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1 Introduction

Fractional calculus is generalization of ordinary differentiation and integration to arbi-
trary non-integer order. The subject is as old as the differential calculus, starting from
some speculations of G.W. Lebeniz (1967) and L. Euler (1730) and since then, it has
continued to be developed up to nowadays. Integral equations are one of the most use-
ful mathematical tools in both pure and applied analysis. This is particulary true for
problems in mechanical vibrations and the related fields of engineering and mathemati-
cal physics. We can find numerous applications of differential and integral equations of
fractional order in finance, hydrology, biophysics, thermodynamics, control theory, statis-
tical mechanics, astrophysics, cosmology and bioengineering [10}[141/19,/20,[23]. There has
been a significant development in ordinary and partial fractional differential equations
in recent years; see the monographs of Abbas et al. [5,/6], Baleanu et al. [10], Kilbas et
al. |16], Zhou [25|, the papers of Abbas et al. [IH3L[7], Sowmya and Vatsala [21], Stutson
and Vatsala [22], Vityuk and Golushkov [24], and the references therein.

* Corresponding author: mailto:benchohra@univ-sba.dz

(© 2017 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua327


mailto:benchohra@univ-sba.dz
http://e-ndst.kiev.ua

328 M. BENCHOHRA AND A. HERIS

There has been a significant development in impulse theory in recent years, especially
in the area of impulsive differential equations with fixed moments. Recently some results
on the Darboux problem for fractional order impulsive hyperbolic differential equations
and inclusions have been obtained by Abbas et al. [3}5].

The initial value problems of ordinary random differential equations have been studied
in the literature on bounded as well as unbounded internals of the real line for different
aspects of the solution. See, for example, Burton and Furumochi [11] and the references
therein.

In this paper, we discuss the existence of random solutions for the following impulsive
partial fractional random differential equations

°Dy u(z,y,w) = f(z,y,u(z,y,w),w); if (z,y) € Jp, k=0,...,m,w € Q,
u(z),y,w) =ulzy, ,y,w) + L(u(zy, ,y,w)); ifye[0,b], k=1,...,mw € Q,
u(z,0,w) = p(z,w); x €[0,a],w € Q, (1)
w(0,y,w) = Y(y,w); y €[0,b],w €,

©(0,w) = 9(0,w),

where Jy = [0,21] x [0,0], Jx = (vg,zrs1] X [0,0]; & = 1,...,m, a,b > 0, 0 =
(25,0); kK =0,...,m, CD;k is the fractional Caputo derivative of order r = (ry,72) €
(0,1] x (0,1], 0 =20 < 21 <+ < Ty, < Tpt1 = a, (2, .A) is a measurable space, f: J x
ExQ—E; I,: E— E; k=1,...,m are given continuous functions, ¢ : [0,a] x Q2 — E
and ¢ : [0, b] x Q — E are given absolutely continuous functions. Here u(x;,y,w) and
u(x, ,y, w) denote the right and left limits of u(x,y,w) at x = xy, respectively.

This paper initiates the study of random solutions for impulsive partial hyperbolic
fractional differential equations.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used
throughout this paper. Let E be a Banach space and let J := [0,a] x [0,b]; a,b > 0.
Denote by L'(J) the space of Bochner-integrable functions u : J — E with the norm

a b
lullz: = / / lu(z, )l zdydz,
0 0

where || - || g denotes a suitable complete norm on E.

As usual, by AC(J) we denote the space of absolutely continuous functions from J
into E, and C := C(J) is the Banach space of continuous functions from J into E with
the norm || - || defined by

[ulloc = sup |[lu(z,y)&-
(zy)€J

Consider the space

PC =PC(J x Q) :{u I x Q= E:u(,-,w) is continuous on Ji; k=0,1,...,m, and
there exist u(z, ,y, w) and u(x;cﬂy,w); k=1,....m
with w(z) ,y, w) = u(rk,y,w) for each y € [0,b],w € Q}
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This set is a Banach space with the norm

lullpc = sup |lu(z,y,w)|E.
(z,y)€eJ

Let Bg be the o-algebra of Borel subsets of . A mapping v : 2 — F is said to be
measurable if for any B € fg, one has

v I (B)={w e Q:v(w) € B} C A

To define integrals of sample paths of random process, it is necessary to define a
jointly measurable map.

