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1 Introduction

In recent years much attention has been drawn to the stability and boundedness of
solutions of ordinary scalar and vector nonlinear differential equations of third order. See
Afuwape [1,12],0Omeike [9,/10] Ezeilo [4,/5], Remili [11H14] and the references cited therein
for a comprehensive treatment of the subject. Lyapunov’s second (direct) method has
been used as a basic tool to verify the results established in these works.

In 2009, Tung [17] proved two results, for the cases P = 0 and P # 0, respectively,
on the stability and boundedness of solutions to the vector differential equations of third
order

X" () + U(X'()X"(t)+ BX'(t) + X (t) = P(t). (1)
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Recently, in 2014, for the same cases, Omeike [9] discussed the global asymptotic stability
and boundedness of solutions to nonlinear vector differential equations of third order

X))+ W( X' () X" (t) + (X ()X (t) + cX(t) = P(t). (2)

The purpose of this paper is to study the uniform asymptotic stability, bounded-
ness and square integrability of solutions of the third order nonlinear vector differential
equations of the form

QX)X ()" + (X' (1) X"(t) + G(X (1) X'(t) + X (t) = P(1), 3)

where X € R™", t € R and c is a positive constant, ¥ and G are n X n—symetric
and differentiable matrix functions; €2 is an n x n—symetric differentiable and inversible
matrix function. P : R — R™ is a continuous function with respect to t. Let

0 = Q(X(0) = & (i (X(0),and G = G(X(0) = (95 (XW) (5 =1,2,..m),

where 1; (X (t)) and g; ;(X (t)) are the components of Q(X) and G(X) respectively. On
the other hand X (¢), Y (¢), Z(¢), Q(X(t))), G(X(t))) and ¥(X'(t))) are, respectively,
abbreviated as X,Y, Z, Q, G and ¥ throughout the paper. Additionally, the symbol
(X,Y) corresponding to any pair X and Y in R™ stands for the usual scalar product

> x4, that is, (X, Y) = > 2;y;, Thus (X, X) = HX||2
i=1 i=1

Let us, for convenience, replace by the equivalent differential system

X' =Q(X)Y,
Y = Z, (4)
7' = —WQHX)Z — WY — GQY(X)Y — X + P(t),

which was obtained by setting

X = Q'X)y,
X" = Y +Q1(X)Z,
where
0(t) = (Q71(X)) = - 1(X)Q (X))~ (X). (5)

This paper is organized as follows: in Section 2, we will recall briefly some basic
definitions and preliminary facts which will be used throughout the following sections.
In Section 3 we give stability results. In Section 4 boundedness of solutions is discussed.
Finally, in Section 5 sufficient conditions for the square integrability of solutions are
given.

2 Preliminaries

In order to reach our main results, we dispose some well-known algebraic results which
will be required in the proofs.

Lemma 2.1 [4] Let D be a real symmetric positive definite n x n matriz. Then for
any X in R™, we have

dq || X |P< (DX, X) < Aq || X |I?,

where 64, Ay are the least and the greatest eigenvalues of D, respectively.
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Lemma 2.2 [} Let Q, D be any two real n X n commuting matrices. Then

(i) The eigenvalues \; (QD) (i =1,2...,n) of the product matriz QD are all real and
satisfy

i Q)AL (D) S A (@D) < max X, (Q)A(D).

(ii) The eigenvalues \; (Q + D) (i = 1,2...,n) of the sum of matriz Q and D are all real
and satisfy

1r§nj1£n)\j Q)+ 1glklgn/\k (D) <X (Q+ D)< 1§1Ja§nAj Q)+ 1211]3?”)% (D).

Lemma 2.3 [{] Let H be a continuous matriz function with H(0) = 0. Then

dX

d
i

%/o o(H(0X)X, X)do = (H(X),

Lemma 2.4 Let H(X) be a continuous vector function with H(0) = 0. Then
1
S XIS [ (0X) X)do < 8 X P
0

where 0y, Ap, are the least and the greatest eigenvalues of Jn(X) (Jacobian matriz of H ),
respectively.

