unstable equilibrium to a stable one, or front-propagation in reaction-
diffusion equations. Indeed, heteroclinic solutions are often called transitional solutions
(see |34[7]). Problem (1] involves variable exponents due to their use in image restoration
(see [4]), in electrorheological and thermorheological fluids dynamic (see [5,9}/10]).

The remaining part of this paper is organized as follows: Section 2 is devoted to
mathematical preliminaries. The main existence result is stated and proved in Section 3.

2 Preliminaries and Assumptions

We use the notations

+ g ~ — inf
P zlégp(k), P ]gelzp(k)
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and we set
7t ={keZ:k>0} 27 :={keZ:k<0}

ZH={keZ:k>0}; Z, ={keZ:k<0}.
In order to present the main result, for each p(.) : Z — (0,4+00) and 8 > 1, we introduce
the following spaces:

L {u Z — R; Z|u |<+oo}

kEZ

LX = {u :Z — R; suplu(k)| < +oo},

keZ
Eg(') = {u (Z—R; w(0)=0and p,)(u):= Z lu(k)[P®) < —l—oo}
ez
Lg?_’g = {u :Z—R; w(0)=0and p,, ()(u):= Z lu(k)|P*) < +oo}
keZ+
= {u 1 Z— Ry u(0)=0and p,_()(u) = Y [u(k)P® < +oo}
keZ—

Eg,(&)(‘) = {u (Z—R; uw(0)=0and pa)p)(u) = Za(kﬂu(k)\p(k) < —|—oo},
kez

ng_‘:ﬂ() = {u 1 Z—R; w(0)=0and pa)p, ()(u):= Z+ (k) |u(k)|P® < +oo},
keZ
Eg’(ia(_) = {u :Z— Ry u(0) =0and par),p ()(u):= Z a(k)|u(k) PP < —|—oo}7
keZ-
Wy bt) = {u L2 Ry u(0) =0, pracypn(®) = > alk)|u(k)®
keZ
B
+ (Z |Au(k)P<k>) < +oo},
keZ
W) = {u (2= Ry u(0) =0, pracyp.o() = > alk)|u(k)®
keZ+
B
< Z |Au(k |p(k)) <+oo}
kezZ+
and
Wé:f(;o)[(_) = {u 12— R U(O) =0, pl,a(.),p,(A)(u) = Z a(k)|u(k)|p(k)
kez-

- ( > |Au(k |P(k)>ﬁ < +oo}.

keZ—
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For the data a, f, « and &, we assume the following.

(H,) a(k,.) : R > R, k € Z and there exists a mapping A(.,.) : Z x R — R which
Y satisfies a(k,&) = (%A(k,f) and A(k,0)=0, forall k€ Z.

(Hs) : [E[P™) < a(k, )¢ < p(k)A(k,€), forallk €Z and € €R.

(H3): There exists a positive constant C; such that |a(k,&)| < C1(j(k) + |€[P*)~1), for
all
S ) —
k€ Z and £ € R, with j € Eg@(_), where le) + ﬁ =1.

(Hy) : (ai(z,&) — ai(z,m)(€ —n) > 0 for all k € Z and &n € R such that
§F 1.

(Hs): f : Z x R — R and there exists a constant Cy > 0 such that
(k)] < Co(1+ [t = PP ) xge (k) + Co (1 + [+ 1PE ) xp— (k)

for all k € Z, t € R, where xa(k) =1if k€ A and xa(k)=01if k ¢ A.
Assumption (Hs) implies that

|f(k,t + 1) < Co(1 + [t[P®=1) if k>0,
|f(k,t — 1) < Co(1 + [tPR=1) if k< 0.
So by denoting
t
F(k,t) :/ flk,s)ds for ke€Z, t eR,
0

we deduce that there exists a positive constant C's > 1 such that

|F(k,t +1)] < C3(1 + [t|PR) if k>0,
|F(k,t—1)] < C3(1+ [tP®) if k< 0.

a:Z— Rand d: Z — R are such that a(k) > ag > 0 for all k € Z,
(Hs) 2 €0 < 5(k) < § = sup [5(k)| < 00 and § € L1
kEZ

(H7) o > ngng.

This condition means that the parameter «(.) should be bigger than the parameter
§ and is called the competition phenomenon between «(.) and 4(.).

We also assume that
(Hg) :p:Z — (1,400) with 1 < p~ < pt < +o0.

(Hg) : M : (0,400) — (0, +00) is continuous, nondecreasing and there exist
three positive real numbers By, By, 3 with By < Bs, and 8 > 1 such that

BitP1 < M(t) < Bot?™1, forall t> 0.

Example 2.1 We can give the following functions which satisfy assumptions (H;) —
(H4)Z
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Ak, €) = 1€]PR) | where a(k, &) = |£[PF)=2¢, Yk € Z and € € R,

R

p(k)

o A(k,&) = ﬁ ((1+|§|2)”(’“)/2—1), where a(k,€) = (1+1¢2) "M% viez
and £ € R

We introduce on Lg'} () and £F") ' the Luxemburg norms

0,4,a(.)
p(k)
).

lullp, () := inf {)\ >0 >
<1

keZ+t
p(k)\ B
) < 1}.
We replace Z™ by Z~ to get the norms on ﬁg(j, [Zp( ) al. and Wg f(;( )

u(k)

u(k) p(k)

Nellag)pr () = inf{)\ >0; Y alk)

keZ+

and we define, on the space Wo ﬁ(; () the norm

u(k) p(k)

A

Au(k)

+(z

kezt

ullt,a)ps () = inf {A >0; Y a(k)

kezt

Remark 2.1 We have the following:

. 1,p(. ) ) »
£h) oL LY oL W) oWt and Wt o w P,

Indeed, a(k)|u(k)|P*) is nonnegative for all k € Z. Therefore, if Z u(k)P®) <
kEZ
+oo, then Y a(k)|u(k)[P*) < +oo.
kezZ*
In the sequel, we will use the following result.

Proposition 2.1 (" [6], Proposition 2.5). If u € Ep() and pt < oo, then the
following properties hold:

Lo lullagypp) <1 = Hu|‘a()p+() < Pa()ps () (1) < HUH(X( )04 ()
2. lullagypsy >1 = Hu|‘a()p+() < Pa()pr () (1) < HUHQ( Y04 ()7

3 Mullaypr() <1 (E1L>1) <= pa)pa)(w) <1 (=1;>1);

4- Mullac)pe) =0 <= pa()py()(u) — 0.

Lemma 2.1 ( [6], Lemma 2.8)(discrete Hilder type inequality). Let u € Jird
and v € £1¢) wzth m + @ for any k in Z. Then

O+a()

0,+,a(.

N (p+)||u|a< ol (5)

kezt



72 A. GUIRO, I. IBRANGO AND S. OUARO

As in [6], we have the following results.
Proposition 2.2
L pratyp O +0) 27 (o1 a() 5 (W) + Prag)p. ), ¥ u, veWSEE .
2. Letu € Wol,’i(,;i(.y Then:
i) if A>1, we have

N 0L a()p 0 () S PLa(pe () A1) S AP 1o (o (W) (6)
it) if 0 <A <1, we have
AP 0101 () S PLa) ()W) SN p1ag) py () (0): (7)
Theorem 2.1 Let u € W(}:f-(,i(.) \ {0}. Then
ull1,a()pe) = a if and only if pya(yp. ) (u/a) = 1.

Proposition 2.3 Ifu € Wé’i(i(.) and pT < oo, then the following properties hold:

+ —_
Lo lullia(ype) <1 = H“”fﬂ(.),m(.) < Pra()ws () (1) < ||u‘|117,0z(.),p+(.)"

- Bpt .
2. ||U’H1,o¢(.),p+(.) >1 = Hu”?a(,),m(.) < Pl,a(.),m(.)(u) < ||u‘|1f;(.),p+(,)’
3. ||u|\17a(.),p+(_) <1 (: 1;> l) — pl’a(_)7p+(_)(u) <1 (: 1;> 1),’

4 Nullia0)pi) — 0 <= pra)p,)(w) — 0.

3 Existence of Weak Heteroclinic Solutions
In this section we investigate the existence of weak heteroclinic solutions of problem
in the following sense.

Definition 3.1 A weak heteroclinic solution of problem 1’ is a function u € W& ’Z 8
such that

M(Z Ak — 1, Au(k — 1))) > a(k — 1, Au(k — 1)) Av(k — 1)

kEZ keZ

+ 3 alk)uk) PP Pu(k)o(k) = 6(k) f(k, u(k))v(k),

keZ keZ

for any v € Wl’p('), with w(0) =0, lim wu(k)=—-1 and lim wu(k)=1.

0,a(.) k——oo k——+oco
The main result is the following.