Definition 2.1 A mapping T : Q2 x E — FE is called jointly measurable if for any
B € Bg, one has

T YB) = {(w,v) € A x E: T(w,v) € B} C Ax Bg,

where A x 8 is the direct product of the o-algebras A and Sg that are defined in 2 and
FE respectively.

Lemma 2.1 Let T : Q x E — E be a mapping such that T(-,v) is measurable for all
v € E, and T(w,-) is continuous for all w € Q. Then the map (w,v) — T(w,v) is jointly
measurable.

Definition 2.2 A function f:J x E x Q — E is called random Carathéodory if the
following conditions are satisfied:

(i) The map (z,y,w) — f(x,y,u,w) is jointly measurable for all u € E, and

(i) The map uw — f(z,y,u,w) is continuous for almost all (x,y) € J and w € Q.

Let T : 2 x E — E be a mapping. Then T is called a random operator if T'(w, u)
is measurable in w for all u € F and it is expressed as T(w)u = T(w,u). In this case
we also say that T'(w) is a random operator on E. A random operator T(w) on E is
called continuous (compact, totally bounded and completely continuous) if T'(w,u) is
continuous (compact, totally bounded and completely continuous, respectively) in u for
all w € Q. The details of completely continuous random operators in Banach spaces and
their properties appear in Itoh [15].

Definition 2.3 [13] Let P(Y) be the family of all nonempty subsets of ¥ and C
be a mapping from € into P(Y). A mapping T : {(w,y) : w € Q, y € C(w)} = Y
is called random operator with stochastic domain C' if C' is measurable (i.e., for all
closed A C Y, {w € Q,C(w) N A # (0} is measurable) and for all open D C Y and all
yeY {weQ:yeCw),T(wy) € D} is measurable. T will be called continuous
if every T'(w) is continuous. For a random operator T, a mapping y : 2 — Y is called
random (stochastic) fixed point of T if for P—almost all w € Q, y(w) € C(w) and
T(w)y(w) = y(w) and for all open D C Y, {w € Q: y(w) € D} is measurable.

Let M x denote the class of all bounded subsets of a metric space X.
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Definition 2.4 Let X be a complete metric space. A map « : Mx — [0,00) is
called a measure of noncompactness on X if it satisfies the following properties for all
B, Bl, BQ S MX :

(MNC.1) a(B) = 0 if and only if B is precompact (regularity),

(MNC.2) a(B) = a(B) (invariance under closure),
(MNC.3) a(By U Bsg) = max{«a(B;),a(Bs2)} (semi-additivity).

For more details on measure of noncompactness and its properties, see [81|9].

Let 6 = (0,0), r1, 72 > 0 and r = (r1,72). For f € L*(J), the expression

(I3 ) () = ﬁr() / ) / M@ — sy — 7 (s, ) dsdt

is called the left-sided mixed Riemann-Liouville integral of order r, where I'(-) is the
(Euler’s) gamma function defined by '(¢) = [ t*~te~'dt, £ > 0.
In particular,

Ty
(I9u)(z,y) = u(z,y), (Igu)(z,y) = / / u(s, t)dtds; for almost all (z,y) € J,
o Jo

where o = (1,1). For instance, [ju exists for all r1,72 € (0,00), when u € L*(J). Note
also that when u € C(J), then (Iju) € C(J). Moreover

(Igu)(aﬁ,O) = (Igu)<ovy) =0; z € [O,G], /S [07{7]'

Example 2.1 Let \,w € (—1,00) and r = (r1,73) € (0,00) x (0,00), then

_ F(l + )‘)F(l + UJ) x>\+r1
F14+A4+r)I(14+w+re)

w472

Iyt y , for almost all (z,y) € J.

By 1 -7 we mean (1 —r1,1—73) € [0,1) x [0,1). Denote by D2, := ag;y the mixed
second order partial derivative.

