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Abstract: In this paper, we present the output tracking for a class of non-minimum
phase nonlinear uncertain systems. To achieve the output tracking, we will apply the
modified steepest descent control. To apply the modified steepest descent control,
the output of the system will be redefined so that the system will become minimum
phase with respect to a new output.
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1 Introduction

In the output tracking theory, the input-output linearization is one of the most available
methods [1]. Output tracking problems for nonlinear non-minimum phase systems are
a rather difficult issue in control theory. Most of researchers restrict their research to
some special nonlinear classes only. The stable inversion proposed in [2], [3] is an iter-
ative solution to the tracking problem with the unstable zero dynamics. This method
requires the system to have well defined relative degree and hyperbolic dynamics, i.e.
no eigenvalues on the imaginary axis. In [4], control design procedure for the output
tracking was proposed. The design procedure consists of two steps. At the first step, the
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standard input-output linearization is applied. At the second step, we group an output
with the internal dynamics as one subsystem, which is usually nonlinear, and the rest of
the output as the other subsystem that is linear, the nonlinear subsystem is linearized
about its equilibrium. In [5], the asymptotic output tracking which is a class of causal
non-minimum phase uncertain nonlinear systems is achieved by using higher order sliding
modes (HOSM) without reduction of the input-output dynamics order. Results on stabi-
lization of non-minimum phase system in the output feedback form have been presented
in 6], [7], [8]- The main idea in [6], [7], [8] is output reconstruction such that the system
becomes minimum phase with respect to a new output. Results on output tracking of
some class non-minimum phase nonlinear system have been presented in [9], [10]. In [9],
the design of the input control is based on the exact linearization.

In this paper, we will modify the steepest descent control for output tracking of a class
of non-minimum phase nonlinear uncertain systems, with relative degree being n — 1, n
is the dimension of the system. The modification is the addition of an artificial input
of the steepest descent control. The design of descent control can not be initiated from
the output causing the system to be non-minimum phase. In this paper, to solve the
problem, we transform the system into a normal form which is minimum phase with
respect to a virtual output, which is a linear combination of state variables.

2 Problem Statement

Consider nonlinear uncertain system

T = Ax+¢(y) +0p(y) +bu, 2(t) € R", u(t) € R, (1)
= a1, (2)
in which ¢(z) is smooth vector field in R™, with ¢(0) = 0, ¢y) =

[01(), $2(Y); - -, Pu ()], $(0) = 0, 0(y) = [01(1)1(y), O2(t)ha(y), - -, On(t)Pn(y)];
b=1[0,...,0,by_1,bn]" |

01 ... 0
bn_l#o, bn—l :—bn and A = . . - :
00 ... 1
00 ... 0

The relative degree of the system — isn—1.
The system — can be transformed to

2 = 2o+ 01()Y(r), (3)
2 = zpy1t+er—1(t T, xpm1), k=2,...,m—2, (4)
Zne1 = alz,n) + bz, nNu+tet,z,...,Th2), (5)
W o= G bde ... +in
= n—za+o1y) +.. + In(y) + 1 {O)Y1(y) + ...+ 0n()Un(y),
Y = 21,

with the internal dynamics

n=n—z21+¢1(y) + ...+ uy) + 1)1 (y) + - + O () hn(y). (6)
Then the zero dynamics of the system — is

n=n.
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Thus the system — is non-minimum phase.

Our objective is to make the output system track the desired output. To make the
system (I)-(2) track the desired output, we will use the dynamic feedback control. The
design of the dynamic control is based on the modification of the steepest descent control.
By "Trajectory Following Method” [11], the steepest descent control is determined from
the differential equation @ = _?’TZ? where F' is a descent function which has a variable
as the solution of internal dynamics system. So, the modification of the steepest descent
control can not be initiated from the output causing the system to be non-minimum
phase. Therefore, the output of the system will be redefined so that the system will
become minimum phase with respect to a new output.