Theorem 3.1 Assume that assumptions (Hy)-(Hg) hold true. Then, there exists at
least one weak heteroclinic solution of problem .
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Proof. We first consider the following problem
—M(A(k — 1, Au(k — 1)))A(a(k — 1, Au(k — 1)))
a(k) [u(k) PO 2u(k) = 8(k) S (k,u(k) + 1), k € Z7, (©)

u(0) =0, lim wu(k)=0.

k— o0

Definition 3.2 A weak solution of problem @) is a function u € Wo 1 )( ) such that

+o0 foo
M(Z Ak — 1, Au(k — 1))> > a(k =1, Au(k — 1) Av(k — 1)

k=1 k=1
(10)
+oo
+ > alk)ulk) PP ulk 25 )+ 1)v(k),
k=1
for any v € Wéy’f_(’g‘(.).

Theorem 3.2 Assume that hypotheses (Hy)-(Hy) hold. Then, there exists at least
one weak solution of problem @

To prove Theorem we consider the energy functional corresponding to problem
(o) defined by 7 - Wy 7T | — R such that
k:
J(u A kE—1, Au(k— 1 o(k k)+1), (11
(w (Z ) o Z ). ()
where M / M (s)ds and we present some basic properties of the functional J.
Proposition 3.1 The functional J is well defined on Wo’f_( )() and s of class
ct (Wé’f_(g(.),R) with the derivative given by
—+oo
(J'(u (ZA — 1, Au(k — 1)) )Za —1,Au(k —1))Av(k — 1)
k=1
(12)
+oo
+Za(k)|u(k)\p(k 2(5 )+ 1) (k),
k=1

for all u,v € Wé i(a( )

Indeed, we denote

+0o +oo
w =M (ZA(k— 1,Au(k—1))), L(u) = z;‘,‘Ww
k=1

k=1
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and

Zé k) +1).

We have, by using (Hy), that

s

< By

ZA — 1, Au(k — 1))
1 (u)]

M(t)dt’

ZA — 1, Au(k — 1))

I
< %<§ |A(k — 1, Au(k — 1))|>5.

According to (Hy), (Hs) and the discrete Holder type inequality, we write

+oo +oo  Au(k—1)
> Ak =1, Au(k - 1)) gZ/ la(k — 1,t)|dt
k=1 0

k=1

tﬁldt’

00 1
<O (J(k -1)+

k=1 p(k—1)
+oo Cl +o00
<01 Ytk = D)|Aulk — 1)+ =23 [Au(k — 1)
k=1 )
1 1 ) el
<=+ 2 il 8l + S 18wl
< +00

and we deduce that |I(u)| < +00. We have

|L(u)| = f@m(kﬂp(k) <i +°Oa(k)|u(k)|p(k) < 1o
= k) 2 et
and
+oo
Aw| = ZMk)F(k,u(k)Jrl)‘
k=1

<Z\5 )|E (k, w(k) +1)]

< ch|6<k)\(1 + lu(k)P*)

+oo “+o0
< 033 18R+ C58 S [u(k) P
k=1 k=1

< +o00.

|Au(k — 1)|P<k—1>—1)Au(k —-1)
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Hence, J is well-defined. Clearly, the functionals I, L and A are in C* (Wg ’f_('(i(.),R).

In what follows we prove . Let u,v € WS ’f_(gé(_). Since

lim I(u+ M) — I(u)
A—=0t A

M (f A(k-1, Au(k—l)—i—AAv(k—l))) -M (ij A(k-1, Au(k—l)))

— lim k=1 k=1
A—01 A

+00 +oo
=M Alk — 1, Au(k — 1) alk — 1, Au(k — 1)) Av(k — 1),
(A )2l )

k=1 k=1
C Lt ) = L) RN [ulk) + Aok [P — (k) P®)
,\li%h A B )\lgng 1;1 p(k)A
R N 1) R e 1
B P A—0t p(k)>\
+oo
=D lu(k) PP 2u(k)o(k)
k=1
and
g M) —A@) = 6(k)F(k,u(k) + (k) + 1) — F(k,u(k) + 1)
A0+ A o et A
= F(k,u(k) + Mvo(k) + 1) — F(k,u(k) + 1)
- kZ:1 o(k) Ali{& A
“+oo
= 8(k)f (k,u(k) + 1)v(k),
k=1

we obtain the relation .

Proposition 3.2 The functional J is weakly lower semi-continuous.
Indeed, by (Hy), (H4) and (Hg) we have that J is convex. Thus, it is enough to show

that J is lower semi-continuous. For this, we fix u € Wé’f_(i(_) and € > 0. Since J is

convex, we deduce that for any v € Wg ’i(g(.),

Jw) =)+ (J(w),v—u)
> J(u) + R(u,v) + S(u,v) + T(u,v),
with
+oo

+oo
R(u,v) = M(ZA(k — 1, Au(k — 1))) > alk—1,Au(k—1))(Av(k —1) — Au(k — 1)),
k=1

k=1
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+o00
o) = 3 u(k) PO 2u(k) (u(k) — uk))
k=1
and
“+oo
= > 0(k) f (k,u(k) + 1) (u(k) — v(k)).
k=1

Using the discrete Holder type inequality, there exists three nonnegative constants Cy, C5
and Cg such that

+00 oo
R(u,v) > M(ZA (k—1, Au(k—1)) )ka 1, Au(k—1))||Av(k—1)— Au(k—1)|
k=1 k=1
> —Cif|Au = Av]|ag) py ()

> =Cullu = vll1.a0) 1 0); (13)

T(u,v) Z 7C5Hu - ’U||1,a(.)7p+(.) (14)

and
S(u,v) = -— Zlu PE (k) — u(k)]

1
(e YOy

> ~Céllu — vll1a()p: (- (15)
Then, combining (L3)), and (15)), we get

J(v) = J(u) = Kllu = vll1,a0)p1 () (16)

with K = Cy + C5 + Cg. Finally, for all v € VV1 p() With v —ull1,a()p) <T= %,
we get

J(v) > J(u) -
Then J is lower semi-continuous and by [1], Corollary IIL.8, J is weakly lower semi-
continuous. ]

Proposition 3.3 The functional J is coercive and bounded from below.
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Indeed, according to (Hs), (Hs) — (Hg) , we have

(ZA — 1, Au(k —1))) fp((k)) k)[P*) — Za k)+1)

k=1
- B N _ 1\ p(k)
> 2 (ZA 1, Au(k 1))) +p+kz::1a(k)|u(k)|
e Z S(k)|u(k) P — C;
k=1
Bifyx_ 1 IR I p(k)
>3 (kz_lp(k_l)|Au(k 1)| ) +p+;a(k)|u(k)|
e
03 a()ul) P
X 5

> ,3(?)6 (io | Au(k — 1)}”’“))5 + (1 - C;fj) +Oooz(k)\U(k)

k=1
. By 1 (36
zmln{ﬁ(er)ﬁ,pJr a0 }01 a()ps () (W) = Cr.

7

To prove the coerciveness of the functional J, we may assume that |[ul|i () p, ) > 1

and, using Proposition we deduce from the above inequality that

. B, 1
J(u)zmln{w,p }| ||10¢()p+ —Cr.

Thus, by assumption (H7),
J(U) — +00 as Hquja(,))er(,) — 400,
namely J is coercive. Besides, for ||ul[1,a()p, () < 1, we have

B; 1 Cs0

J(u)  >min {B(zﬁ)ﬂ; o %}ﬂl,ac),m(.)(u) - Cr

> —C7 > —o0.

Thus J is bounded from below.

O

Since J is weakly lower semi-continuous, bounded from below and coercive on

wiet) ) using the relation between critical points of J and problem

0,+,a(.
that J has a minimizer which is a weak solution of @D

, we deduce

We will show that every weak solution u of (9] is such that u(k) —> O as k — +oo. Let

u be a weak solution of problem ({9)). Since u € W Ay ) , we have Z lu(k

O+a

Denote

S;={keZ;|uk)| <1} and Sy = {k € ZF;|u(k)| > 1}.

)P < +oo.
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Since u € Wo ’i (> 92 Is necessary a finite set and |u(k)| < +oo for any k € S5.
As S is a finite set, then Z |u(k \p < +o00.
keSs

On the other hand, we have Z (k)P < Z Ju(k)|P®) < Z|u )P®) < 4o0.

keSt keSh
Therefore,
+oo
Dol = 3 k) £ 3 k)l < oo
k=1 keS1 keS
Thus, . lim |u(k)| = 0, which completes the proof of Theorem [3.2 O
—+o0

To end the proof of Theorem let us consider the following problem

—M(A(k — 1, Au(k — 1)))A(a(k — 1, Au(k — 1)))

+a(k)u(k)[PP 2 u(k) = 6(k) f (k,u(k) - 1), k € Z (17)

w(0) =0, lim wu(k)=0.

k——o0

Definition 3.3 A weak solution of problem is a function u € Wé’f('o)z(') such
that

M( zo: Ak =1, Au(k — 1))) 20: a(k — 1, Au(k — 1))Av(k — 1)

k=—o00 k=—o00
(18)
N Z ()P 2u(kyok) = > (k) f(k,uk) — 1)o(k),
k=—c0 k=00

for any v € W, p(a()
By mimicking the proof of Theorem we prove the following result.

