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of a Class of Nonlinear Switched Systems
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Abstract: In this paper, a class of nonlinear switched systems with separable nonlin-
earities is studied. With the aid of multiple Lyapunov functions method, conditions
on switching law are derived under which the zero solutions of the considered sys-
tems are globally asymptotically stable. Some examples are presented to illustrate
the obtained results.

Keywords: hybrid systems; switching law; global asymptotic stability; multiple Lya-
punov functions.

Mathematics Subject Classification (2010): 34A38, 34D23.

1 Introduction

Switched systems represent a subclass of hybrid systems and have strong engineering
background in various applications. A significant number of real systems can be modeled
as switched systems such as mechanical systems, chemical processes, vehicle control,
traffic control, automotive industry, etc. [3, 11, 18, 23, 24].

A switched system has two components: a family of subsystems and a switching signal.
Subsystems in the family are described by a set of indexed equations. The switching
signal selects an active subsystem at every instant of time, i.e., the subsystem from the
family that is currently being followed [18]. Switching signals are usually classified as
time-dependent or state-dependent. Note that qualitative behaviour of a switched system
depends not only on the behaviour of individual subsystems in the family, but also on
the switching signal [24].

* Corresponding author: mailto:a.u.aleksandrov@spbu.ru
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In the past decades, different methods of analysis for switched systems were devel-
oped, and many significant results were obtained (see, for instance, [2-7, 9-11, 18, 24]).
In particular, with the aid of the Lyapunov function approach, various conditions of
asymptotic stability were derived. Stability is one of the fundamental concepts, and it
plays the most important role in control systems design.

For the stability problem, the first question is whether a switched system is stable
when there are no restrictions on switching signal (stability analysis under arbitrary
switching). On the other hand, many switched systems may fail to preserve stability
under arbitrary switching, but may be stable under restricted switching signals. In the
second case, it is required to find corresponding restrictions.

Many constructive approaches were developed for the stability analysis of switched
systems, for example, the method of differential inequalities (scalar, vector or matrix) [4,
12, 20], the dwell time approach [6, 10, 11], the method of common or multiple Lyapunov
functions [6, 7, 9-11, 14, 18, 24], etc. These methods are powerful and effective tool for
the finding switching signals providing the required properties.

Stability analysis is complicated if the considered system is essentially nonlinear
or/and contains some uncertainties [1, 2, 7, 8]. Along with the asymptotic stability,
the problems of ultimate boundedness and finite-time stability are considered in many
papers [3-5, 20].

In addition to the solving the problem of stability, it is important to estimate the
attraction domain of a given equilibrium position [16]. It should be noted that the size of
the region of attraction depends, generally, on switchig law [4]. Of a particular interest
is the situation where the equilibrium position is globally asymptotically stable.

In this paper, the problem of global asymptotic stability for a class of nonlinear
switched systems with separable nonlinearities is studied. It is assumed that every sub-
system from the considered family admits globally asymptotically stable zero solution.
We will look for conditions on switching law which guarantee the preservation of global
asymptotic stability for the corresponding switched system. We will employ multiple
Lyapunov functions in our analysis. As an additional result, estimates of the conver-
gence rate of solutions to the origin will be obtained.

2 Statement of the Problem

Consider the system with separable nonlinearities

x = P,f(x). (1)
Here x = (21, ..., 20)7; £(x) = (fi(z1), ..., fu(zn))", scalar functions f;(z;) are defined
and continuous for x; € (—oo, +00) and satisfy the conditions x; f;(x;) > 0 for x; # 0,
i=1,...,n; 0 = o(t) is a piecewise constant function defining the switching law, o(t) :

[0,40) > Q={1,...,N}; Py = {pgjs-)}?,jzl are constant matrices, s =1,..., N.
Thus, at each time instant one of the subsystems

x =P f(x), s=1,...,N, (2)

is active. Subsystems of the form (2) belong to well-known class of the Persidskii type sys-
tems [21]. They are widely used for modeling of various practical systems and processes,
see [2, 3, 13, 15, 17].

Let 0;, i =1,2,..., be the switching times, 0 < #; < 03 < ..., and 6y = 0. Assume
that the function o(t) is right-continuous. Without loss of generality, we suppose that
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the interval (0, 400) contains the infinite number of switching instants. Hereinafter, we
consider non Zeno sequences [18], i.e., sequences that switch at most a finite number of
times in any finite time interval.

From the properties of functions fi(z1),..., fn(x,) it follows that system (1) has the
zero solution. We will look for conditions providing global asymptotic stability of the
solution.

In [7], the problem of the existence of a common Lyapunov function for family (2)
was studied. Several approaches to the construction of such function were proposed.
It is known [18, 24] that the existence of a common Lyapunov function guarantees the
asymptotic stability of the zero solution of (1) for any switching law.

In the present contribution, we will assume that we failed to construct a common
Lyapunov function for subsystems (2). In this case, to prove stability of a switched
system, one should restrict the class of admissible switching signals [10, 11, 18, 24]. The
general approach for finding such restrictions is based on the use of multiple Lyapunov
functions [10, 11].

In what follows we will impose some additional conditions on the right-hand sides of
subsystems (2).

Assumption 2.1 For every s € {1,...,N}, there exist positive constants
/\gs), s A such that the matrix PTA+ APy is negative definite. Here A = diag{Ags),
A

Remark 2.1 Conditions of the existence of required values of A§S>, .. .,)\,(f) were

investigated in [5, 7, 9, 14].

Remark 2.2 If Assumption 2.1 is fulfilled, then for every s € {1, ..., N} the zero so-
lution of the s-th subsystem from (2) is asymptotically stable for any admissible functions
fi(x1),..., fn(2s), and for this subsystem the function

n

Vi = A [ i ar 3)

i=1

satisfies the requirements of the Lyapunov asymptotic stability theorem. If it is possible
to choose values of )\gs), A the same for all s = 1,..., N, then a common Lyapunov
function can be constructed for subsystems (2). However, conditions of the existence of
such common Lyapunov function are more conservative than those of the existence of a
partial Lyapunov function of the form (3) for every subsystem.

Assumption 2.2 Let functions f;(x;) be of the form f;(z;) = ﬂjz?j, ji=1,...,n,
where 3; be positive constants, and pu; be positive rationals with odd numerators and

denominators.