Definition 2.1 We define the spectral radius p (A) of a matrix A by
p(A) =max{|\|: X\ is the eigenvalue of A}.

Lemma 2.5 For any A € R™™"™ we have the norm ||A|| = /p(ATA). If A is
symmetric, then ||A| = p(4).

We shall note all the equivalent norms by the same notation || X|| for X € R™ and
|A]| for a matrix A € R™*"™.

In the sequel we will assume :
H,) There are positive constants wo, w1, ag, a1, by, by such that the following conditions

are satisfied
bo < X(G) < b1, ap < N(T) <ar, wo < Ni(Q) <ws.

Hy) The n x n differentiable matrices 2, Q~1, ¥ and G are symmetric, associative and
commute pairwise.

3 Stability

Our study of (3]) here is concerned primarily with the problems of the stability for the case
P(t) = 0. For the ease of exposition throughout this paper we will adopt the following
notation :

o(t) =l (X () + G (X)) || (6)
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Theorem 3.1 In addition to the fundamental assumptions imposed on Q, ¥ and G,
we suppose there exist positive constants B and dy such that

Then every solution of satisfies

lim X (¢t) = lim Y (¢) = lim Z(¢t) =

t—o0 t—o0 t—o0

Proof. To prove this theorem, we define a Lyapunov functional W = W(t, X, Y, Z)

as
W = Vexp(—pu(t)), (7)
where .
1
= 8/0 d(s)ds
vV = %<CX,CX>+ %Bbo <Y,GQ_1Y>+B%O(Z,Z>+<CQ_1Y,Z>
1
+B(cX, by Y>+/ o{c¥(eQ'Y)QY, Q7Y )do, (8)
0

d is some positive constant which will be specified later. It is clear by that
W(t,0,0,0) = 0. Note that wy < X;(Q2) < wy implies that - < \;(Q71) < w% Hence by
(H1), Lemma[2.1] and Lemma 2.2] we have

1
c/ (e Y)QY, QY )do > ;‘Lgny”?
0 wy
and )
1 8b
= Y.GO Y)Y > 20 1y 2.
50 (¥.GO7'Y) = 72 | Y |
Hence
V2 S X P 48X b0 + 82 | Z |+ 1Y 2 + (BB ) e,
- 2 2w1 2w

Thus, we clearly have

BQ b2

2
1
5 | X |7 +8(cX,bpY) = §HCX + BboY ||* — | Y |I?
and
ﬁbo 2 -1 ﬂbO 0-1ly2 62 -1 -1
Z QO Y, Z) = Z YI© - QY. QY
122 He v, 2) = 50 +ﬁb I? - g5 (@Y. 07Y)
51’0 0-1ly2 62 2
> Z 4+ — YI© —
e A
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Combining the preceding estimates, we find
b c
oz Sy Al |

1
> || eX Y ||
V> 3 | cX 4 BboY [|” + Bby

where
_ % cag (%3 c?

2wy 2w} 2 2Bwby

Condition (i) implies

B agby — ¢ 1 B c
g T~ %) 2 5

2,81)00)1 2LLJ1 2 2,8b0w1
It is evident, from the terms included in the last inequality, that there exists a sufficiently
small positive constant kg such that

A= (5 a()b()—C)>0.

Vk(IXIP+IY 1P+ Z12). (9)
Finally, by condition (ii) and (7)) we get
W= Ko([ X2+ Y2+ 2] (10)
1
where Ky = ko exp(—go).