Theorem 3.3 Assume that assumptions (Hy)-(Hog) hold true. Then, there exists at
least one weak solution of ,

Now, we end the proof of Theorem [3.I] For this, we define v; = u; + 1, where u; is
a weak solution of problem @D and vo = ugy — 1, where uy is a weak solution of problem
(17). Therefore, according to (Hs), we deduce that

U = V1Xz+ + V2 Xz~ (19)

is a weak heteroclinic solution of problem . O
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Abstract: We study the existence of homoclinic orbits for second order non-
autonomous damped vibration system

(t) + Bq(t) + V' (t, q(t)) = f(t),

where B is a skew-symmetric constant matrix, t € R, ¢ € RY and V € C* (Rx RY, R),
V(t,q) = —K(t,q) + W(t,q) is T-periodic with respect to ¢, T > 0. We assume
that W(t,q) satisfies an assumption weaker than the global Ambrosetti-Rabinowitz
condition and that the norm of B is sufficiently small. This homoclinic orbit is
obtained as a limit of 2kT-periodic solutions of a certain sequence of second order
differential equations. This result generalizes and improves some existing findings in
the known literature.

Keywords: vector field; homoclinic orbits; damped vibration systems; mountain pass
theorem; critical points; minimax methods.

Mathematics Subject Classification (2010): 34C37.

1 Introduction and Main Results
We consider the following system
q(t) + Bq(t) + V'(t,q(t) = f(1), (DS)

where B is a skew-symmetric constant matrix, V : R x RY — R, (t,2) — V(t,z) is a
continuous function, T-periodic in the first variable with 7" > 0 and differentiable with
respect to the second variable such that V'(t,z) = %—Z(t,x) is continuous on R x RY

* Corresponding author: mailto:k_khachnaoui@yahoo.com
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and f: R — R¥ is a continuous and bounded function. We say that a solution z(t) of
(DS) is a nontrivial homoclinic(to 0) if z #Z 0 and x(t) — 0 as ¢ — £oo. The importance
of the study of the existence of homoclinic orbits for damped vibration systems has
been recognized by Poincaré at the end of the 19th century. Therefore, the existence
of homoclinic orbits has become one of the most important problems in the research of
damped vibration systems. Firstly, when B = 0 and f = 0 the system (DS) is just the
following second order non-autonomous Hamiltonian system:

G(t) + V'(t,q(t)) = 0. (1)

In 1990, Rabinowitz |14] showed the existence of homoclinic orbits for system
by taking the limit of 2kT-periodic solutions of approximating problems under the well

known Ambrosetti-Rabinowitz condition: there exists a constant pu > 2 such that for
every t € R and ¢ € RV\{0}

0<puV(t,q) <V'(tq)q.

By using the same approach, the existence of homoclinic orbits for the system has
been intensively studied by many mathematicians via variational methods in critical point
theory, see( [4], |5], 16], 18], 19], |13], [14], [16]) and the references therein. Particularly,
in [10], Izydorek and Janczewska considered a more general Hamiltonian system

)+ V'(tqt)) = f(b), (2)

where V(t,q) = —K(t,q) + W(t,q). If V is neither autonomous nor periodic in t, the
problem of the existence of homoclinic orbits of is more complicated because the
compactness arguments derived from Sobolev imbedding theorem are not available for
the study of (1)), see, for example, ( [1], [4], [5], [6], [8], [10], [11], [15]). Secondly, if B #0,
f#Z0and V = —K + W the existence of homoclinic orbits for system (DS) has not been
previously studied. Our aim in this paper is to study the existence of homoclinic orbits for
the system (DS), where K is a quadratic growth function and W satisfies an assumption
weaker than the global Ambrosetti-Rabinowitz condition. Here and subsequently, (.,.):
RY x RN — R denotes the standard inner product and |.| is the induced norm in R¥.

Definition 1.1 A vector field v defined on R¥ is called positive if v(z).z > 0 for
all z € RV\{0}. We call v a normalized positive vector field if v is positive, linear and
satisfies the following condition:

v(z).x =z.x, VreRY. (v1)

Our basic hypotheses on V' and f are the following:
(V1) There exist normalized positive vector field v and constant by, by > 0 such that
bilz|? < K(t,z) < bolz|?, K(t,z) < K'(t,z).v(z) < 2K(t, )

for all (t,xr) € R x RN,
(Vo) W'(t,x) = o(|z|) as |z| — 0 uniformly in t € R,
(V3) There exists a constant g > 2 such that for every t € R and x € RV\{0}

0 < uW(t,x) < W'(t,z).v(x),
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(Vi) W(t,x) < M|z|*, for allt € Rand || < 1, where M = sup W(t,x).
teR,|z|=1

1/2
(Vs5) by = min{1,2b;} > 2M and (/R |f(t)2dt) < %, where 0 < 3 < by — 2M, and

C' is a positive constant defined in [10].

Remark 1.1 We see that if v(z) = z, then (V}) becomes (H3) and (V3) becomes
(Hs) in [10]. From (V2)-(Vi) we see that W (t,z) = o(|z|?) as |x| — 0 uniformly in
t and W (t,0) = 0,W’(t,0) = 0. Moreover, from (V;) we conclude that K(¢,0) = 0,
K'(t,0) = 0. Example below shows that (V3) is weaker than the global Ambrosetti-
Rabinowitz condition.

In addition, we need the following hypothesis on B.

(Vs) ||B|| < min {51 — B —2M, £=2p, L b—l} , where b = ||v|| is the norm of the operator
V.

’ u+2b D

Now, we state our existence result of homoclinic orbits for problem (DS).

Theorem 1.1 Suppose that K and W are T-periodic with respect to t, T > 0 sat-
isfying (V1) — (Vs), then the system (DS) possesses a montrivial homoclinic solution
q € WH2(R,RYN) such that ¢(t) — 0, as t — Foc.

Example 1.1 Let (x) be the argument of z = (&1, &) € R?\{0} defined by

arctan(&s/&1),if & > 0,& >0,
5, 1f§1=0,6&>0,
0(x) =  arctan(§2/&1) +m, if & <0,
37777 Zf gl :0752 < Oa
arctan(&a/&1) + 2m,if & > 0,& < 0.

Define a function K € C1(R x RY R) as follows:

0, ifx=0.

|| .
I((?‘I7 1}) = { eXp(.Qsin4(ln|w‘+9(w)))7 ’Lf €T ;é O7

Define a normalized positive vector field v by

v(x)=<11 1)95

An easy computation shows that K satisfies (V7).
For any p > 2, define a function W € C1(R x RV R) as follows:

, if ©=0.

] :
W(t, ) :{ exp((Zsin4(In[a[+0()))) ? if =#0,

A direct computation (see [3]) shows that W satisfies (V2), (V3) and (V4). Moreover, W
does not satisfy the global Ambrosetti-Rabinowitz condition.
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2 Variational Setting and Preliminaries

Similarly to [10] and [14], we will prove the existence of homoclinic orbits for (DS) as the
limit of 2kT-periodic solutions of the following systems of differential equations:

G(t) + Bq(t) + V' (¢, q(t)) = fi(D), (DSk)

where f;, : R — RY is a bounded continuous function, 2kT-periodic extension of f to the
interval [—kT, kT), k € N. For each k € N, let L2, be the Hilbert space of 2kT-periodic
functions on R with values in RY equipped with the norm

1
2

kT
lallzs = /Wmmﬂﬁ ,

and L3, be the space of 2kT—periodic essentially bounded functions from R into RV
equipped with the norm

lqllLse, = esssup{lq(t)|: t € [-kT,kT1}.

Denote by Ej := WzllfT the Hilbert space of 2kT-periodic functions on R with values
in RY under the norm

kT kT 1/2
lall e = V |Q(t)|2dt+/ Id(t)lzdt] :
—kT —kT
Next, we need the following lemma.

Lemma 2.1 ( [10]). There is a positive constant C' such that for each k > 0 and
q € Ey the following inequality holds:

lallzs;, < Cligllz- 3)

Let ny : Ex, — [0, +o0o[ be given by

kT 1/2
m(q) = (/_kT[ld(t)2 + 2K(t,q(t))]dt> : (4)
By using (V1), we have
billal, < nile) < b2llallZ,, ()

where by = max{1,2b,}. Let I, : E;, — R be the functional defined by

TPy .
In(q) = /_kT [QIq(t)l +QBq(t).q(t)JrK(t,q(t))—W(t,q(t))Jrfk(t).q(t)] dt
- %ﬂm+/”[Hﬁ@me@«m+ﬁumm}w (6)
9 k T 2 ’ 7

It is easy to check that I € C1(Ey,R) and by using the skew-symmetry of B, we have
for every q,v € Ej

Ii(q)v = / [4(£)-0(t) = Bq(t).v(t) — V'(t, q(t).v(t) + fu(t)-0(t)] dt. (7)

—kT
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It is known that the critical points of I} in Ej are the classical 2kT-periodic solution of
(DS});). We will obtain a critical point of Ij; by using a standard version of the mountain
pass theorem:

Lemma 2.2 ( [15]). Let H be a real Banach space and I € C'(H,R) satisfying the
Palais-Smale condition. If I satisfies the following conditions:

(1) 1(0) = 0,
(i) there exist constants p, a > 0 such that I )5p,0) > @,
(iii) there exists e € H\B,(0) such that I(e) < 0.