Remark 2.3 Without loss of generality, we will assume that 8; =1, j =1,...,n,
and g1 < ... < g

Thus, under Assumption 2.2, we consider the family of subsystems

n
b= A, i Lon sl g
j=1



110 A.Yu. ALEKSANDROV, E.B. ALEKSANDROVA, A.V. PLATONOV AND M.V. VOLOSHIN
and the corresponding switched system
n
Bi=Y pd, =1, (5)
j=1
Remark 2.4 System (5) can be treated as a system of the first, in the broad

sense [25], approximation for a nonlinear hybrid system.

If Assumption 2.1 is fulfilled, then for subsystems from family (4) there exist Lyapunov
functions of the form

Vi(x) = )\ié 4, s=1,...,N, (6)
i=1 pi + 1

and the zero solutions of these subsystems are globally asymptotically stable.
Our goal is to find classes of switching signals for which we can guarantee the global
asymptotic stability of the zero solution of system (5).

Remark 2.5 The case where uy = ... = p, was investigated in [4, 6, 11, 18].
Therefore, in the present paper we will assume that p; < py.

3 Preliminary Results

Let

Then ¢ > 1, and
Vi(x) <cVj(x), s, j=1,...,N, (7)

for x € R"™.

Remark 3.1 If ¢ = 1, then Vi(x) = ... = Vy(x), i.e., for subsystems (4) a common
Lyapunov function is constructed. In this case the zero solution of (5) is globally asymp-
totically stable for any admissible switching law. Therefore, in what follows we assume
that ¢ > 1.

Denote T; = 0; — 0,1, i = 1,2,.... Construct auxiliary sequences. Let 11 (b,m) =
Xl(m) = (Pl(b, m) =0,

e

-1

ol B

k-1 k-1
Vi (b,m) = ZTeribk*i, Xk(m) = Trntis Pr(b,m) = ZTm+ib7i
i=1 i=1

1

.
Il

for k=2,3,.... Here b=const >0; m=1,2,....
Consider the conditions

Yr(by,m) = 400 as k — oo, (8)
Xk(m) = 400 as k — oo, 9)
pr(b,m) = 400 as k — oc. (10)

It is worth mentioning that condition (8) needs to be checked only for 0 < b < 1, and
condition (10) only for b > 1.
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Lemma 3.1 If any of conditions (8)—(10) is fulfilled for m = 1, then it is fulfilled for
allm=1,2,....

To prove the lemma, it is sufficient to note that the equalities

Gmik—1(b, 1) = P (b,m) kaT b,

k: 1 m
mtk—1(1) = ——— 7§ T,
Xmk-1(1) m—l—/{:—le(m)er—i—k—lj:Q /

Pmtro1(b,1) =0 "o (b,m) + > TybH
j=2

hold form=1,2,...and k =2,3,....
Lemma 3.2 Let 0 < b < 1. If condition (8) is fulfilled, then condition (9) is also

fulfilled. In addition, if condition (8) is fulfilled uniformly with respect to m = 1,2,...,
then condition (9) is also fulfilled uniformly with respect to m =1,2,.. ..

Proof. The equality tg+1(b,m) = b(¢r(b,m) + Tyntx) holds for k,m = 1,2,....
Hence,

Tm-l-k = bilwk-l-l(bv m) - wk(bv m) = bil (wk-l-l(ba m) - wk(ba m)) + (bil - 1)wk(b7 m)

We obtain

1y

Xx(m) = bl -

M7

(le(b,m) Wi(b,m) Zm (b,m)

k-1
:wk(:l;m) 1bk szbm Z < szbm>.

Let condition (8) be fulfilled. Then, for any M > 0, one can choose N > 0 such that
Yr(b,m) > M for k > N. Hence, xx(m) > (1 —b)M/(2b) for k > 2N, and condition (9)
is fulfilled.

If condition (8) is fulfilled uniformly with respect to m = 1,2,..., then the value of
N can be chosen independent of m. Therefore, condition (9) is also fulfilled uniformly
with respect to m = 1,2, .... This completes the proof.

Assume that the inequalities

V, < —pVMHP(x), s=1,...,N, (11)

hold in a domain G C R™. Here g > 0, p > —1, and V, is the derivative of the function
Vs(x) with respect to the s-th subsystem from (4), s =1,..., N. Denote b = ¢™*.

Let a switching law o(t) be given. Construct the multiple Lyapunov function V. (x)
corresponding to the switching law. Choose tg > 0 and x¢ € G, and consider a solution
x(t) of system (5) starting at ¢ = to from the point x¢. Find a positive integer m such
that tg € [9m_1,9m).
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Assume that a number # satisfies the conditions ¢ > ¢y and x(¢) € G for t € [to, 1].
Integrating differential inequalities (11) and taking into account formulae (7), we arrive
at the following estimates:
(i) if p > 0, then
Vof(gmil)(x(f)) >V, (x0)+Bp (t—to) for €€ [to,bm),
VU_(9pm+k71)(X(£)) > kaa_(gm,l)(XO) + BP((E - em—i-k—l) (12)
+1/}k(ba m) + bk (om - to)) for g S [9m+k717 9m+k); k Z 17

(ii) if p = 0, then

Voo, 1)(X(0) < Viga,, 1y (x0)e ?10)  for 7€ [to,6,),

. (13)
Vo @) (X(1) < Va(émfl)(Xo)eklnc_ﬂ(t_t‘)) for € [Omyn—1,0m+k), k> 1;
(iii) if =1 < p < 0 and 0 € G, then
Voo x@®) < Vg (o) + Bp (E—to) for EE€ [to,0m),
Voo (x() <[V (x0) + Bp(b* (F = k1) (14)
o (Om+k—1) — o(0m—1) m+

+gak(b,m) + (9m — to) )) for t e [9m+k7179m+k>; k>1.

4 Conditions of the Global Asymptotic Stability

Let Assumption 2.1 be fulfilled. Consider the partial Lyapunov functions (6) constructed
for subsystems (4). It is easy to show that, for any positive numbers H and H, one can
find constants 5 > 0 and 8 > 0 such that

V, < —pVMr(x), s=1,...,N, (15)

for ||x|| < H, and
Vi< VM), s=1,..,N, (16)

for x| > H. Here pn = (1tn — 1)/(tn + 1), p1 = (un — 1)/ (s +1), and | - | is the
Euclidean norm of a vector.
Denote b = ¢7P», b= ¢~ P,

Theorem 4.1 Let 1 < pg < pip. If

Yp(b,m) = 400 as k— oo (17)

uniformly with respect to m = 1,2,..., then the zero solution of system (5) is globally
asymptotically stable.

Proof. Choose a positive number ¢, and find 3 > 0 such that estimates (15) hold in
the domain G; = {x € R" : ||x|| < &}.
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The inequalities

ax|* < Vi(x) < @pflx|F, s=1,...,N, (18)

are valid for x € G;. Here a; and as are positive constants.