Now, we show that W is negative definite function.
First, by Lemma from the integral term in we have the following derivative

d 1
o / o (eQ Y)Y, Q7Y )do = c(¥QTY, 0Y + Q71 7).
0

Hence, the time derivative of functional V along the system leads to
V =+ + V5,
where
Vi Bebo (YY) — e (Y,GQ7?Y),
Vo = ¢(Q7'2,Z) — Bbo(Z, 901 Z),

1 1
Vs = c{0Y,Z)— Bbo(Z, VoY) + iﬁbo (Y,GOY) + §5b0 (Y,G'Q 'Y).
By virtue of (H;), Lemma [2.1] and Lemma [2.2] it follows

Vi = (Y,(Bebol —cGQHQY) < —@(i -B) Y |3
Wo w1
1 1 2
Vo = (Z,(cI = pbo¥)'Z) < _Jo(ﬁaobo -l Z]*".
Finally, by (5), Lemma 2.5 and the inequality 2 | UV ||<|[ U || + || V ||> we get
_ _ 1
6@ | = 17X X)QH(X) [I< o GO (11)
0
1 1
Vs = ¢ <9K Z> — 5b0<Z, \I’9Y> + 561)0 <Y, G9Y> + iﬁbo <K G/Q_1Y>
1 & ﬂboal 1 / 1 !
Lug (2]410 + 2ko + 2k05b0b1> H f ” +2k0ﬁb0 ” G H ]V

A

K15(t)V,
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1 b
where K| = max 72(0 + Bboai + 6b0b1); ﬁ . Hence, we conclude that
2k0w0 Qko
Vg <-M | Z P =N | Y|P + Ki6(t)V. (12)

Clearly, from condition (i) of Theorem [3.1] we have

1
N:@(——ﬁ) >0 and M =

1
f(,Baon — C) > 0.
wo Wi wo

Now, from @ and we obtain

W = |V~ 07| exuo)

IN

=M Z PN Y240 = 60V exp-uto)

1
Choosing K7 — 7= 0, the last inequality becomes
W <-CUZIP+1Y ], (13)

where C' = exp(—2%)min {M, N}. In view of and , it follows that the
solution (X (t),Y (t), Z(t)) of (4) is uniformly stable.
Now E = {(X,Y,Z2) : W(X,Y,Z) =0} = {(X,0,0) : X € R"} and the largest
invariant set contained in E is F' = {(0,0,0)}. By LaSalle’s invariance principe
tli)rgoX(t) - tlg(r)loY(t) - tliglo () =0.

This fact completes the proof of Theorem [3:1}

4 Boundedness

Our main theorem in this section is stated with respect to P(t) # 0 as follows :

Theorem 4.1 Assume that all the conditions of Theorem[3.1] are satisfied and there
exist positive constants di and Dy such that :
L) [ P@) [<A(E) <di,

L) [y Ms)ds < Dy,

I3) lim || Q(X(t)) ] emzists.

t—o00

Then there exists a positive constant Dy such that any solution X (t) of @ and their
deriatives X'(t), and X" (t) satisfy

I X(t) 1< Ds, || X'(t) I< Ds, || X"(t) [|< Ds. (14)
Proof. For the case P(t) # 0, on differentiating along the system we obtain
—J + Ki0(t)V +c(Q7Y, P(t)) + (BboZ, P(t))
—T+ KOV MG (17 Y 1 +8%0 [ Z]]).

e
=h
A

N
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Using Lemma [2.5] we get

Vi < —J+ KoV + IO Y [T+ [ Z ),

where Ky = max{c,ﬁbo} and J=M || Z|>?+N | Y |?.
wo
Now, the inequalities | Y || < [| YV [|*4+1land || Z || < | Z ||> +1 lead to
Vg < —J + K80V + K01 Y 2+ Z |12 +2). (15)

From we have

W = [V’ — ;6(t)V] exp(—u(t)). (16)

1
Since K — p =0, it follows that
Wa < [FJ+HEXOY P+ Z |* +2)] exp(—pu(?)).
In view of and (7 the above estimates imply that