Then I possesses a critical value ¢ > a given by

= inf I
¢ = Inf max (9(s)),

where
I'={g€C([0,1],H) : g(0) = 0,9(1) = e}.

Lemma 2.3 ( [{]). There exist a1,az > 0 such that
W(t,z) > ai|z|* —ag, Vt €R, Vo € RY. (8)

Let v be the normalized positive vector field in (V;) and (V3) of Theorem Then

v is an invertible linear operator from RY to RY. Let a = Hvlll\’ b = ||v||, where ||v|| and

[v=1|| are operator norms. For any = € RY | one has

alz] < |v(z)| < bl]- (9)
Define a vector field © on Ej by

(0(2))(t) = v(x(t)). (10)

Using condition (v1) and Fourier series, we perform direct computation to show the
following lemma.

Lemma 2.4 ( [4]). For any x € F,

kT kT o
/ l(t)|Pdt = / (1) 2@ (0)dt. (11)

—kT —kT

allz) g, < [lo(@)| e < bl s, (12)

From (V7), , and we have

kT

Ii(9)o(q) < nilg) —[kT [Bq(t).v(q(t)) — W'(t,q(t).v(g(t))] dt
kT
+ . Fe(®).v(g(t))dt. (13)

Lemma 2.5 Under the assumptions (V1)—(Vs), for every k € N the system (DSk)
possesses a 2kT -periodic solution q € Ey.
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Proof. Step 1. We will show that [ satisfies the Palais-Smale condition. Assume
that {g;};en C Ex, {g;}jen has a convergent subsequence if {I;(g;)};jen is bounded and
I;(g;) — 0 as j — 4o00. Then there exists a constant M} > 0 such that

1Tk ()] < M, [T3,(g5)]

By < My (14)

for every j € N. We firstly prove that {g;}jen is bounded in Ej. Without loss of
generality, we may assume that ||g;[|z, # 0. Then by (V3) and @, it follows that

kT 92 kT
B) < 2Lulg) + / Bi;(t).ayt)dt+ > [ Wt q5(0)) (e (0)dt
—kT HJ—kT
kT
—- 2 fr(t).q;(t)dt. (15)
kT
From and we obtain
kT kT A
(1—%)77%(%) < zmqj)—%I,;<qj>.a<qj<t>>+ / kTBq'j(w.qj(t)dH% /  Bay ()0, (0)e
kT 2 kT
-2 Te(t).q;(t)dt + = Tr(t).v(g;(t))dt. (16)
—kT mJ kT

Moreover, by , @D and it follows that

2\ - 2b 2b
[(1 - u) b - (1 " M) ||B||} oI, < 202(0) + 2214065 ez

kT H kT 5
+2 (/kT |fk(t)|2dt> gl e + %b </kT |fk(t)|2dt> sl (a7)

By (14), and (V5) we get
2\ - 2b 20My, b
[(1 - M) b (1 ¥ u) ||B} laj3, < 20y + ( PR ;ﬂ) lgjlle,  (8)

Since p > 2 and (V) imply that [(1 - %)51 —(1+ %)HBH} > 0, inequality shows
that {g;};en is bounded in Ej. Going if necessary to a subsequence, we can assume that
there exists ¢ € Ej, such that ¢; — ¢, as j — +o00 in Ej, which implies that ¢; — ¢ as
J — +oo uniformly on [—AT, kT]. By Proposition 4.3 in [17], we can prove that {g;};en
has a convergent subsequence in Ej. Hence, Ij satisfies the Palais-Smale condition.
Step 2. We prove that there exist constants p, &« > 0 independent of k such that
I satisfies the assumption (i¢) of Lemma Letting p = & and ||q||g, = p, we have

lqllzg:,. <1, where C' > 0 is defined in . Tt follows from (V3) that

kT kT
Wt q)dt < M / lg(t) dt < M|lq3,. (19)
—kT —kT
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In consequence, combining this with , (V5) and Holder’s inequality, we obtain

W@ = [ [+ JBa0d) + Kaw) - W) + o]
> Shilall, - 1B, ~ M, — 1l s,
> (50— 5180 - ) lalls, - 5l
> 2 (b= 8- 20— |BI) lally, + Dlally, — s lal (20)

Note that (Vg) implies (by — 8 —2M — || B]|) > 0.
We set a = %ﬂw, than the inequality implies that

I;%Bp >a>0 for keN.

Step 3. It remains to show that I, satisfies assumption (i) of Lemma [2.2] By (5),
@ and , for every s € R\{0} and ¢ € R™V\{0}, we have

6282
2
+ sl frllzz

2kT

kT
Ir(sq) < lgll%, + s*(1Bllllqll%, —a1|8|“/kT lq(t)["dt

lallzz, . + 2kTas. (21)

2kT

Take @ € E; such that Q(T) = Q(—T) = 0. Since u > 2 and a1 > 0, implies that
there exists so € R\{0} such that ||soQ| g, > p and I1(s0Q) < 0. Set e1(t) = soQ(¢) and

_J e(t) for t|<T,
er(t) = { 01 for T < |t| < kT, (22)

for k > 0. Then ey, € Ex, |lexlle, = lle1llz, > p and Ix(ex) = I1(e1) < 0 for every k € N.
By Lemma I possesses a critical value ¢ > « given by

= inf I , 23
ek = Inf max k(g(s)) (23)

where

Fk = {g € C([O7 1]7Ek) : g(O) = 0,9(1) = 6k} .
Hence for every k € N, there exists g € Fj such that
Ii(qk) = cx, Ip(qx) = 0. (24)

The function ¢ is a desired classical 2kT—periodic solution of (DS}) for k£ € N. Since
¢ > 0, qr is a nontrivial solution even if f = 0. The proof of Lemma [2.5]is complete.

Lemma 2.6 Let (qi)ren be the solution of system (DSy) which satisfies for
k € N. Then there exists a positive constant My independent of k such that

larllg, < My, VkeN. (25)
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Proof. For k € N, let gi : [0,1] — Ej be a curve given by gi(s) = sey, where e,

is defined by (22)). Then g € T'x and Ix(gr(s)) = I1(g1(s)) for all k € N and s € [0, 1].
Therefore, by (23))

¢y = inf max I(g(s)) < max Ix(g1(s)) = My, Vk €N, (26)

g€l s€0,1] s€0,1]
where My is independent of k. Since I} (qx) = 0, we get from (V1), (V3), (6) and

kT kT

W e (1))dt + / Bau(t).du (1)t

o = Ieaw) — 3T 0(an) = (5~ 1) .

—kT

1 kT kT 1 kT
+5 [ Ba@sa@ds [ p@aoi- [ R
—kT —kT —kT

Then we have

kT 1 kT 1 kT —_——
W(t, q(t))dt < —— By (t).qr(t)dt + — Bai.v(qx(t))
—kT =2 ) pr =2 ) gr
2 KT 2
_ s i Tre(®).qx(t)dt + =
1 kT
+ — Tre(@®).v(qx(t)dt. (27)
w=2J kr

Combining with (), (6), ([12), (26), (V5) and (V) we obtain

by 1+0D 9 uMy B+ b)
A _2T%p < + : 2

Since (Vg) implies that %1 - i—f; |B|| > 0 and all coeflicients of are independent of
k, there exists a constant M; > 0 independent of k£ such that

larllg, < My, VkeN. (29)

The proof of Lemma [2.6]is complete. O
Let C? (R,RY) (p € N) denote the space of C? functions on R with values in RV
under the topology of almost uniformly convergence on compact subintervals of R and all
derivatives up to order p. Using the Arzela-Ascoli theorem, we can prove the following

lemma.

Lemma 2.7 Let {qi}ren be the 2ET—periodic solution of problem which satisfies
for k € N. Then there exists a subsequence {qy,} convergent to q in C}, (R,R"Y).

loc

Proof. Arguing as in Theorem 2.1 in |11}, we conclude from the fact

to to 1/2
av(t2) -~ astt0)] < [ |qk<t>dts<t2—t1>1/2(/t |q'k<t>|2dt)

that the sequence (g) is equicontinuous on every interval [—IT,IT] C [-kT, kT]. By
and Arzela-Ascoli theorem, the sequence (gi) has a uniformly convergent subsequence
on each [—IT,IT)].
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Let (g, ) be a subsequence of (gx) that converges on [T, T]. Then (g, ) is equicon-
tinuous and uniformly bounded on [-2T,2T]. So we can choose a subsequence (g;, ) of
(q,im) that converges uniformly on [—2T, 2T]. Repeat this procedure for all k£ and take
the diagonal sequence (gj* ). It is obvious that (¢ ), is a subsequence of (gj, ) for any
1 < ¢ < m. Hence, it converges uniformly to a function ¢(¢) on any bounded interval. In
the following, for simplicity, we also denote the subsequence (g ) by (gx). The proof of
Lemma [2.7] is complete. O

Lemma 2.8 Let ¢ : R — RN be the function given in Lemma . Then q is the
desired nontrivial homoclinic solution of (DS) such that u(t) — 0, as t — +oo.