Using estimates (12) with G = Gy, 8 = 5, p = pn, b = b and taking into account
inequalities (18), it is easy to prove (see [6]) that under the assumptions of Theorem 4.1
one can choose § > 0 such that if to > 0 and ||xg|| < J, then for a solution x(t) of
(5) starting at ¢t = to from the point xo the condition ||x(t)|| < ¢ hold for ¢ > ¢y, and
Ix(t)|]] = 0 as t — to — +oo uniformly with respect to to > 0 and ||xo|| < §. Hence, the
zero solution of system (5) is uniformly asymptotically stable.

Let us show that the attraction domain of the zero solution coincides with the
space R".

Choose an arbitrary number € > 0, and find the corresponding value of § > 0 accord-
ing to the definition of uniform asymptotic stability. Let H € (0,0). Then there exists
3 > 0 such that estimates (16) are fulfilled in the domain G, = {x € R" : ||x|| > H}.

The inequalities

x| < Vi(x) < aofx|**tt, s=1,...,N, (19)

hold for x € G5, where a; and ao are positive constants.

Consider a solution x(t) of system (5) starting at ¢ = to > 0 from a point x¢ € Ga.
There exists a positive integer m such that tg € [0y—1,0m).

First, assume that g1 > 1. Then b > b, and ¢y, (b, m) > (b, m) for all k,m = 1,2, . . .
Therefore, z/)k(b m) — 400 as k — 00 umformly with respect to m = 1,2, .

Using estimates (12) with G = G2, 8 = B, p=p,b= b and takmg into account
inequalities (19), one can find 7' > 0 such that ||x(to + 1| < 8. Hence, ||x(t)]] — 0 as
t — +o0.

Next, consider the case where 11 = 1. Applying Lemma 3.2, we obtain that y;(m) —
+00 as k — oo uniformly with respect to m = 1,2,.... Note that t —tg = (t — Opptr—1) +
ka(m) + (9m —tg)) for t € [9m+k—1; 9m+k), k> 1.

Using estimates (13) with G = G, 8 = 3 and taking into account inequalities (19),
it is easy to show the existence of a number 7' > 0 such that [|x(to + )| < 0. Hence,
Ix(t)]] = 0 as t — +o00. This completes the proof.

Remark 4.1 If 1 < pu; < pup, then the value of T in the proof of Theorem 4.1
is independent of ty and xg. Therefore, under the assumptions of Theorem 4.1, for
any given neighborhood of the origin, one can find an estimate of the transient time
of all solutions into the neighborhood, and this estimate will be independent of initial
conditions of solutions. In the case where 1 = 1 < uy, the value of T is independent of
to, but it depends on xg.

Corollary 4.1 Let 1 < puy < pyn. If T; = +00 as i — oo, then the zero solution of
system (5) is globally asymptotically stable.

Remark 4.2 In the case where 1 < p; < p, and condition (17) is fulfilled nonuni-
formly with respect to m = 1,2,..., we can guarantee only local and nonuniform asymp-
totic stability of the zero solution of system (5).
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Theorem 4.2 Let 0 < py < 1 < pyn. If condition (17) is fulfilled uniformly with
respect tom =1,2,..., and

or(b,1) = 400 as k — oo, (20)
then the zero solution of system (5) is globally asymptotically stable.

Proof. In a similar way as in the proof of Theorem 4.1, we obtain that the zero
solution of system (5) is uniformly asymptotically stable.

For an arbitrary chosen € > 0, find constant § > 0 according to the definition of
uniform asymptotic stability. Let H e (0,8). Then there exists a constant B > 0 such
that estimates (16) hold in the domain G = {x e R" : ||x|| > H}.

Consider a solution x(t) of system (5) starting at t = ¢, > 0 from a point x¢ € G.
Find positive integer m such that tg € [0—1, Om)-

Assume that x(t) € G for all t > to. Then, for any ¢ > t, estimates (14) are valid
with the following specialization of parameters: § = B, p=p1, b= b.

According to Lemma 3.1, condition (20) implies that (b, m) — +00 as k — oo
for any m = 1,2,.... Hence, from (14) it follows that if ¢ is sufficiently large, then

a_(g;+k,1)(x(£)) < 0. Thus, we arrive at the contradiction.

Therefore, there exists 7' > 0 such that ||x(to +T)| < 8, and ||x(t)|| — 0 as t — +oo.
This completes the proof.

Remark 4.3 The value of 7' in the proof of Theorem 4.2 depends on xg, and if
gok(l;, m) — +oo as k — oo nonuniformly with respect to m = 1,2, ..., then it depends
on tg as well. Thus, the proof of Theorem 4.2 permits us to obtain an estimate of
transient time of all solutions into a given neighborhood of the origin. However, this
estimate depends on initial conditions of solutions.

Remark 4.4 If 0 < p; < 1 < i, then 0 < b < 1 and b > 1. In this case the ful-
fillment of condition (17), generally, does not guarantee the fulfillment of condition (20).
Really, let Tj = b7/2, j = 1,2,.... Then, for any 0 < b < 1, condition (17) is fulfilled
uniformly with respect to m = 1,2,..., whereas condition (20) is not fulfilled. Thus,
condition (20) of Theorem 4.2 is not excessive one, and it can not be dropped.

Remark 4.5 In the case where y; = ... = u, = 1, one can find a constant L > 0
such that if T; > L, i = 1,2, ..., then the zero solution of the corresponding switched
system is globally asymptotically stable [11, 18]. Theorems 4.1 and 4.2 do not permit us
to obtain a similar result for u, > 1. For instance, if T; = L = const > 0,7 =1,2,...,
then the conditions of Theorems 4.1 and 4.2 are not fulfilled for any value of L.

Theorem 4.3 Let 0 < uy < pn, = 1. If condition (20) is fulfilled, and condition (9)
is fulfilled uniformly with respect to m = 1,2, ..., then the zero solution of system (5) is
globally asymptotically stable.

The proof of Theorem 4.3 is similar to those of Theorems 4.1 and 4.2.

Theorem 4.4 Let 0 < p; < pn < 1. Then the zero solution of system (5) is
asymptotically stable for any admissible switching law. Furthermore, if condition (20)
is fulfilled, and there exist a constant ¢* > 0 and a positive integer k > 0 such that
or(b,m) > ¢* for k >k, m = 1,2,..., then the zero solution of system (5) is globally
asymptotically stable.
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Proof. Let an admissible switching law and a positive number € be given. Find
B > 0 such that inequalities (15) hold in the domain G = {x € R" : 0 < ||x|| < £}.