3 Main Results

We consider system (1)). Consider now a new output p = tyz, witht;y = (a 1 1 ... 1).
The relative degree of system with respect to g is n — 1. The system with respect
to p, can be transformed to

o o= 2t d)Y(z), (7)
2k = Rk+1 +wi—1(tax17"'7xi—1)a k:27"'7n_27 (8)
Zn—l = &(Z 5 77) + b(Z 3 U)U+w(t79€1,~-- axn—2)7 (9)
n = T1+ 2o+ ...+ 2y
= n—x1+d(z1) + ...+ On(xr) + 01O Y1(z1) + ...+ 0p(E)Yn(21),
y = Mp=z1
Furthermore
m=nn—z1+d1(x1)+ ...+ op(x1) + 01 ()Y (1) + -+ + 0 ()Vn (7). (10)

Assumption 3.1 ¢;(x1) < |21, Va1,i=1,2,...,n.

Case 1 : if ¢q(z1) + ¢p2(x1) + -+ + Pp(x1) = 0.
Then

my = 0> —nxr 400 (O)i(z1) + -+ 00 () (1)
n? — a1 + |nllza] (|61(8)] + 162(8)] + ... + |0n(2)])

2 21 —MN z1—1

— 01 (t O2(t 0 (D)) -
U Tl<a_1)+|77 a_1’(| 1) +102(8)] + - .. + 10 (D)])
Then if z; =0 and 0 < a < 1, we have

o (=t (81O 4 [6a(0)] + ..+ 160
<ot -1 )

IN

(11)

If |61(t)] + |02(t)] + ... + |0n(t)] < «, then ) < 0. Therefore, the zero dynamics ([1)
with respect to output u is asymptotically stable. Thus the system with respect to
output p is minimum phase.
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Case 2 : if ¢y (z1) + ¢2(x1) + -+ + Ppn(x1) = h(x1) # 0.
We have
= nn =1+ h(z) +01(t)(x1) + -+ 0n(t)n(21)
n? = ey +nh(e) + |z ] (61(0)] + 102()] + - .. + [6a(2)])
7= (220) o (220) i |22 G001+ 000D

|-
a—1
If 217 =0,Vtand 0 < a < 1, then

IN

. —a+ ([01()] + [62(8)] + - .. + [0n(2)]) -

<2 (=% . 12
7777_77< a1 b —— (12)
Assumption 3.2 We consider system (If). Choose ¢1(z1), ¢2(21), ..., Pn(21) S0

that

nh (—77) <0.
a—1
If |01(8)| + |02(8)| + - .. + |0n(t)] < « and by Assumption we have 7 < 0.
Therefore the system with respect to output p is minimum phase.

Lemma 3.1 Consider system . Then there exists a linear combination of the state
variables p = axy +xo+ T3+ . ..+ x, such that the relative degree of the system with
respect to output p is n — 1. Furthermore due to Assumption[3-1 we obtain
(i) If (z1)+- -+ dn(x1) =0, the system with respect to output p is minimum phase,
with | 01(t) | +]0208) | +... 4+ 0,.(t)| < a,0 < a< 1
(it) If ¢(x1) + -+ + ¢n(z1) # 0 and by Assumption [3.3, the system with respect to
output p is minimum phase, with0 < a < 1land|0:1(t)|+...+|60,(t)| < «a.

Let pg be the desired output of the new output.

Assumption 3.3 Let x; = x4, 1 =1,2,...,n— 2.

Based on Assumption we have %24, T34, ..., T(n—1)d, respectively. Then
&n = f(x1,Zn—1,%,) can be solved by substituting x,_1 = T(n-1)d- Thus T, = Tpg.