Definition 2.5 [24] Let r € (0,1]x(0,1] and u € L*(J). The Caputo fractional-order
derivative of order r of u is defined by the expression

“Dyu(,y) = (I~ Dy,u)(@,y).
The case 0 = (1,1) is included and we have

(‘Dgu)(z,y) = (Diyu)(;v,y); for almost all (x,y) € J.

Example 2.2 Let \,w € (—1,00) and r = (r1,72) € (0,1] x (0,1], then

B 1+ M1 +w) —
T T4 A=) 4w —19)

“Dhaty® Ty ; for almost all (z,y) € J.
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Let a1 € [0,a], 2zt = (a1,0) € J, J, = (a1,a] x [0,b], 71,72 > 0 and r = (ry,r2). For
u € L1(J,), the expression

(Uﬂouw>=F@jnm>A;Aﬂx—@“*@—ww-W@JMMs

is called the left-sided mixed Riemann-Liouville integral of order r of w.

Definition 2.6 [24]. For v € L'(J.) where D7 u is Lebesque integrable on
[k, Tk41] X [0,b], kK = 0,...,m, the Caputo fractional order derivative of order r of
u is defined by the expression

(“DL f)(,y) = (157 D2, f)(@,y).

Lemma 2.2 [12] IfY is a bounded subset of Banach space X, then for each € > 0,
there is a sequence {yr}3>, C Y such that

a(Y) <2a({yrtrzy) +e

Lemma 2.3 (18] If {ux};>, C L*(J) is uniformly integrable, then a({ux}?,) is
measurable and for each (x,y) € J,

a <{/0 /Oy uk(s,t)dtds}j—l) < 2/; /Oya({uk(s,t)}gil)dtds.

Lemma 2.4 [17] Let F be a closed and convex subset of a real Banach space, let
G : F — F be a continuous operator and G(F') be bounded. If there exists a constant
k € [0,1) such that for each bounded subset B C F,

a(G(B)) < ka(B),
then G has a fixed point in F.

3 Existence Results

We need the following auxiliary lemma.

Lemma 3.1 [ Let 0 < ry,79 <1, p(z,y) = (@) +¥(y) —p(0) and let f : ITXE —
E be continuous. A function v € PC(J) is a solution of the fractional integral equation

w(x,y) + m Iy J@ = s) =My — )21 f (s, t, uls, t))dids;
if (z,y) € [0,21] x [0,8],
u(z,y) = M%Q+ZZ§MMWWM—LWWBMD

Ty ict Jar, Jo (@i = 8) T y = )77 (5,1, uls, 1)) dtds
+m ffk foy(ﬁc — )y — )27 f (s, t, u(s, t))dtds;

if (z,y) € (xg, xpt1] x [0,0], k=1,...,m,

if and only if u is a solution of the problem

Dy u(z,y) = f(z,y,u(z,y); i (z,y) €k, k=0,...,m,
u(z),y) = u(xy,y) + Le(u(zy, ,y); ify €00, k=1,...,m,
u(z,0) = p(z); = €[0,d],

w(0,y) =¥(y); y € [0,0],

(0) = +(0).

BS)
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As a consequence, we have the following lemma.

Lemma 3.2 Let 0 <ry,re <1, plx,y,w) = p(z,w) + ¥ (y,w) — p(0,w). A function
u € PC is a solution of the random fractional integral equation

p(z,y,w) + F(rl)lF(TQ) fo fo x—8)1Hy — )27 f (s, ¢, u(s, t,w), w)dtds;
if (x,y) € [0,21] x [0,0], w € Q,

(m bW )+Ez 1(11( (z; y,w)) — Li(u(z;,0,w)))

F(,.l)r(,.z) Zi:l . fo x;— &)y — )27 f (s, uls, t,w), w)dtds
+m fjk fo Yy — )2 f (st uls, tw), w)dtds;

if (z,y) € (xk,ka] X [O,b], k=1,....,m, we€Q,

u(z,y,w) =

(2)

if and only if u is a solution of the random problem ,

The following hypotheses will be used in the sequel.