Using estimates (14) with the following specialization of parameters: 8 = 3, p = py,
b = b, it is easy to prove that, for any ¢y > 0, one can choose numbers § > 0 and T>0
such that if 0 < ||xo| < 4, then ||x(t)|| = 0 for t > to + T. Here x(t) is a solution
of (5) starting at ¢ = to from the point x. Hence, the zero solution of system (5) is
asymptotically stable.

Next, assume that condition (20) is fulfilled, and there exist a constant ¢* > 0 and
a positive integer k > 0 such that ¢y (b,m) > ©* for k > k, m = 1,2,.... In this case,
6 and T can be chosen independent of to. Thus, the zero solution of (5) is uniformly
asymptotically stable. The subsequent proof is similar to those of Theorems 4.1-4.3.

Corollary 4.2 Let 0 < p1 < pp, < 1. If gpk(f),m) — 400 as k — oo uniformly with
respect to m = 1,2,..., then the zero solution of system (5) is globally asymptotically
stable.

To prove the corollary, it is sufficient to note that if 0 < 1 < p, < 1, then @ (b, m) >
wr(b,m) for k,m=1,2,....

Remark 4.6 Theorem 4.4 does not guarantee the existence of a constant L > 0 such
that if T; > L, ¢ = 1,2, ..., then the zero solution of system (5) is globally asymptotically
stable. However, for an arbitrary given bounded subset of R™, an appropriate choice of
L permits us to guarantee that the subset is contained in the attraction domain of the
zero solution.

Corollary 4.3 Let 0 < p1 < un < 1. For any A > 0, one can find a constant L > 0
such that if T; > L, i =1,2,..., then the set {xg € R™ : ||x¢| < A} is contained in the
attraction domain of the zero solution of system (5) for all to > 0.

Example 4.1 Consider the switched indirect control system

7= aﬁ")yl + bﬁ")n3,

Yo = aéd)yQ + bé")n3, (21)

0 =d"y+dS s + b5
and the corresponding family of subsystems

7= ags)yl + bgs)ng,

o = a7 ys + 5P, s=1,2. (22)

i =d g+ dSys + b5

n’,

Thus, o(t) : [0,400) = Q = {1,2}. Let al” = -7, ol = =3, p{" =1, (Y = 2,
B = 4, dY =4, 45V =5, 4 = -6, af) = -3, 8 =6, 0 =1, b)) = 5
dP =240 =1.

3
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System (21) is a special case of system (1). Here n = 3, N = 2, 1 = y1, 22 = ya,
w3 =1, fi(z1) = 1, falwe) = xa, fa(ws) = a3, pn = p2 =1, p3 =3,

7 0 1 -6 0 6
Po=|0 -3 2|, Py=|0 -3 1
4 5 —4 2 7 -5

Let
3 0 0 1 0 0
Ar=10 2 0 Ab=10 6 O
0 0 1 0 0 2

Then the matrices PT A, +A P, s = 1,2, are negative definite. Hence, partial Lyapunov
functions for subsystems (22) can be chosen in the form

39% 2 774 y% 2 774
V==t . Va=2243 - 23
\= Sty Ve=5 430+ (23)

At the same time, there is no a positive definite diagonal matrix A = diag{\1, A2, A3}
for which matrices
PTA + AP, s=1,2, (24)

are negative definite.
Really, without loss of generality, we may assume that A3 = 1. Then for the negative
definiteness of matrices (24), it is necessary and sufficient the fulfilment of the conditions

48 175 2 49
— + 3N+ — + 28 <172, — 4+ 18\ + — + X\ < 34.
)\1 )\2 )\1 >\2

Adding corresponding sides of these inequalities, we arrive at

50 224
— + 21A + — + 29)2 < 206.
A A2

However,

50 224
" + 21 > 10v42, ~ + 292 > 8V406
1 2

for all Ay > 0, Ay > 0.
Thus, we can not construct a common Lyapunov function for family (22) in the form

4
V= My? 4+ Aoy} + Dot

For Lyapunov functions (23), the estimates V; < 3V}, 4,j = 1,2, holds for y1,y2,7 €
(—o00, +00). Hence, in this case, ¢ = 3, b = 1/4/3. Applying Theorem 4.1, we obtain that
if

k—1
Z 3(i_k)/2Tm+i — 400 as k— o0
i=1
uniformly with respect to m = 1,2,..., then the zero solution of system (21) is globally

asymptotically stable.
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Figure 1: The state response of system (21).

The results of a computer simulation are presented in Figure 1. It is assumed that
T,=ifori=1,3,5,...,and T; =1 for i = 2,4,6,.... In this case,

E

—1
S(iik)/2Tm+i > (Tm+k—2 + Tm+k—1)/3 Z (k - 1)/3 — +OO as k —
1

.
Il

uniformly with respect to m =1,2,....

We consider the solution of (21) starting at ¢ = 0 from the point (y1,y2,7)7 =
(0.1,0.7,0.8)7. In Fig. 1, the dependence of components of the solution on time is
presented.

Finally in this section, consider the case where Assumption 2.2 is replaced by the
following one.

Assumption 4.1 Functions f;(x;) in system (1) can be represented in the form
fi(x;) = Bja’? + hj(x;), where j; are positive constants, u; are positive rationals with
odd numerators and denominators, functions h;(x;) are continuous for z; € (—o0, +00)
and satisfy the condition h; (l’])/w;] —0asz; —»0,j=1,...,n.

Remark 4.7 As well as for Assumption 2.2, we will suppose that g; = 1, j =
1,...,n,and p1 < ... < iy

Theorem 4.5 Let Assumptions 1.1 and 4.1 be fulfilled. Then under the conditions
of any of Theorems 4.1-4.4 the zero solution of system (1) is asymptotically stable.

Remark 4.8 Theorem 4.5 guarantees only local asymptotic stability. However, if the
estimates |h;(z;)| < njlx;|* hold for x; € (—oo,4+00), where n; are positive constants,
j =1,...,n, then, for sufficiently small values of n;, the fulfilment of conditions of any of
Theorems 4.1-4.4 provides global asymptotic stability of the zero solution of system (1).
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5 An Optimization of the Choice of Lyapunov Functions

Conditions of the global asymptotic stability obtained in the previous section depend on
the value of constant ¢ in inequalities (7). The smaller the value of ¢, the less conservative
are restrictions on switching law determined in Theorems 4.1-4.4. Therefore, the problem
of finding Lyapunov functions for which value of ¢ is smallest is actual.