Furthermore the definition error e = p — g, with pg = ar1qg + x2q + - - - + Tng-
We design a control law u in terms of the properties of the solution of higher order
ordinary differential equation. Consider a differential equation
are™ (1) + a1V (E) + ..+ aré(t) + age(t) =0, (13)
where r is the relative degree of the system. If a polynomial
p(s) = aps" +a,_ 18"+ ...+ a5+ ag (14)

is Hurwitz, then the solution of differential equation tends to zero if t — oco. In this
case, for the purpose of designing the control law, an explicit relationship between input
and output is required. To this end, we define a descent function as follows :

2

|
—

n

F(uaudaﬂ,ﬂdw"a/u’(nil)(t)v:u((in_l)(t)) = a](ﬂilu’d)(J)

<
Il
=3

2

- a0 ] . (15)

3
|
—

<.
I
o
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By ”Trajectory Following Method” [11], the control u is determined from the differential
equation

n—1 (n—1)

. oF 5\ O(e)
u = —% = —2a,n_1 Z aj(e)(J) T (16)
7=0
The control law in equation is called the steepest descent control.
Calculate the time derivative of the descent function along the trajectory of the
extended system

i = Az+9(y)+0¥(y) + bu, (17)
n—1
. . 8(6)(’”71)
U = —2ap_1 Zaj(e)(” o0 (18)
7=0
Then we have
. n—1 n—2
Fleé,...,e™ )y = 2 Zaj(e)(j) Zaj(e)(jH)
j=0 =0
n—1
j da(e + Ba;m) | Ob(e + Ba;n)
()
+ 2a,-1 jzzzoaj(e) ( o + o U
n—1 2
- 2a,1 a;(e)V yfl”)—(w) : (19)
= ou

From equation (19)), the value of the time derivative of the descent function along
the trajectory 0 can not be guaranteed to be less than zero ¢ > 0.

Now we modify the steepest descent control by adding an artificial input v. Then
the extended system becomes

i = Az+¢(y) +0v(y) + bu, (20)
. oF
U = “ou +v.

In the same way, let us calculate the time derivative of the descent function along
the trajectory of the extended system yielding

n—1 n—2
Fleé,..,e™™D) = 23 a0 | | D ;)0
=0 i=o

n—1

+ 2ap-1 Z aj(e)(j)

(aa(e + Ba,m) | 9ble+ Ba, ) u)

n—1 2
_ ()0 | (OENT, OF
2051 2 a;(e) ) Ya (au) + 70 (21)
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Consider equation . We will choose the artificial input v so that F(e, é, ..., e(r)) be
less then zero. We take

1 . n—
VU= o <fk:(e,e, el U)) , (22)
Ou
where
n—1 ) n—2
k(e,é,...,e" D) = 2 a;(e)? Zaj (G+1)
j=0 j=0
— oa e+ﬁda ) 8b(€+ﬂd7n)
20y,
+ Zap— (Z_;) ( + ot U
— 2a,_, Z i, (23)
j=0
Then
. oF
Fleyé,...em : 24
N Bu) (249)
We have F(e,e,...,e{"—ﬂ) < 0, if YT aj(en)) # 0. Let 3075 aj(en)¥) = 0.
From equation F(e,é,...,e" ) = 0. Thus, the descent function (15) be-

comes minimum. The minimum value of descent function is zero. Therefore
F(eé,...,e" 1) = 0, then Z?;Ol aj(e)(j) = 0. Thus, we choose aj, j =0,...,n—1s0
that the polynomial p(s) = ag +a1s+---+ ar_15""2 + s is Hurwitz, then the error
e(t) = 0, if t = co. Thus u tends to g if time ¢ — oo . Hence the output of the original
system y = 1 tracks to the desired output yg(t).

Example 3.1

T = To + .Ti
Ty = a3 — u+ad+kicos(t) 1 fx” (25)
1
r3 = u— 227+ kosin(t) sin(xy),
y = {L‘l, (26)

The zero dynamic system — isn = 7. Thus the system — is non-minimum
phase. Now redefine the output : z; = ax; + x2 + z3, with 0 < a < 1. Furthermore

71 = axo + (o — 1)a? 4 x3 + kycos(t) 1_7_712 + kasin(t) sin(xy),
T
21 = ady + 2(a — 1)1 + 25 + 4 k1cos(t) S 4 (kosin(t) sin(x1))
1= Qp 11+ 23 4 o | M T+a2 7 \*2 1))-

Thus the relative degree of the systems (25 with respect to the output z; is 2. If z; =0,
we have
02

2
n +|a71|(

s [kacos(t)| + [kesin(t)])
772

o — 1]