Hypothesis 3.1 The functions w — o(z,0,w) and w — ¥(0,y,w) are measurable
and bounded for almost each x € [0,a] and y € [0,b] respectively.

Hypothesis 3.2 The function f is random Carathéeodory on J x E x €.

Hypothesis 3.3 There exist functions p1,p2,ps : J X Q — [0,00) with p;(-,w) €
L>(J,]0,00)); ¢ =1,2,3 such that for each w € Q,

Hf(m7y,u,w)||E < pl(‘rava) +p2(x7va)”u”E’

and
HIIC(U)HE < p3($, va)”uHE7

for all w € E and almost each (z,y) € J.
Hypothesis 3.4 For any bounded B C E,
a(f(z,y, B,w)) < pa(x,y,w)a(B), for almost each (x,y) € J,

and
a(lx(B)) < ps(z,y, w)a(B), for almost each (x,y) € J.

:u*(w) = ( Su)p ||,U(1',y,’UJ)HE, p:(’UJ) = Supess(a:,y)Ein('ray7w); 1=1,2,3.
zy)ed

Remark 3.1 Hypotheses and are equivalent [§].
Theorem 3.1 Assume that hypotheses hold. If

4(m + Dps(w)a™ b
T(14r)T(1 +r9)

0:=2mp;(w) + <1,

then the problem has a random solution defined on J.
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Proof. By Lemma the problem is equivalent to the integral equation

w(z,y,w) + ) 11“ ) fo fo x—8)1 7y — )27 f (s, u(s, t,w), w)dtds;
if (z,y) € [0,21] x [0,b], w € Q,
o) = |10+ ST y0) = (e 0.0)

) 2iet Jas s Ji @i — )" 7y — )27 f (s, b uls, tw), w)dtds
er f;k fo x—38)"t Yy — )27 f (s, t,u(s, t,w), w)dtds;
if (x,y) € (g, xry1] X [0,0], k=1,...,m, we€ Q,

for each w € Q and almost each (z,y) € J.
Define the operator N : PC' — PC by

k

(Nu)(z,y) = pz,y, w )+Z(I‘( (z;,y,w)) — Liu(z; ,0,w)))

Z/ / . S m 1 y . t)7"2—1f(57t7u(8,t,’w)7w)dtd‘9
T2 Tj—1

/ / 7‘1 1 . t)m*lf(s, t, U(S, t, w)7 w)dtds.
7"2

Since the functions ¢, and I and f are absolutely continuous, the function p and
the indefinite integral are absolutely continuous for all w € © and almost all (z,y) € J.
Again, as the maps p and I are continuous for all w € €2 and the indefinite integral is
continuous on J, then N(w) defines a mapping N : PC' — PC. Hence u is a solution for
the problem if and only if v = Nu. We shall show that the operator N satisfies all
conditions of Lemma [2:4] The proof will be given in several steps.
Step 1: N is a random operator with stochastic domain on PC.

Since f(z,y,u,w) is random Carathéodory, the map w — f(z,y, u, w) is measurable in
view of Deﬁnition Similarly, the product (z —s)" = 1(y —t)"2 7L f(s,t,u(s,t,w),w) of
a continuous and a measurable function is again measurable. Further, the integral is a
limit of a finite sum of measurable functions and I is measurable. Therefore, the map

k

w = p(z,y,w )+Z(1'( (=7, y,w)) — Li(u(z;, 0,w)))

Z/ / 7‘1 1 y 7t)rQ*lf(Sﬂt,u(Sat;w)vw)dtd‘s
7“1 7"2

/ / 7”1 1 _ t)m_lf(S,t,U(Sataw)vw)dtds
’I”1 7‘2

is measurable. As a result, N is a random operator from PC into PC.