Let Lyapunov functions Vi (x), ..., Va(x) of the form (6) be constructed for subsys-
tems (4). Then the estimates

‘/s(x)gcsj‘/j(x)v Svj::lv'-'aNa

hold for x € R", where ¢;; = max ()\Z(-s)/)\z(-j)). Hence, the value of constant ¢ in

1=1,..

inequalities (7) is defined by the formula ¢ = max - cgj.
s,7=1,...,

It should be noted that, for arbitrary positive constants by, ..., by, functions ‘Z(X) =
bsVs(x), s = 1,..., N, are also Lyapunov functions for the considered subsystems. For
these functions estimates (7) take the form

Vilx) <eVi(x), s,j=1,...,N,

where ¢ = max N(csjbs) /b;. As a result, we arrive at the optimization problem: it is
s,j=1,...,
required to choose positive constants b1, ...,by for which value of ¢ is minimal. This

problem can be reduced to the following nonlinear programming problem [19]:

Minimize : ¢,
Csjbs
bj

Conditions of the existence of positive constants by, ..., by satisfying inequalities of
the form (25) were investigated in [22]. According to the results of this paper, system (25)
admits a positive solution if and only if, for any set of indices i1, ..., ik (im € {1,...,N},
im # 4 form # 1, m,l=1,....k, 1 <k < N), the condition ¢;i,Ciyis - - - Cipi, < ¢~ is
fulfilled. Hence, min é = max(c;,,Ciyis - - - Cipi, )/ *, where the maximum is calculated on
all pointed out sets of indices i1, ..., k.

It is worth mentioning that in [22] a constructive procedure for finding required
constants by, ...,by was proposed.

subject to : <é s,j=1,...,N. (25)

Example 5.1 Let family (4) consist of three subsystems of the second order. Hence,
N =3 and n = 2. Assume that the following Lyapunov functions

zitlJrl :C,L2L2+1 :C,thlJrl 1,;2LQ+1 zitlJrl :C,LQLQJrl
i(x) = + — W(x) = +2 , V3(x) = +3 26
1(x) p+1 0 po+1 2(x) w1 +1 po +1 3(x) w1 ,u2+1( )

are constructed for these subsystems.
The estimates
Vi(x) < Va(x), Vi(x) < Vs(x),

Va(x) < 2Vi(x),  Va(x) < Vs(x),

Va(x) < 3VA(x), Va(x) < 5

< §V2(X)
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are valid for x € R2. Therefore, ¢ = 3.
Applying the proposed approach, we obtain

min ¢ = max{ﬁ; \/5; \/g; \S/g} =/3.
In this case inequalities (25) take the form

b b 2 b 3b 3/2)b
hows bows Popg o mog B2 g
b2 bg b1 b3 bl b2

Choose, for instance, by = /3, by = b3 = 1. As a result, we find the Lyapunov
functions

Vi(x) = V3Vi(x), Ta(x) =1a(x), Va(x) = Va(x).

With the aid of these functions, one can derive less conservative stability conditions than
those which can be obtained with the use of functions (26).

6 Conclusion

In this paper, the problem of global asymptotic stability for a class of nonlinear switched
systems with separable nonlinearities was investigated. Sufficient conditions on the
switching law which garantee the required property for the given equilibrium position
are obtained.

It is worth mentioning that the approaches proposed in the paper can be used as well
for the analysis of hybrid models of population dynamics and neutral networks. This will
be our future work.
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Abstract: We discuss global existence of weak solutions to a one dimensional pe-
riodical fractional Landau-Lifshitz-Gilbert equation. A Faedo-Galerkin/penalization
method is employed to get approximate solutions and a fractional calculus inequality
is used to deal with the convergence of nonlinear terms. We also study the asymptotic
behavior of the obtained solutions when the vertical spin stiffness parameter tends to
Zero.
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1 Introduction

In the last decades the study of magnetization processes in magnetic materials has been
the focus of considerable research for its application to magnetic recording technology.
In fact, the design of currently widespread magnetic storage devices, such as the hard-
disks, requires the knowledge of the microscopic phenomena occurring within magnetic
media. In this respect, it is known that ferromagnetic materials present spontaneous
magnetization which is the result of spontaneous alignment of the elementary magnetic
moments that constitute the medium. The magnetic recording technology exploits the
magnetization of ferromagnetic media to store information. The first example of mag-
netic storage device was the magnetic core memory prototype, realized by IBM in 1952.
After magnetic core memories, magnetic tapes have been used, but the most widespread
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magnetic storage device is certainly the hard-disk. The progress made by research activ-
ity performed worldwide in this subject has led to exponential decay of magnetic device
dimensions. For more details, we refer for example to [10,13].

The Landau-Lifshitz (LL) equation [I4] and its modification, the Landau-Lifshitz-
Gilbert (LLG) equation [g], are the basic equations for studying the magnetization dy-
namics in ferromagnetic materials. Though these equations are equivalent from the
mathematical point of view [7] (specifically, the LL equation reduces to the LLG one
by a simple rescaling of the gyromagnetic ratio and damping parameter), the latter is
more preferable from the physical point of view and widely used for studying the non-
linear effects in the magnetization dynamics, regimes of forced precession, magnetization
switching, etc.

In this paper, we study the following one-dimensional fractional Landau-Lifshitz-
Gilbert equation
om =ym x Om + (1 +v*)m x Heg(m). (1)

The unknown m, the magnetization vector, is an application of @ = (0,7) x Q (T > 0
and (2 is a bounded set of R) into S? (the unit sphere of R?), 9;m denotes its derivative
with respect to time, Heg(m) is the effective field,“x” is the three dimensional cross
product and the magnitude of magnetization (which is constant in space and time) has
been scaled to one

m(t,a)| = 1. (2)

In (), the positive constant ~ is the damping coefficient, and

o€

Henlm) = =5

(3)
is the opposite of the functional derivative of the free energy £. Typical expressions for £
that are usually used in practice take into account several different physical phenomena,
and can be found in [I0] for instance. In this work, we will focus on the case where
Hem(m) is given by

Her(m) = aA**m + b m x A**m, (4)

when a € (3,1) and a,b > 0. The operator A = (=A)z denotes the square root of
the Laplacian and called also Zygmund operator which can be defined for example via
Fourier transformation [21].

Equation () has broad connections with other well-known equations appearing in
mathematics and physics. When a@ = 1 and b = 0, equation () becomes a standard
LLG equation and global existence of weak solutions and nonuniqueness is proved in [IJ.
When o € (3,1) and b = 0, the existence of weak solutions for () is obtained using
Faedo-Galerkin/penalization (FGP) method and fractional calculus for the convergence
of nonlinear terms, see [I8]. When aw = 1 and b > 0, Eq. (D) becomes a standard LLG

equation with vertical spin stiffness and global existence of weak solutions is proved in [3].