(—a + (|krcos(t)] + |kasin(t)]) . (27)
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If | kycos(t) | + | kesin(t) | < «, then n < 0. Thus system with respect
to the output z; is minimum phase. Let yq(t) = 7/2. Next, we choose z14 so that
if z1 tracks z14(t), then y(t) tracks the desired output y4(t). By replacing z; with

T1q = yq = 7/2, we get woq = —(m/2)%. By replacing x5 with z54, we have the differential
equation 7’3 — w3 = —(7/2)% + kgsin(t) + ky (%) cos(t). Thus z3q = (7/2)% +
g
s _._..:d
Bl |
|
5—:. §
|
il

Figure 1: Output tracking z1 to z14.

Y1
al
Il

L L L L L
a 5; 10 15 20 25 30

Figure 2: Output tracking y to yq = /2.

05sm(t) (kl (%) - ]CQ) + O.5COS(t) (7]'{11 (%) — kg) NOW, 21d = Qx1q +
Zog + 234 = a(n/2) + x34. The modified steepest descent control with respect to the
output z; is

OF . ) .. .
U= “ou = —2as(ag(z1 — z14) + a1(Z1 — 214) + a2(21 — 214))(1 — @) + v, (28)

where v is the same as in equation (22). Simulation results are shown in Figure 1 and in
Figure 2 for the constants ag = 35, a; = 12, ao = 1, a = 0.75, k; = 0.1, ko = 0.5. The

initial values z1(0) = 5, 2(0) = 4, 25(0) = 0, 24(0) = 0. In Figure 1, the output which
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has been selected so that the system becomes minimum phase tracks the desired output
z14- In Figure 2, the output of the original system tracks the desired output yq = /2.

Example 3.2

T = To — le)’,
ry = a3 — u+ 223, (29)
X3 = Osin(zy) +u — 23,

y = 1. (30)

The zero dynamic system — isn = 1. Thus the system — is non-minimum
phase. Now redefine the output : z; = axy + 9 +x3, with 0 < a < 1. The zero dynamic

system - with respect to the output z; is

== (2) - (7)o (720)

We have
2 4
. 2 n n . -
p— 9 —
i K —’—oz—l—}_(oz—l)?’—'_?7 Sm(a—l)
< T T e |
- a—1 (a—1)3 a—1
2 4
(0] —a) , m
= . 31
lae — 1] +a—1 (31)

If || < «, then ) < 0. Thus the system with respect to the output 2z; is minimum
phase. Let y4(t) = m/2. By replacing z1 with x14 = yq = 7/2, we get x99 = (7/2)3. By
replacing xo with xo4, we have the differential equation 3 — x3 = 6. Thus z34 = —6.
Now, 214 = @14 + T2q + ¥34 = a(7/2) + (7/2)3 — 0. The modified steepest descent

5.2

!
AB—! 4

4.6

44

4.2

38

Figure 3: Output tracking z1 to z14.

control with respect to the output z; is

_OF
ou

U= = —2as(ag(z1 — 214) + a1(Z1 — 214) + a2(Z1 — 214))(1 — @) + v, (32)
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Figure 4: Output tracking y to ya = /2.

where v is the same as in equation . Simulation results are shown in Figure 3 and
in Figure 4 for the constants ag = 12, a; = 14, ay = 6, o = 0.75. The initial values
x1(0) = 0,5, 22(0) = 1, 23(0) = 0, u(0) = 0, 6(¢t) = 0.6. In Figure 3, the output which
has been selected so that the system become minimum phase tracks the desired output
z14. In Figure 4, the output of the original system tracks the desired output yq = 7/2.

4 Conclusion

In this paper, we have designed the dynamic feedback control for output tracking of
some class non-minimum phase nonlinear uncertain system —. The design of the
dynamic control is based on the modification of the steepest descent control. To apply
the modified steepest descent control the system is required to be minimum phase
with respect to a new output, where the new output is the linear combination of the
state variables. Furthermore, the new desired output will be set based on the desired
output of the original system. By applying the modified steepest descent control, the
system output tracks the desired output.
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