Let W : Q — P(PC) be defined by

W(w) = {u e PC: [lu pc < R(w)}
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with R(-) being chosen appropriately. For instance, we assume that

(m+1)p7 (w)a™ b2
I e N By 1y ey

R(w) > PV .
1 —2mps(w) — (m + 1)p3(w) sy eyt

The set W (w) is bounded, closed, convex and solid for all w € Q. Then W is measurable
(Lemma 17 ( [13]). Let w € Q be fixed, then from Hypothesis for any u € w(w), we
get

[(Nu)(z, )|l e

< Ity ||E+Z||I o7 )l + Ity 0,w)
1 ¢ o Y r1—1 ro—1
ot o L T = 0 et ) st
A / [ = 0 sttt ), )t

< Iz, y, w)| e +Z (ps(a, y, w) [l + (ps(ws, 0,w))[ul)
1
B )y 1 — )27 (s, t, w)dtds
D(r)T () ; (/ [ e

Ti Y
+/ / (x—8)" "y — )2 Ipo(s, t, w)||u(s, t, w)|Edtds>
Ti—1

y
// Yy — )27y (s, t, w)dtds
L(r)l(r2) 0

+)F(>/w (o= 9 (g — 07 palo b w) fuls, £ w)| pdtds

< p(w) + 2mps(w)R(w)
k .
M " ! xr— S8 ri—1¢,, _ p\ra—1 S
+; (F(Tl)F(Tz) /wil o ( )Ty — ) dtd
p2( )R(w) o Y r1—1 ro—1 S
")) /ac_/o (=) (y — 1) dtd )

p;(w)R(w) * Y Tr—s ri—1 _ 4\r2—1 s
eton [ oo

(pf(w) + p5(w) R(w))(m + 1)a" b"
F(l + Tl)F(l + 7‘2)

< pt(w) + 2mps (w) R(w) +
< R(w).

Therefore, N is a random operator with stochastic domain W and N : W (w) — W(w).
Furthermore, N maps bounded sets into bounded sets in PC.
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Step 2: N is continuous.
Let {u,} be a sequence such that w,, — u in PC. Then, for each (x,y) € J and w € Q,
we have

[(Nun)(2,y) = (N (w)u)(z,y)l|

k
Z 1 (un (277, y, w)) = Liu(ey, y, w) | + [ Li(un (27, 0, w)) — Li(u(z;, 0,w))])

Z/ /x— Ty =07 (st un(s 1 w), w)
7“1 7“2

f(s t,u(s, t,w),w)|| pdtds

rl 1 _ ro—1
T.l TQ / / t) Hf(s7t7un<s7t,w),w)
f(s7t7u(8at>w)7 )HEdtdS

Using the Lebesgue dominated convergence theorem, we get

INw, — Nulloo — 0 as n — 0.

As a consequence of Steps 1 and 2, we can conclude that N : W(w) — W(w) is a
continuous random operator with stochastic domain W, and N (W (w)) is bounded.
Step 3: For each bounded subset B of W(w) we have

a(NB) < ta(B).

Let w € Q be fixed. From Lemmas [2.2] and 2.3] for any B C W and any e > 0, there
exists a sequence {u,}>2 , C B, such that for all (z,y) € J, we have

a((NB)(z,y))
k

=« {M(I Yy, w )+Z(IZ( ( :,y,w)) 7Ii(u($i_,0,w)))
+Z/ / ’f1 ((y’rz)t)’w f(s,t7u(5,t,w),w)dtd5

/ / )" Zé_)t)m 1f(s,t7u((<57t,w),w)dtds; u € B}
T T2

<a{Z(I'( n(z Y, w)) = Li(un(z;, 0,w)))

T —8)"T 1(y —t)r2—1
+Z/ / T(r2) f(s,t,un(s, t,w),w)dtds
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— T1 1 _ 4\r2—1 0o
/ / r—s)"" Ny —t) f(s,t,un(s,t,w),w)dtds} +e
)L(r2) .