The equation () is subject to the periodic boundary and initial conditions
m(0,.) =myg, |mg|=1 in . (5)

A simplified model can be obtained by assuming that 2 is a subset of R. Specifically, we
consider one dimensional domain 2 = (—7, ) and assume periodic boundary conditions.
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Throughout this paper, for k € N*, L*(Q) = (L*(Q))* and HF(Q) = (H*(Q2))® are
the usual Hilbert-type Lebesgue and Sobolev spaces, respectively. H(2) denotes the

homogenous Sobolev-Slobodetskii space and H(Q2) denotes the inhomogeneous one.

Lemma 1.1 If m is a regular solution of the problem ())-(&) then we have for all
t € (0,7) the following energy estimate

//|(’)tm|2d dt+6+7A/|Aa t)|? dz </3+“/|Aa o? dz,

where 3 = a(1 + %) at A = b(1 +~2).

Proof. Using the saturation constraint |m| = 1, the LLG equation () can be written
in the following form

YOym +m x Oym + BAZ*m + Am x A**m — B(m - A**m)m = 0. (6)
Taking the inner product of (6) by d;m and A2*m respectively, we get
5 dt

'y/ |Oym|? dz + / |[A“m|? dx + /\/ m x A**m - 9;m dz =0 (7)
Q

and
5 dt/ |[A“m|? dx +/ m x Oym - A**m dz +ﬂ/ |A*m|? dz

_ .A2a 2 —0.
B/Q(m m)° dz =0

(8)

Adding () and () multiplied by A, we obtain

7/ 9ym? da + ﬂ*;” d / IACm? do + /\ﬂ/ A% m)? da
Q

= )\ﬁ/ﬂ(m - A**m)? dz.

Since
/(m -A**m)? dx < / |A?*m|? dz,
Q Q

and integrating from 0 to ¢, we obtain

//|8tm|2d dt+ﬂ+7>\/|Aa )] dz <ﬂ+7>\/|AO‘ of? dz

forallt € (0,7). O
In this work, we are mainly interested in studying the global existence of weak solu-
tions for (@)-(El). To this end, we first give the definition of weak solutions.

Definition 1.1 Let m € H*(Q2) with |myg| = 1 a.e., we say that a three dimensional
vector m is a weak solution of the problem (II)-(&) if

o forall T >0, m e L>®(0,T,H*(Q)) and dym € L?(Q) with |m|=1 a.e;
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e For all ¢ € C>(Q), such that ¢(0,.) = (T, .)

/8tm~qbdzdtf’y/mx8tm~qbdzdt
= —5/ A*m - A%(m x @) dadt — )\/ (m x A**m) - (m x ¢) dadt.
Q Q

e m(0,2) = mo(z) in the trace sense.

e Forallt e (0,7)

t A A
7/ / Oym? dadt + 217 / Aem(t)? do < 27 / A%my|? dz. (10)
0 Q 2 Q 2 Q

Remark 1.1 We will show in subsect 2.2 that m x A2“m makes sense in L?(Q), and
for this reason, it will be clear that (@) makes sense.

The rest of the paper is organized as follows. In the next section, we prove a global
existence of weak solutions result by using Faedo-Galerkin/penalization method. Section
3 is devoted to revealing the relationships between the fractional LLG equation we have
studied in this paper, and the classical fractional LLG equation (i.e., in the case b = 0).
The last section concludes the paper and provides future directions for this work.

2 Global Existence of Weak Solutions

The purpose of the present section is to prove the following result

Theorem 2.1 Let my € H*(Q) with |[myg| = 1 a.e., then there exists a weak solution
of the problem ([I))-(&) in the sense of Definition [

To prove Theorem 211 we proceed as in [I15,18]23].

2.1 The penalty problem

Let € > 0. We introduce the following penalty problem. For an initial datum mgy €
H*(Q2), and for each positive number T, find a vector field m. such as to satisfy the
equation

¥0ymE +m® x oyme + BA**m® + Am® x A**me + é(|m,5|2 —1)m® =0. (11)
subject to the periodic boundary and initial conditions

m®(0,.) =mg, |mo/=1 in Q. (12)

The last term of equation () was introduced at the end to represent the constraint

|m| = 1.
We have the following result.
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Proposition 2.1 For each fized positive €, there is a weak solution mc of problem

(I1)-({12) such that

7/ om?® - o dxdt + / (m® x 9ym®) - ¢ dadt + ﬁ/ AYm® - A%p dzdt
Q Q Q

1
—)\/ Am® - A%(m® x ) dadt + E/ (Jme|> = 1)m® - ¢ dadt =0
Q Q

for any ¢ in L2(0, T,H*(Q)). Moreover, the following energy estimate holds

! A
7/ / |0yme)? dadt + p 4_27 / |A“mE (t)]? dadt
Q Q

")/)\/ 2 2 ﬂ+7>‘/ [eY 2
+—(1+ — me|* —1)°(¢) dz < A%myl” dx
205 [ (me - 120 2 [ A

for allt € (0,T).

Proof. We show the existence of solutions for the penalty problem by using Faedo-
Galerkin method. Let {x;}ien be a complete orthonormal basis of L?(2) consisting of
eigenfunctions of A%

A% = Niya, i=1,2,... (13)

under periodic boundary conditions. The existence of such a basis can be proved as in
Temam [22]. For fixed € > 0, we seek approximate solutions m*® for equation (1] of

the form
N

meN (t2) = 3~ ai(t)i(w)

i=1

where a;(t) are R3-valued vectors. We obtain the following approached problem

yOmEN + mSN x 9mSN + AT mEY 4 AmSN x A2oms N

+l(|m5,N|2 _ 1)ma,N -0 (14)
€

with the following initial conditions
m>N(0,.) = mN(0,.) in

and

mN(O’ Jxi da = / mo(0,.)x; da.
Q Q

Multiplying the equation (I4)) by x; and integrating over 2, we get an ordinary
differential system.

Note that
YOmSN + msY x oomSN = A(mSN)omsY
where

Y e,N
N 7N s i N

87 —_ 81 87

A(m™") = mg 0 —my

e,N e,N
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We can write equation (I4]) in the form

1
A(ma,N)atma,N _ —6A2am8’N _ )\ms,N % A2ama,N _ _(lma,N|2 _ 1)mE’N.
€

Since A(m®%) is invertible, then the resulting system is locally Lipschitz.