K.
W <-CUYIP+1 2]+ fZ/\(t) W+ K3A(1), (17)

with K3 = 2K5,. Integrating both sides from 0 to ¢, one can easily obtain
t KQ t
W(t) —W(0) < Kg/ A(s)ds + 7/ W(s)A(s)ds.
0 Ko Jo

Let
Dy =W (0) + K3D;s. (18)

Thus .
W(t) < Dy + &/ W {(s)A(s)ds.
Ko Jo

By the Gronwall inequality it follows

W (t) < Dy exp (% /Ot )\(s)ds) < Ds, (19)

where D3 = Dsexp (%Dl). This result implies that there exists a constant D, such

that
| X(¢) |< Da, [|Y(¢) [|< Da, || Z(t) ||< Da.

From we have

X' = e 'ye|
< QY@ |
Dy
S P

UJO.
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Since lim || Q'(X(¢)) || exists, we have
t—o0
1(X(1) 1< a, (20)
for some positive constant g;. So, from we get

16(t) ||< j— (21)

Hence

X" | oY (1) +Q7'Z(t) ||

< oyl + 1~z |
< (% + i)D4~
Wy wWo

Therefore, there exists a positive constant Dy such that

I X(@) < Ds, | X'(t) [I< Ds, || X"(¢) < Ds, (22)

1
for all ¢ > 0, where D5 = max{(q—l2 + —)D4, D4}. This completes the proof of
Wy wo
Theorem [£.11

5 Square Integrability
Our next result concerns the square integrability of solutions of equation .
Theorem 5.1 In addition to the assumptions of Theorem[{.1, we assume that

ar + by
2

Then all the solutions of (@ and their derivatives are elements of L?[0,+00).

I4) C—(

) > 0.

Proof. Define H(t) as
H(t) = W(t) +€/0 (I Z(s) 1P + 1Y (s) |1*)ds, (23)

where € > 0 is a constant to be specified later. By differentiating H(t) and using we

obtain
H'(t) < (e = )1 2@) P + | Y () |12) + (KW + Kz ) A).

If we choose € — C < 0, then from we get
H'(t) < Kg\(2), (24)

where Ky = KoD3 + K3. Integrating from 0 to t, t > 0, and using condition (I2)
of Theorem ] we obtain

H(t) — H(0) = /0 t H'(s)ds < K,D,.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 18 (1) (2018) 41 37
Using and equality H(0) = W(0) we get
H(t) < K4Dy + Dy — K3Ds.
We can conclude by that

K4D1 + Dy — K3Dy
e ?

t
/0 (I Z(s) 112+ 1Y (s) [I*)ds <
which implies the existence of positive constants o1 and o5 such that
t t
/ | Z(s) |2 ds < o and / 1Y (s) |12 ds < 0.
0 0

From we have
t
/ | X/(s) |2 ds = / | Q1Y (s) | ds
0

/ 1|2 11 Y (s) I ds
< g =B (25)

IN

Also

[ (o +a= 2612 )as

/0 (IO 17+ [Hos) 11117 1) 1Y (s) II* ds

/ | X" (s) | ds

IN

t
+/0 (I P+ 10Gs) Q") I Z(s) |? ds.
From and we have

¢
[ o e 1) 1ve s < (% L) [ve) e
0 0 0
Q1 q1
<
- wg(wg—i_wo)oh
and
¢
/ (I P+1o6) I 1)1 2(s) IPds < / 1Y (s) |I” ds
0 wo UJO
1
< -
- wo(wo wg)
It follows
1 1 1 q1
X' (s)|Pds < L (84— (= + BYgy =5, 26
[ixoras @ Do Ll Byn —n )
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Next, multiplying by X (t), we obtain
((Q(X)X")", X )+ (B(X)X", X) + (GX)X, X) + e | X |P= (X, P@).  (27)
Integrating from 0 to t we have
c/o | X(s) |I* ds = Ly () + La(t) + Ls(t), (28)
where
L) = _/0 (X)X ()" X (s) ) ds
L) = = [ {(MOX@)X"6) + GXE)X(). X(0)) ds.