Proof. Firstly, we will show that ¢ is a solution of . Let {qx, }ren be defined in
Lemma then we have

Gr; (1) + Bar, (t) + V' (t, gk, (1) = fr, (t) (30)

for every j € N and t € [—k;T,k;T]. Take a,b € R such that a < b. There exists jo € N
such that for all j > jo and ¢ € [a,b] C [—k,;T, k,;T], we have

Gr; (1) = —Bdr,(t) = V'(t,qx, (1)) + fi,; (1) (31)

Hence, G, (t) is continuous in [a, b] and Gy, () is a classical derivative of g, (t) in [a, b] for
every j > jo. Moreover, since g, — ¢ uniformly on [a, b] and

Gr, (1) = =Bk, (t) = V'(t,qr, (1)) + f, (t) (32)

we obtain

G(t) + Ba(t) + V'(t.q(t)) = f(1), (33)

for every ¢ € [a,b]. Since a and b are arbitrary, we conclude that ¢ satisfies (DS). O

3 Proof of Theorem [I.1l

We have shown that ¢ satisfies . It remains to prove that ¢ is nontrivial and homoclinic
to 0. First, we show that ¢ is nontrivial. Obviously, this will be the case if f # 0. Consider
the function ¢ : [0, +o00[— [0, +00] defined by
max W't z)v(@) s>0
©(8) = ¢ teRr,0<]z|<s || ’ ’
0, s=0.

Then by (V2), (V3), (§) and (9) ¢ is a continuous, nondecreasing function and ¢(s) > 0
for s > 0. The definition of ¢ implies that

kT
W' (t i (t)v(gr(®)dt < ollar s, )llarl (34)

—kT
for every n € N. Since I (qx).v(gx) = 0, we have

/ Wt (1)) 0(ge () dt =

—kT
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kT kT kT
/ i (1) 2t — / Bin@)wla()di + [ Kt au)olan()dt.  (35)
kT kT —kT

From (34), (3), (V1) and (V5), we obtain

\%

kT kT kT
gl ) g3, > / \q‘k<t>|2dt7/ quu).v(qk(t)))cm/ K (1 g (1))o(gu () dt
kT kT —kT

(min{1, b1} — bl B]) llaxll%, -

v

Since ||gx||g, > 0, it follows that
e(llarllzg;,) = (min{1, b1} — b B|) > 0.

If lgrllzg, — 0 as k — oo, we have ¢(0) > (min{1,b1} — b[|B) > 0, which is a
contradiction. Passing to a subsequence of (gi) if necessary, we see that there is a
constant Cy > 0 such that

lakllLgg, = Ch (36)

for every k € N. Moreover, for all j € N, ¢ — qi (t) = qr(t + jT) is also a 2kT-periodic
solution of system (3). Hence, if the maximum of |gx| occurs in 0, € [—kT,kT] then

the maximum of |¢]| occurs in 77 = 6 — jT. Then there exists a j, € Z such that
¥ € [T, T). Consequently,

Tk Jk
oo — —_ t .
||qk (73 ([—kT,kT],RN) tel[l_l%%(ﬂ \Qk (t)]

Suppose the contrary to our claim, that ¢ = 0. Then

5 || oo (1— = ma ()] — 0
a7 || oo (|- kT, k), R Y)Y o lgi* ()] — 0,

which contradicts .
Second, we now prove that ¢(t) — 0 as t — *oo. We have, from (29)

kT

| Qa0F +laPyie < Jaili, < M.

Obviously, for each i € N there is k; € N such that for all & > k;
iT

/_T(que(?f)l2 + gk (0)1*)dt < llgrlls, < M.

Letting £ — +o00, we obtain

T
/ (g + d(t)P)de < M?.

—1
As i — 400, we have

+o0
[ GaoP +laoPyan < .
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Hence we get

[ 0P + 0Pt~ 0 0

By Corollary 2.2 in [16], we have

t+1
a®F < [ (o) + lits) s
for every t € R. Then, by and we conclude that

q(t) = 0as |t] = oo.

(37)

Finally, we have to show that ¢(t) — 0 as ¢ — £oo. From Corollary 2.2 in [16] we have

t+1

t+1
IWWS/ m@ﬁﬂwmm+/ (s)

t—1 t—1

for every t € R. Since ¢ € W12(R,RY), we get

-1
Hence, it suffices to prove that
t+1
/ |iG(s)|?ds — 0 as [t| — oco.
t—1

Since ¢ is a solution of (DS), we obtain

A

[ oras < s [ ieras s [ v aonpas [

-1 -1

vl ([ o)

~+

-1

N|=

By (Vs), we get

t+1
/ |£(s)|?ds — 0, as |t| — occ.
t—1

t+1
/t (|g(s))* + |4(s)|*)ds — 0 as [t| — oo.

[T

([jw%mm%ﬁ
([ o)’ ([ o)
([ vor) ([ o)

(39)

|f(s)[*ds

(40)

t+1
Since / l4(s)|?ds — 0 as |t| — oo, q(t) — 0 as [t| — oo and V'(t,q) — 0 as |q| — 0
t

-1

uniformly in ¢ € R, then follows. The proof of Theorem is complete. O
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Abstract: The paper is devoted to the problems of output feedback stabilization,
robust stabilization, quadratic optimization and generalized H.-control for a class of
affine discrete-time systems. The solution of robust stabilization problem and evalu-
ation of the quadratic performance criterion for a family of nonlinear nonautonomous
control systems are proposed. Methods for construction of control laws providing a
robust stability and specified evaluation of the weighted damping level of input signals
and initial perturbations are proposed for linear systems with controllable and ob-
servable outputs. The application of the main results reduces to solving the systems
of linear matrix inequalities.
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1 Introduction

State and output feedback controllers design for dynamic systems with the prescribed
and desired properties is a key problem of control theory. At the same time, the pro-
perties of control systems such as asymptotic stability, robustness and optimality of the
performance indexes are in the foreground. The main problem in H,-control theory for
continuous systems is connected with suppression of external and initial perturbations
(see, e.g., [1H6] as well as review papers [7H9]). Practical applications of many modern
methods for control systems design reduce to solving the linear matrix inequalities (LMI)
[T0,[T1).
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In this paper, we consider classes of linear and affine discrete-time control systems
for which closed loop systems can be represented in the pseudolinear form

$t+1:M(J)t,t)ﬂft, l‘tERn, tETZ{O,LQ,...},

besides, a matrix function M (x,t) can contain uncertain quantities belonging to certain
sets. Intervals, polytopes, affine families of matrices and other objects may serve as the
uncertainty sets. To define uncertainties and robust stability conditions for systems in
semiordered spaces one can use cone inequalities and intervals [6,[12,/13]. The applied
control laws are of the form of static or dynamic output feedback. It should be noted that
at the solution of many control problems the dynamic controllers have great potential as
compared with the static controllers.

Our consideration includes the following types of problems:

e output feedback stabilization of discrete-time control systems (Section ;

e robust stabilization and optimization of discrete-time control systems with polyhe-
dral uncertainties (Section ;

e robust stabilization and weighted perturbation suppression in discrete-time control
systems (Section [4]).

Throughout the paper, the following notations are used: I, is the identity n x n
matrix; Oy, is the n x m null matrix; X = X7 > 0 (> 0) is the symmetric positive
definite (semidefinite) matrix X; i(X) = {iy,i_,io} is the inertia of Hermitian matrix
X = X* consisting of the numbers of positive (i1 (X)), negative (i_ (X)) and zero (ip(X))
eigenvalues (taking into account the multiplicities); o(A) and p(A) are the spectrum and
the spectral radius of A, respectively; Apax(X) and Apin(X) are the maximum and the
minimum eigenvalue of the Hermitian matrix X, respectively; A1 is the pseudoinverse
matrix; Wy is a matrix whose columns make up the bases of the kernel Ker A4; ||z||
denotes the Euclidean norm of the vector x € R"; ||w||p denotes the weighted l3-norm
of a vector sequence wy, t € T; Co{Al, ceey AV} stands for a polytope in a matrix space
described as a convex hull of the set {Al, e ,A,,}7 ie.

Co{Ay,..., Ay} ={adi+ +a,d,: o1+ +a,=1, a;>0,i=1v}.

Note that matrix intervals and affine sets are described in terms of polytopes.