There

exists a unique local solution for the approximate problem that can extend on [0,T]
using a priori estimate. To get bounds on the solutions, we multiply equation (I4]) by

O;m="N and A2*m>?" respectively and integrate over §2. We obtain

o 5,N2d __/Aa 8N2d
7 [ fome R e B4 :

+)\/m€7N><A2“ N 8m5Ndz+——/(|m€N|2 1)? de =0,
o de dt

and

/ms,N X atms,N .AQOLmE,N d$+ﬂ/ |A2ams,N|2 dzx
Q
+__/ |Aa 5N|2 dl‘-i— /(lma’N|2—1)'A2amE’N dz = 0.
2 dt 0
Multiplying (I6) by A and make the sum with ({I3]), we obtain

1d
/|amsN|2 dz+2dt/|Aa 5N|2 dSC+ (|mE’N|271)2dx

de dt
Ay d
+Aﬂ/|A2a 5N|2d 4 ;dt/|Aama,N|2 dx
Q
= _g/(|m871\f|2 —1)m=N - A2mSN dg.
Q

On the other hand, Young’s inequality gives

A
__/(|ma,N|2 _ 1)ma,N -A2amE’N dz
Q

€
Ad
/(|ms,N|2 . 1)2|ms,N|2 dSC+ _/ |A2ams,N|2 dx
Q 2 Jo

<
— 2dge?

for any constant d > 0.

(15)

(16)

(17)

We multiply equation ([Id) by (|m®¥|? — 1)m*" and integrate over €2, we obtain

v d
ﬂ/ (|ms,N|2 o l)ms,N .A2a e,N dzx + e (|ms,N|2 o 1)2 dz
0 4dt

1
+= / (jm&N 12 = 1)2m&N |2 dz = 0.
€ Ja
Hence

__/(|ma,N|2 _ 1)ma,N -A2am8’N dz
Q

A d A
— L_/('ms,N|2 _ 1)2 dz + @/(lms,Nﬁ _ 1)2|ms,N|2 dz.
Q
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Therefore
YA d e,N |2 2 A / e,N |2 2, e,N|2
a2 < N2 )2 qp g 2 N2 1)2maN 2 g
Lo L me P =1 o 2 [ (gm0 me N da
A /(|m5,N|2 ~1)2meN? dx—i—&/ IA2m=N 2 d.
- 2d€2 Q 2 0
That is

A d e,N |2 2 Al 1 / e,N |2 20, &,N |2
a2 < N2 )2 dz+ S (2 — — N2 1)2ms N2 g
I Lm0 s 55 5o [ (e - 0 me P

< &/ |A2ama,N|2 dz.
2 Ja
So for d > g

A
2d652 /Q(|ms,N|2 o 1)2|ms,N|2 dx
Y A d

20, ,N |2 _ il e,N12 _ 2
S2(21175)/52“& m=7[ de 46(2d — B) dt/Q(lm " =1)" dz

Therefore from (I8])

A
__/(|ma,N|2 _ 1)ma,N -A2am8’N dz
Q

Ad B YA d
<221 A2a 5,N2d7 _/ E’N2712d.
=5 +2d—/3>/9| m e - e I D) de
Then from (I7)

Ad
7/ |0;mSN|? da + frard |A“mN |2 de
Q 2 dt Jq
YA d

1
AQa 5,N2d ~- (1
) [ aemeVE e 04 )

2

TAB - T

Choose d = 3, we get B — % = 0 and therefore

Ad
7/Q|0tm8’N|2 dz + 54‘27 E/Q|/\O‘Tr1,£’N|2 dz
1 YA, d

—(1+ 5= SN2 _1)2 dz < 0.
2+ 5 [ (me P =12 ds <0

We integrate from 0 to ¢t and we get

t A
'y/o 5 |<9tm5’N|2 dzdt + p 27 /Q |Ao‘m€’N(t)|2 dz
1 A A
+—(1+ l) / (|m,5’N|2 — 1)2(15) dz < ptn / |A0‘mN|2(O) dz
de B Ja 2 Q

1 A mN2 —1)2 r
120+ ) [ (m P =170 a.

127

e,N |2 2
— m® —1)*dz <0.
dt/g(' Fodrs

(19)
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The right-hand side is uniformly bounded. Indeed H®(2) — L*(2) with continuous
embedding, therefore

msV 12— 1)2 T m” 4 dz — m” 2 dz + meas
/Q<| 2 - 1%0) d /Q| 0)[* d 2/Q| (0)[2 dz + meas(Q)
[ (0)][t4 g + meas(®)

C1[|m™ (0)[[fga () + Ca,

IN

IN

where C; and Cy are two constants independent of ¢ and N. Furthermore, note that
m=Y(0) = m™(0), and since m*™ (0) has the same components as my in the basis {x; }ien
and my € H*(Q), we have ||[my||ge(o) < C3 with C3 being a constant independent of ¢
and N. Hence

[m™ ()| () < Cs.

Therefore,
HAamN (O) ||L2(Q) < 03.

Thus for ¢ fixed, we have
(Jm=Y|? — 1)y is bounded in L>(0, T, L*()),

(A“m=™) y is bounded in L>(0, T,L?(Q)).
By Young’s inequality

[V ar <ot [ (mep 12 d,
Q Q
with C being a constant which does not depend on N. Therefore,
(m>N)y is bounded in L>(0, T, H*(Q)),
(0ym&N)y is bounded in L?(0,T,L%(Q)) := L*(Q),
and we will need a compactness lemma due to Simon [20].

Lemma 2.1 Assume By, B, By are three Banach spaces and satisfy By C B C By
with compact embedding By — B. Let W be bounded in L>(0,T; By) and Wy := {w; w €
W} be bounded in L1(0,T; By) where ¢ > 1. Then W is relatively compact in C([0,T]; B).

The proof can be found in Simon [20]. Then we have the following convergences to a
subsequence further notes that m®¥ for any (1 < p < o)

m>Y —~ m® weakly in LP(0,T,HY()), (20)

mY — m® strongly in C([0,T],H’(Q)) and a.e for 0 < § < a, (21)
Hm=N — 9ym? weakly in L?(Q), (22)

|m=N|? — 1 — ¢ weakly in LP(0,7,1L%(Q2)). (23)

The convergence (2I]) is a consequence of ([20) and by compactness embedding of
L2(0,T,H*()) in L2(0,T,1L?(2)). On the other hand ¢ = |m?®|?> — 1. This is provided
by the following lemma.
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Lemma 2.2 Let © be a bounded open subset of RE x Ry, hy, and h are functions of
LY(©) with 1 < q < oo such as ||hy|re@) < C, hn = h a.e in © then h, — h weakly in
L1(©).