~
@
—

~
=

/0 (X (s), P(s))ds.

Integrating by parts and using and , we obtain

L) = —(@X'(0).X(0) ~ (X", X()
HOX'0.X0) - [ X6 X6 s
< 1= (@X(0, X)) ~ X0, XE) + X1, X' ()
+0%wx I+ 11 X" (s) |) ds
< (X0, X) — QX0 X(0) + (X' (0, X'(0) | +5 (51 + 5.

In view of and we get
= (X7 (8), X (£)) — (QX"(), X (£)) + (QX"(£), X'(£))] < DZ(q1 + 21).

for all ¢ > 0. Consequently, there exists a constant I; such that L (t) <y, with
Iy = D2(q1 + 2wy) + “-(B1 + B2). Similarly we have

Ly(t) = —/0 ((TX"(s) — GX'(s)),X(s))ds

IN

L O @ i+ 16 xe ) 1 xe | d

IN

L@ 1) s+ [ 161X X6 s
0 0
T [ 1xr a5 [ e [0 P s

a b ar+0b ¢
Do+ 2o (U [IXE) P as
0

IN

IN
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Next

Ly(t) < /0 1 X(s) 11 P(s) |l ds

IN

¢
D5/ A(s)ds
0
< D1Ds.
By and condition (1) of the Theorem [5.1| we obtain

(o= () [ X 1P as <k

N

b
where K =1[; + %52 + 5151 + D1 Ds. This fact completes the proof of theorem.

Example 5.1 As a special case consider the following equation

QX)X ()" + V(X)X (t)+ G(X)X'(t) + X (t) = P(t), (29)
where
sinz 9 0 9+ 1> 1
— 1422 — 1+y?
o) = (P07 gemea ) 0= (U a )
1 sint
o) - (TR0 o= (L -t
0 2 cost

Clearly, ¥ (Y),G(X) and Q(X) are symmetric matrices and commute pairwise. Then,
by an easy calculation, we obtain eigenvalues of the matrices ¥ (Y),G(X) and Q(X) as
follows:

woy = 1 S )\1 (Q(X)) S 22 = Wi,
apg = 8 S >\i (\IJ(Y)) S 11 = ai,
o = 2<\(G(X)) < % — b,

for i € {1,2}. For ¢ € [0,+00) a straightforward calculation gives

t t .
2xsinx
Q(X(s)) || du = / cosT 2'(s)| ds
JRELEN |~ o
bl —siny 2ycosy \ ,
+ — s)|ds
/0 (1+y2 (1+y2)2)y()
< /62(t) ( COS U 2u sinu ) d
< - u
o | 1Tu* (14+u?)

—sinwv 2v cos v
1+ 02 (1—}—1}2)2

“+o0
o/

p2(t)

+ / (
e1(t)

“+o0
</

= (7T+2)a

14+ u?+2u
(1+u2)”

1+u?+2u
(1+u2)?

du)
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where
01(t) = min{z(0), z(t)}, 02(t) = max{z(0), z(t)},
pi(t) = min{y(0),y(®)},  a(t) = max{y(0), y(t)}.
Similarly
Feo teo 9y 2
G'(X(s ds:/ — | du= .
| e = [ | o=
Now, we have
.92 2
sin” ¢ cos*t 1 2
P) ||= + = < =At) <2=d;.
IPOI=Vi e T ive ~1ve 12 M !
So,
t t 2 +oo 2
A(s) || ds = ds < ——ds=m=D;.
Ty G Sy
By taking 8 = 0.44, it follows easily that
7 c 1
04375 = — = — < f < — = 0.45455.
16 aobo w1
We have also b )
ay 1
c— ==->0.
2 3
Thus, all the conditions of Theorem are satisfied.
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