2 Output Feedback Stabilization of Nonlinear Systems
Consider the affine discrete-time control system
Tep1 = A(x)ze + B(wur,  yr = Cla)we + D(xe)ue, (1)

where 2; € R™ is a state vector, u; € R™ and y; € R! are input and output vectors, respec-

tively, A(x), B(z), C(x) and D(x) are continuous matrix functions in some neighborhood

Sp of the zero state z; = 0, t € T. Assume that rank B(z) = m and rank C(z) = in Sp.
Along with , consider the linear system

P41 = Awy + Buy,  yr = Cwy + Duy, (2)

with A = A(0), B = B(0), C = C(0) and D = D(0). Let B+ and C* be the orthogonal
complements of B and C, respectively, i.e. BTB+ = 0, det [B,Bﬂ £0, C+CT =0,
det [CT,C+T] £ 0.
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2.1 Static controllers

Formulate stabilizability conditions of the zero state x; = 0 for systems and
through the static output-feedback controller

U = Kyt: K e ICDa (3)
where Kp = {K € R™*! : det(I,, — KD) # 0}. Closed loop system , has the form
21 = Mz, M= A+ BD(K)C, (4)

where D(K) = (I,, — KD) 1K is a nonlinear operator with the following properties:
o if K € Kp, then D(K) = K(I; - DK) ! and I, + DD(K) = (I, - DK)~};
o if K1 € Kp and Ky € Kp,, then K1 + Ky € Kp and

D(K, + K») = D(K,) + (I, - K1D)™'Dy(K;) (I, - DK;)™!, (5)
where Dl(KQ) = (Im — K2D1)71K2, D1 = (Il — DKl)ilD;
o if —Ky € Kp, then K = —D(—Ko) € Kp and D(K) = Kj.

Definition 2.1 System is p-stable if the spectrum o(M) lies inside the circle
{N |\ < p}, where 0 < p < 1.

Theorem 2.1 Let rank B = m < n and rankC' = [ < n. Then the following state-
ments are equivalent:

1) There exists a static controller ensuring p-stability of system .

2) There exists a matriv X = XT > 0 satisfying the relations

BYT(AX AT — p®X)B* <0, (6)
. Hy HT
i) =m0y, H=| g ] )

where Hy = BY(L—LRL)B*T, Hy = CXAT(I,—RL)B*T, Hy = C(X - X ATRAX)CT,
L=AXAT —p’X, R=B*+S"'B*T, S = B*TLB*;
3) There erxists a matriv X = XT > 0 satisfying the matriz inequalities @ and

AXAT — p’X < AXCT(cxcT)y"1ox AT. (8)

4) There exist mutually inverse matrices X = X7 > 0 and Y = YT > 0 satisfying
the relations @ and

CHATY A - p*v)CtT <. (9)
5) There exists a matriz Y = YT > 0 satisfying the matriz inequalities @ and
ATY A - p?Y < ATYB(BTYB) 'BTY A. (10)

When one of the statements 2) — 4) is true, then the controller
Uy = K?Jh K= _D(_KO) € ]CDa (11)
where Ky is a solution of one of the equivalent LMI

P’ X AX
XAT X

-Hy O

PIKoQi1+QT K Py < [ } . Py KoQa+QiKj Py < [ 0 gl ] , (12)
2

with Py = [— BT,O], Q1= [O,C’X], P = [Im,O] and Q2 = [Hl,Il] ensures p-stability
of closed loop system .
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For the equivalence of the statements 1) and 2) in Theorem see [6]. Equivalence
of the statements 2) and 3) follows from the correlations (see |12} p. 147])

H=Hy— H'H;'Hy, i (H)=i.(H) =iy (A), i_(H)=i_(H)+n—m=i_(A),

where
T g T BYLBTT  BtAXCT | BYLBt:
H=| 20 21 | =| cxATBtT  cxcT |CXATBL | =wAwWT,
H, 2 BITLBTT BITAXCT ‘ g

AXAT — p2X  AXCT BT o0 Bt

_ T _
A{ CXAT CXCT]’ W { 0 L 0 } det W #0.

For the equivalence of the statements 1) and 4), see also [5] and [6, Therem 6.1.2].

Theorem 2.2 Let one of the statements 2) —4) of Theorem hold for linear system
. Then relations and determine static controller ensuring asymptotic stability
of the state x = 0 and quadratic Lyapunov function v(x) = 27 X1z of nonlinear closed

loop system , ,

2.2 Dynamic controllers

The dynamic output feedback stabilization problem for system is to find, if possible,
a dynamic control law described by

&1 =2+ Vyy, w=U&+ Ky, teT, (13)

where & € R” and r < n, such that the zero state of closed loop system is asymptotically
stable. Equations and may be represented by control system in the extended
phase space R"" with static controller

T = g@t)@ + E(aj\t)ata U = é(i’\t)fc\t + B(Ep})ﬂt, Uy = I?gta (14)

where

/(E\t+1 = J\/th J\/Z = A\—f— Eﬁ(,{?)é\, (15)
where A = A(0), B = B(0), C = C(0), D = D(0), D(K) = (Inyr — KD)"'K, and

_ D(K) | (I, — KD)~'U
)= [ VI, -DK) ' | Z+VD(,—KD)'U } ’

— M | B(l.— KD)"'U
V({I, - DK) 'C | Z+VD({, —-KD) U |’
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Theorem 2.3 The following statements are equivalent:
1) There exists a dynamic controller of order r < n ensuring p-stability of closed

loop system .

2) There exist matrices X and X satisfying the relations @ and
X > Xy >0, rank (X —Xo) <7, AXoAT —p?X, < AXoCT(CXoCT)PC X AT. (16)
3) There exist matrices X and Y satisfying the relations @, @ and

X I,

W_[In Y

} >0, rankW <mn-+r. (17)
Proof of Theorem [2.3] follows from the corresponding statements of Theorem
taking into account the structure of block matrices in (see [6]).

Remark 2.1 The coefficient matrices of stabilizing controller in Theorem
may be defined in the form

K= (Im + KoD)_lKo, U = (Im + KoD)_on,

18
V =Vo(I; + DKy) ™1, Z:ZO—VO(Il—i—DKO)_lDUO, (18)

using the solution I?O of the LMI
PTEKoQ+QTKIP < F, (19)

where P = [~ BT,0], Q = [0,CX], X — Xo = XT X5 ' X, >0, Ko € Kp, 0 < p< 1,
22X  AX
XAT X

~

[ (R 7/ X, X,

7 [KO Uo}v A:{X X{f]>0.

For example, one can use the Cholesky factorization X — Xy = X{‘FXl > 0 with Xy = I,..

Remark 2.2 Note, that matrices X and X satisfy statement 2) iff matrices X and
Y = X, ' satisfy statement 3). From it follows that matrices X and Y are positive
definite. The rank restriction in always holds in case of full order » = n dynamic
regulator.

Theorem 2.4 Let one of the statements 2) or 3) of Theorem hold for linear
system . Then relations and determine dynamic controller ensuring

asymptotic stability of the state x = 0 and quadratic Lyapunov function v(T) = 2TX -1z

of nonlinear closed loop system , .

3 Robust Stabilization and Optimization of Nonlinear Systems

We formulate an auxiliary statement that will be used in the proofs of our main results.
Consider a nonlinear operator

F(K)=W +UTD(K)V + VDT (K)U + VI D" (K) RD(K)V (20)
with D(K) = (I,, — KD)"'K and an ellipsoidal set of matrices
K={KeR™: KTPK < Q}, (21)

where P=PT >0, Q=Q" >0, R=R" >0, W=W7" <0, U, V and D are matrices
of suitable sizes.
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Lemma 3.1 [14] Suppose that the following matriz inequalities hold:

W UT VT
DTQD+R<P, Q=| U R-P DT |<0(<0). (22)
Vv D Q!

Then F(K) <0 (< 0) for every matriz K € K.

Note that Lemma [3.1] is a generalization of the sufficiency statement for a criterion
known as Petersen’s lemma on matrix uncertainty [15] (see also [16]).
Consider a nonlinear control system in the vector-matrix form

.’[t+1 = A(xt, t)xt + B(l’t, t)ut, Yy = C(l’t, t)l’t + D(xt, t)ut, (23)

where z; € R", u; € R™ and y; € R!. We construct a set of the static controllers

up = K(xg,t) g, K(xe,t) = Ko (w6,8) + K(20,1),  K(24,t) € K, (24)

where I is an ellipsoidal set of matrices of the form . We assume that the matrices
A, B, C, D, K and K, depend on z; and ¢ continuously and the equilibrium state x; = 0
is isolated, i.e., the neighborhood Sy = {z € R™ : ||z|| < h} does not contain other
equilibrium states of this system. If K € Kp, then the closed loop system , can
be represented as

Ty = M(zy, t)zy, M(w,t) = A+ BD(K)C. (25)

Let the zero state of this system for K = K, be asymptotically stable. When looking
for the stabilizing matrix K, in the class of autonomous systems , one can use Theorem
and its special cases. The problem is to construct conditions under which the zero
state of system 1) is asymptotically Lyapunov stable for every matrix K (x4,t) € K. We
find a solution for our problem in terms of a quadratic Lyapunov function (see [6}/14]).