<0¢{Z(I‘( n(T; Y, w ))—I‘(un(ﬂfﬂovw)))}

i —S r1 l(y_t)rg—l .
+22/ / )T (r2) alf(s b, un(s,t,w), w)}pZ dtds

e f U lgfr;t)rz (51t (5,6, 10), 0) )32 s+ €
< 2mps(z,y, w)a ({un(s tw)inly)

I'z _ S r1 l(y _ t)Tzfl N
+4Z/ / r1)l(r2) p2(s,t, w)a ({un(s, t,w)}py) dids

oo

n=1

+4/ / xr — s 71 ZZT;)t)T?_ p2(87 t, w)a ({un(37 t, u})}zozl) dtds + €

A e

T; —S Tl Ty —$)r2—1
(42/ / (Z(JTQ)t) pz(s,t,w)> a ({un}52,) dtds

(o [ 1‘1@;)”” (ot ) o (fun}i2) +

< 2mps(z,y, w B)

T; — S 7"1 1(y _ t)T'Q—l
(42/ / )T (r2) Pz(&t,w)dtds) a(B)

( / / I—Sh i 327;)15)’”2 1p2(8’t’w)dtd$) a(B) + €

N 4(m + 1)p2(w)ahbrz
< <2mp3(w)+ T+ m)C( + ) )a(B)+e
= la(B) + e

Since € > 0 is arbitrary, we have
a(N(B)) < la(B).

It follows from Lemma that for each w € ©Q, N has at least one fixed point in
W. Since (,,cq intW (w) # 0, there exists a measurable selector of intW, thus N has a
stochastic fixed point, i.e., the problem (|l| . has at least one random solution.

4 An Example

Let E =R, Q = (—00,0) be equipped with the usual o-algebra consisting of Lebesgue
measurable subsets of (—o0,0). Given a measurable function v : Q@ — AC([0, 1] x [0,1]),
consider the following impulsive partial fractional random differential equations of the
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form

2,—w—y—3

{CDQ,QU(%Z/,IU) = TGy i (@y) € Jy, k=0,...,m,
2

u(x;, Y ’LU) - U(LL";, Y, '(U) + (1+w2+10|u($,y,w)|)ez+y+10; if y e [03 1]7 k= 13 s, MM,
(3)
where w € Q, J =[0,1] x [0,1], (r1,72) € (0,1] x (0,1] with the initial conditions
u(z,0,w) = a:QSin w; x € [0,1], weo, ()
u(0,y,w) = 2 cosw; y € [0,1].

Set

w2

1+ w2 + 5|u(z,y,w)|)er+ty+10’ (@) €1

f(xvyau(xayaw)7w) = ( 0,1] X [O, 1], w € €,
and

’LU2

.y €
14+ w? + 10ju(z, y, w)|)extv+10 Y

Ik(u(x;’y,w))Z( 0,1, k=1,....,m, weQ.

The functions w + ¢(z,0,w) = xsinw and w — ¥(0,y,w) = y? cosw are measurable
and bounded with
lo(z,0,w)| < 1, [¢(0,y,w)| <1,

hence, Hypothesis [3.1] is satisfied.

Clearly, the map (z,y,w) — f(z,y,u,w) is jointly continuous for all u € R and hence
jointly measurable for all u € R. Also the map u — f(x,y,u,w) is continuous for all
(xz,y) € J and w € Q. So the function f is Carathéodory on [0,1] x [0,1] x R x Q.

For each u € R, (z,y) € [0,1] x [0,1] and w € 2, we have

5
|f(x,y,u,w)| < 1+ (:’W|u|’

and 10
[k (u)] < mm\-

Hence Hypothesis [3.4] is satisfied with

10

* * 5 *
pi(@,y,w) = pi(w) =1, pa(2,y,w) = p3(w) = —5, ps(@,y,w) = p3(w) = —5.

We shall show that condition ¢ < 1 holds with a = b = 1. Indeed, if we assume, for
instance, that the number of impulses m = 3, then we have

4(m + Dps(w)a™ b

! = 2mps +
mps () T T T )
_ o0, 50
o el0 T OD(1 4 )T(1 + 1)
< 1,

which is satisfied for each (r1,72) € (0,1] x (0, 1]. Consequently, Theorem [3.1]implies that
the problem (3)-()) has a random solution defined on [0, 1] x [0,1].
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