Theorem 3.1 Let for some matriz functions X; = X} and K.(x,t) the correlations

e1l, < Xy < eol,, 0<e; <ey, (26)
MIX, M, — X, +el, MI'X, B, cr
BT X, 1M, BT'X,..B,—-P DT <0, (27)
O* D* _Qil

hold with eg > 0, M, = A+ BD(K,)C, B, = B(I,, — K.D)™!, C. = (I, - DK.,)"'C
and D, = D(I,,, — K.D)™', 2y =0 and t € T. Then any control ensures asymptotic
stability of the zero state x; = 0 for system and a common Lyapunov function
v(z,t) = 2T Xy,

Consider control system with quadratic quality functional
Ut

Ju(x0) = i%a or = [ ui | B [ o ] ; (28)
0

where

@t:[;} ]}\” S>NR'NT +nI,, R>0, n>0, teT.
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Theorem 3.2 Let for some matriz functions X; = X} and K. (z¢,t) the correlations

and

M*TXt+1M* — Xt —+ q)* + €0In Mth+1B* -+ N* + CTKgR* CI
BT X, M, + NT + R.K.C BTX, 1B, + R, — P DT | <0 (29)
C. D, Q!

hold with ®, = LT®L,, LT = [I,,,C"D*(K,)], R, = (I, — K.D)"*" R (I,, - K.D)™*,
N, = N(I,, — K.D)™, ¢g > 0, 2, = 0 and t € T. Then any control ensures
asymptotic stability of the zero state x; = 0 for system , a common Lyapunov function
v(z,t) = 27 Xz and a bound on the functional J,(z¢) < v(xo,0) = 28 Xoxo.

Corollary 3.1 Let for some matriz X; = X} > 0 and K, the system of LMI

M X1 M, — Xy + @k + 20l MgkaB*j +N.+CIKT'R, CI,

BT X141 Myj + NI + R.K.Cy BT X141Byj + Ry — P pT | <o,
C*k D* _Q_l

hold with Mijk = Al + BJD(K*)Ck, B*j = Bj([m - K*D)_l, (I)k = Lg@Lk, Lz =
[I,,CIDT(K,)], Cop = (I = DK.)'Cy, i = L,a, j = 1,8, k= 1,7, 9 > 0, x; = 0,
t € T. Then any control ensures asymptotic stability of the zero state xy = 0 for
system with uncertainties A(0,t) € Co{As,..., Ay}, B(0,t) € Co{Bj,...,Bg} and
C(0,t) € Co{Ch,...,Cy}, a common Lyapunov function v(x,t) = z* X,z and a bound
on the functional J,(zo) < v(z0,0) = 28 Xoxo.

Note that the proofs of Theorems and follow directly from Lemma [3.1] and
the Lyapunov theorem on asymptotic stability taking into account representation of the
first difference of Lyapunov function v(z,t) with respect to system in the form of a
quadratic function with matrix of the form and application of formula (5] (see [6/14]).

4 Generalized H,,-control

4.1 Weighted level of perturbation suppression

Consider a dynamical system with external perturbations
Ti41 = f(xtawht)) Yt :g(wt7wt7t)7 te T7 (30)

where z; € R", w; € R® and y; € R are the state, the l-norm-limited external pertur-
bations and the output vector, respectively.

Definition 4.1 The dynamical system is called nonexpansive, if for all square-
integrable functions w; and 7 > 0

T T
Dyl Que <Y wi Pwy + xf Xowo,
t=0 t=0
where @, P and X are weight symmetric positive definite matrices.

We introduce the performance criterion of system with respect to output y:

J = sup o(w,xq), (31)

0<[[w]3+2 Xowo<oo
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where

[ - -
o(w, z0) = < ol =D uQue, wld = wi Pw,.

VNwll% + 28 Xz t=0 t=0

In case of xy = 0, we denote J by Jy. It is obvious that Jy < J and J < 1 for a
nonexpansive system. The value J describes the weighted level of external and initial
perturbation suppression in system . If P=1Is, Q@ =1 and Xy = pl,, then J and
Jo coincide with known performance criteria of dynamical systems [17].

Consider the class of linear systems

Ti41 = Al‘t + Bwt, Yt = Cl‘t + DU)t7 te T (32)

Lemma 4.1 Let p(A) < 1. Then an evaluation Jy < vy for system holds iff the

LMI
ATXA - X +CTQC ATXB+CTQD

Uy = BTXA+DTQC  BTXB+DTQD —+2P

<0 (33)

has a solution X = XT > 0. To perform the evaluation J < ~ it is necessary and
sufficient that LMI has a solution X such that

0< X <+2X,. (34)

The sufficiency assertion of Lemma follows from the relation
Av(xy) +y! Qi — v*wl Pw, = [x?, th] v, [ Z)’; } <0,

where Av(x;) = v(zy41) —v(x4) is the first difference of Lyapunov function v(z) = 27 X«
with respect to system . The necessity assertion of Lemma may be established
via representation of functional ¢(w,zg) by similar expression with the identity weight
matrices (see the proof of Lemma 5.1.1 in [6] and [17]).

Remark 4.1 If Jy < v, then system (32]) with a structured uncertainty
1
wy = —Oy, OTPO<Q, teT, (35)
Y

is robust stable and has a common Lyapunov function v(z) = 27 Xx. This fact follows
from Lemma [4.1| and Theorem The functional p(w, o) on the set of functions
takes the minimum value, if ©° PO = Q.

It follows from Lemmathat the performance criteria J and Jy of system may
be computed as the solutions of the corresponding optimization problems:

Jo=inf{y:¥, <0, X >0}, J=inf{y:¥,<0,0<X <y Xp}. (36)
Consider the affine system with norm-limited external perturbations
Tiv1 = Alw)ze + B(xwe,  ye = C(x)w + D(w)we, teT, (37)

where A(z), B(z), C(x) and D(zx) are continuous matrix functions in Sg. We can for-
mulate the following statement.
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Lemma 4.2 Suppose that there exists a matric X = XT > 0 satisfying the matriz
inequality

AT (2) X A(2) - X + CT(2)QC () AT (2) X B(x) + C"(2)QD(x) <0
BT(2)XA(x) + DT(1)QC(z) BT (x)XB(x) + DT (2)QD(x) — 1*P
(38)
for all x € Sg. Then Jy <~ and the zero state xy = 0 of system with a structured
uncertainty is robust stable with a common Lyapunov function v(z) = 27 Xz. In

addition, if the restriction 0 < X < 42Xq holds, then J < .

4.2 Static controllers with perturbations

Consider control systems , and the performance criteria J and Jy of the form
. We are interested in control laws that ensure nonexpansivity property of close loop
system and minimize J and Jy. A control law is said to be J-optimal, if the corresponding
close loop system has minimum performance criteria J.

Primarily, we consider the static output-feedback controller

w =Koy +w,, teT, (39)

where w; € R™ is a vector of ls-bounded perturbations and K, € Kp is an unknown
matrix. Assuming that det [Im — K*D(x)] # 0, x € Sy, we rewrite the corresponding
close loop systems in the form

Toy1 = Au(@)we + Bo()wy,  yp = Cu(x) 2y + Di(me)wy, (40)
Ter1 = Awxy + Bowy, Y = Cuxy + Diwy, (41)

where A, (z) = A(z) + B() I, — K.D(z)] "' K.C(x), B.(x) = B() I, — K.D(z)] ",
C.(z) = [[—-D()K.] 'C(x), D.(x) = [,—D(x)K.] ' D(x), A. = A.(0), B = B.(0),

Theorem 4.1 For linear system , there exists an output-feedback controller
such that J < v iff the following correlations are feasible:

ATXA - X 4+CTQC ATXB +CTQD
T
WR|: BTXA+ DTQC BTXB+ DTQD —~+*P Wgr <0, (42)
AYAT - Y + BP'BT AYCT + BP~1DT
T
WL |: CYAT —I—DpleT CYCT+ DpleT_’yQQfl Wi < 0, (43)

0< X <%Xy, XY =~21,, (44)

where R = [C, D], L = [BT, DT]. Herewith, the zero states x = 0 of systems and
with uncertainty are robust stable with common Lyapunov function v(z) = 27 Xx.

Remark 4.2 The gain matrix K, in Theorem may be constructed in the form
K. = Ko(I; + DKo)~!, —Ko € Kp, (45)
Here Ky is an arbitrary solution of the LMI

LYKoRy + RYKI Lo +Q <0, (46)
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where
-X 0 AT ct ct 0
o= 4 B ke N | =] w5
C D 0 -t 0 D
Lemma 4.3 [3] LMI has a solution Kqy if and only if
WL QW <0, Wi QWg, <0, (47)

where Wi, (Wg,) is a matriz whose columns make up the bases of the kernel Ker Lo

(Ker Ry).

4.3 Dynamic controllers with perturbations

Consider control systems and with the dynamic output-feedback controller
§1=2&+ Vy, uw=U&+Kys+wy, teT, (48)

where &y = 0, w; € R™ is a vector of bounded perturbations, Z, V, U and K are unknown
coefficient matrices. If K € Kp, then linear close loop system , reduces to the

form R R R R
./13\,54_1 = A*./ft + B*’U)t, Yt = C*./ft + D*wt, (49)

~ | wy ~ [ A0 5 0 ~ | C 0
=lala=los] o e=o n] v )
A.= A+ BE,C, B.=Bi+BKDy, C.=Ci+DyKoC, D.=D+ DyKoD,
2 ) D 3 o~ Ky Uy
| a=te vt n=[2] n-to ol m-[f 4]

Ko=D(K), Uy= (I, - KD)™'U, Vo =V (I, - DK)™', Zy = Z+VD(I,, — KD) 'U.

We give the following auxiliary statement (see also [18] in the case of v = 1).

where

Sy

Lemma 4.4 Given the matrices X > 0, Y > 0 and the number v > 0, there are
matrices X1 € R™", Xo ¢ R"™7", Y] € R™*" and Yo € R"™" such that

s [ X XlT s Y le SS9
X_[Xl X2}>0, Y—{Yl Yy >0, XY=~ (50)
if and only if
W = LA 0, rankW <n+4r (51)
~I, Y =7 = ’

Applying Lemmas and Theorem to system , we get the following
result.

Theorem 4.2 There exists a dynamic controller (48) such that the evaluation J < ~y

holds for linear system , iff the LMI system , (142), and is solvable with
respect to X = X7 >0 and Y = YT > 0. In addition, a close loop system with a

structured uncertainty s robust stable.
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Remark 4.3 The coefficient matrices of dynamic controller in Theoremmay
be constructed in the form by solving LMI with respect to Kjy:

LT"KoR+ RTKI'L+Q <0, (52)
where
X 0 AT CT oT 0
~ 0 —’72P ET DT BT ET =7 0
Q= ~ ~ e , R = Loy, L= =
A B, -X! 0 0 AB
Ch D 0 —Q_l 0 Dy

Here X is a block matrix determined in Lemma for X and Y satisfying Theorem 4.2

If K € Kp, then det [Im—KD(a:)} = 0 for all x € Sy, where Sy is some neighbourhood
of the point = = 0, and nonlinear close loop system , reduces to the form

Tig1r = Au@)E + B (@)ws, v = Cu(@)Ze + Da(@)wy, (53)

where all coefficient matrices are continuous in Sy. Therefore, the dynamic controller
(148), ensures robust stability of the zero state Z; = 0 of system with uncertainty
(35) and a common Lyapunov function v(#) = 2T XZ. To evaluate characteristics Jy and

J of system , we can apply Lemma

4.4 Control systems with controlled and observed outputs

Consider the linear control system

ZTe41 = Axy + Brwe + Bouy,
Zt = leEt + Duwt + D12ut7 (54)
yr = Comy + Daywy + Daouy,

where x; € R, u, € R™, wy € R®, 2z, € RF and Y € R! are the state, the control, the
norm-limited external perturbations, the controlled and observed outputs, respectively,
and t € 7. We are interested in static and dynamic control laws that ensure nonexpan-
sivity property of close loop system and minimize the performance criteria J and Jy with
respect to controlled output z of the form , where

oo oo
z
plw o) = 18 =3 T Qu, ulp = Y ul Pu
|wll3 + 2 Xozo t=0 P
4.4.1 Static controllers
If we use the static output feedback controller
utZKyt, KEICDZQ, tET, (55)

then closed loop system , has the form

Tip1 = Awzy + Bowy, 2z = Coxy + Dywy, (56)
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Where A* = A + BQK()CQ, B* = Bl + BgKngl, C* = Cl + D12K002, D* == D11 +
D12KoDoy and Ko = (I, — KD3) 'K. To formulate an analog of Theorem |4.1| we
construct the following LMI

ATXA- X +CTQC ATX B, + CTQD
i 1l 1 1 11
Wgr { BT XA+ DLQC, BT X By + DL,QDy; — 42P Wgr <0, (57)
AYAT —Y 4+ B P7'B] AYCY + B, P DY,
r 1 1 1 1 11
Wi { CiYAT + DyPIBY YOl +DyPiDE —2qt | W <0 (59)

where R = [CQ,DQl], L= [Bg,D%;]

Theorem 4.3 For system , there exists an output feedback controller such
that J <~ iff the system of correlations , and is feasible. Herewith, closed
loop system with a structured uncertainty

1
wy = ;@zt, oTrPeo<Q, teT, (59)

is robust stable with common Lyapunov function v(x) = 27 Xx.

If we use a static state feedback u; = Kxy, then Cy = I,,, Da; = 0 and Doy = 0. In
this case the correlations and can be written as

|: XO In :| -0 |: P—’Y_QD’{lQDll B%—'

.y B, v | >0 (60)

Corollary 4.1 For system (b4), there exists a state feedback controller uy = Kxy such
that J < v iff the LMI system (58) and (60) is solvable for some matriz Y = YT > 0.
Herewith, closed loop system (56|) with uncertainty is robust stable with common
Lyapunov function v(x) = y22TY 1a.

Remark 4.4 The gain matrix K in Theorem and Corollary may be con-
structed as

K = Ko(I; + D2 Ko) ™, —Ko € Kp,,, (61)

where K is an arbitrary solution of LMI:

LYKoRy + RYKI Ly +Q <0,

where
-X 0 AT ct ct 0
_ 0 _72P B%F D1T1 T _ D2T1 T 0
Q=1 4 B -—x1 o |» o= g | b B,

Cl Dy, 0 —Q71 0 Do
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4.4.2 Dynamic controllers

If we use the dynamic output feedback
1 =28+ Vy, w=U&+ Ky, teT, (62)
with g = 0 and K € Kp,,, then closed loop system , has the form
Tii1 = A3y + Bowy, 2= CuZy + Doy, (63)
where
A R R A B K

~ o~ ~

A, = A+ ByKCy, B, = By + ByKoDyy, C, = Cy + D13KoCy, D, = D13+ Dy3KoDoy,

= [ B] A 5 D D Ro=| %
Blz{ 01}7 Gy = [Cy,0], Dm:{ 021] D13 = [D12,0], KO:{ VOO gg]

Here the blocks of matrix IA(O
Ko= (I, — KD3) 'K, U= (I, — KDa)"'U,
Vo=V (I, — DyoK)™Y, Zy= 7+ VDos(I,, — KDs) U,
are unknown, and
K = (I, + KoD22) 'Ko, U = (I, + KoDa2) Uy,
V =Vo(l; + D2 Ko)™',  Z = Zy — VoDas(Ly, + KoDa2) ™' Up.

Applying Lemmas and Theorem to system (63), we get the following
result.

(64)

Theorem 4.4 For linear system , there exists a dynamic controller such

that J < v iff the system of correlations (34)), , and is feasible. Herewith,
closed loop system with uncertainty (59)) is robust stable.

Remark 4.5 The coefficient matrices of dynamic controller in Theoremmay
be constructed in the form by solving the LMI

LTKoR+ RTKIL+Q <o, (65)
where
-X 0 AT ot cr 0
a-| O —¢P B Di a7 — | D& gr_| 0
A B X' 0o |’ 0o |’ By
Ch D1y 0 *Qil 0 Dia

Herewith, system with uncertainty has common Lyapunov function v(Z) =
27X7. Here X is a block matrix determined in Lemma for X and Y satisfying
Theorem [£.4]
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We give the following algorithm for constructing stabilizing dynamic controller
satisfying Theorem [£.4}

Algorithm 4.1 1) calculate the matrices Wxr and Wy, where R = [Cg,Dgl] and
L= [Bg’ DTZ ] )
2) find the matrices X = X7 > 0 and Y = Y7 > 0 satisfying (34), (51), and
©3);
3) construct the expansion Z = Y —42X~! = §7§ § ¢ R"™*", kerS = kerZ and
form the block matrix
o [ X X7

1 1 r
X X } >0, Xi= 28X, Xp= SXST + 1

gl

4) solve the LMI under restriction det(l,, + KoDag) # 0;
5) calculate the coefficient matrices of dynamic controller by formula .

Static and dynamic output-feedback controllers and with K € Kp,, may
be applied to a class of affine systems

Ti41 = A(J/'t)wt + Bl (l't)TUt + Bg(xt)uh
2zt = C1(w)xy 4+ D1y (2z)wi + Dia(w)uy, (66)
Yt = C’g(xt)xt + D21(Jit)’wt + Dgg(xt)ut.

So, close loop system , reduces to the form
Tig1 = A (BT + B (F)we, 2z = Cu(@) Tt + Dy (3w (67)

As a result, the dynamic controller 7 (64) ensures robust stability of the zero state
Ty = 0 of system with uncertainty (59)) and a common Lyapunov function v(Z) =
zT X 7. To evaluate characteristics Jy and J of system , we can apply Lemma

Remark 4.6 Note that we have necessary and sufficient conditions for an evaluation
Jo < 7y represented by the corresponding statements of Theorems [4.1] - [£.4] without using
additional restriction X < +2X,. With the use of static state feedback or full order
dynamic controllers the problems under consideration are reduced to the solution of LMI
systems. We can formulate analogs of Theorems —[44 for the corresponding control
systems with uncertain coefficient matrices

Ae Co{Al,...,A”l}, By € Co{Bll,...,Bf},

Cy1 € Co{C{,...,C{*}, Diy € Co{Dyy,..., D1}

In addition, sufficient statements of these theorems may be generalized for the corre-
sponding affine control systems with continuous coefficient matrices (see Lemma [4.2)).
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