The proof of Lemma 2.2] can be found in [15]. In our case © = @, hy = [m>V|? — 1,
h=|mf? -1 and ¢ = 2 and from @I)) [m*Y|?> — 1 — |mf|> — 1 a.e, and we have in
particular [m*"|> — 1 € L?(0), [mf|? — 1 € L*(©) and |||m*|* — 1HL2(®) <C.

Now, we pass to the limit as N — co. Multiplying the equation (I4) by ¢ € C™(Q)
and integrating on @ yield

7/ omsN . dxdt—i—/ msY x g;msN . <pdxdt+ﬁ/ AmSN A% dadt
Q Q 1 Q (24)
—)\/ AmSN A (mEN x ) daedt + - / (jm=N > = 1)m=N - @ dzdt = 0.
Q Q

We have
m&Y — me strongly in L%(Q).
Furthermore
om=N — 9ym? weakly in L2(Q).
Thus

/ (MmN x 9ymsN) - ¢ dadt — / (m® x 9,m?) - ¢ dudt.
Q Q

On the other hand
AmE N s A¥mnE weakly in L2(Q)'

Therefore
/ AmSN A% dzdt — / A“m® - A%p dadt,
Q Q

and
/ omsN . dadt — / om® - p dadt.
Q Q

Taking into account (23)), we obtain
/ (Im=N P = 1)m="N - ¢ dzdt — / (Jm®> — 1)m*® - ¢ dxdt.
Q Q
For the third term of (24 we set
Dy = / (moY x A**m®N) . p dzdt and D = / (m€ x A**m?) - ¢ dadt.
Q Q

‘We have

Dy = —/ A *m&N - (mSN x @) dedt = —/ AmSN A (MmN X @) dadt.
Q Q

Then we define the commutator
[A%, p]lm = A%(p X m) — p X A“m.

Since A® is a nonlocal operator, the following fractional calculus inequality will play a
critical role in the convergence of approximate solutions, see [6] for the proof.
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Lemma 2.3 Suppose that s >0 and p € (1,+00). Then

1A°(fg) — fA%glle < CUIV FllLeallgll gra=roa + [l igems 19l Lra)
and
IA°(F)llee < CUSF e llgl roms + [1F 1 grops gl Lra)
with pa,p3 € (1,+00) such that

1 1 1 1 1

p pP1 D2 p3 p47

and f,g are such that the right-hand side terms make sense.

We have

2 glme )

L2(Q)

< C(|V‘P|LP1(Q)||mE’N - m5||Wa,1,p2(Q) + H‘PHmes(sz)HmE’N - m8|L”4(9))'

We choose p; = ﬁ, D2 = % and p3,ps € (2,400). This is justified by the fact that
Wk*p(—>quor0§k<%and%:%f§, inour case n = 1 and k = 1 — a and we
want W*P < L2, Therefore it is sufficient that 1= 1—17 — (1 — «) that is % =3 _a= pi*

2

— (Wok’p)/ s W—kP2_ Thus for

’

where - + L =1 and therefore Wg’p; — L? = (L?)
P2 P

_ 1 1 1

e

L2(Q)
<C HV<P||1LP1(Q)Hm€’N = m® L) + HSDHWa,ps(Q)ng’N —mSgs ()

N

< O( IV oy I —m[Raay + 1013 o I — 2

Therefore,

0 pllme )

< c(nwwm(O,T,m))nm&vN —m¥aa
L2(Q)

T B

The right-hand side of the last inequality tends to 0 due to strong convergence of m®& —
m* in L%(Q) and in L?(0,T,H°(Q)). Moreover by the preceding lemma [A%, @]m? €
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L2(Q). Thus

|Dn — D| = ‘/ A“mSN A plm SN dedt —/ Am?® - [A%, plm® dxdt’
Q

‘/ ACmSN LAY o] (mEY — m®) d:z:dt—i—/ A®(mSN —me) - [AY, p]m® dxdt’
Q
‘/ ACmSN C[AY o] (mE N — m®) dzdt‘ + ‘/ A% (MmN — mf) - [AY, plm® dxdt‘
Q
< |A*me ||L2<Q>H[Aa, Plm=N —m?)
L2(Q)
+ / A®(mSN —mf) - [AY, plm® dxdt
Q
< ¥ 2y [ [A%, el (= = )
L2(Q)
+ / A(mSN —me) - [AY, p]m® dadt|.
Q

Since [|m=N|| 120,710 (0)) < C and

— 0,
L2(Q)

’/ A(mSN —me) - [AY, plm® dxdt‘ — 0,
Q

|2 pllme )

this implies that
Dy — D. (25)

Using the previous convergences and passing to the limit (N — oo) in (24]), we get

7/ om® - dadt —|—/ m® x oym® - p dadt + ﬁ/ A“m® - A%p dadt

Q Q ) Q (26)

_)\/ A%mE - Aoz(m& X Lp) dxdt + E/ (|m5|2 _ l)mf - dxdt =0
Q Q

for all  in L2(0, T, H%(Q2)) by density of C*(Q) in L2(0, T, H*(2)).
Now back to ([9) and taking into account the previous convergences in N and using
Fatou lemma, we get

//|at P2 dzdt+ﬂ” /|AO‘ (6))? dedt
(27)

+j€<1+g>/9<|m8|2— 12(0) do <ﬁ+“/|A“ of dr

forallt € (0,7).0
We are now in a position to prove Theorem 2]

2.2 Convergence of the approximate solutions

To pass to the limit in ¢ (¢ — 0), we need estimate (I9) and the following result
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Lemma 2.4 If m® satisfies 28) then |m°| <1 a.e. on Q.

Proof. We choose ¢ = ¢pm® with B = {|m®| > 1} and ¢ is the indicator function
of the set B. We have ¢ in L?(0,T, H*(f2)), and replacing ¢ by ¥pm? in (26)), we obtain

¢ ¢ 1t
'y/ / om® - m® dzdt + ﬂ/ / |A“me|? dadt + —/ / (|m®]* —1)|m*|? dadt = 0.
o JB o JB €Jo JB

Then
i K d €12 ! a, €12
= [ = [ (Im°-1) dedt + 8 [A“mF|* dadt
+—/ / (jms|> = 1)|m*|? dzdt = 0.
€Jo JB
Hence

b d
1/ —/ (jm®]* — 1) dadt < 0.

We integrate from 0 to ¢, we get

/B(|m5(t)| Y dxg/ (jm=(O) — 1) dz = 0.

B

Hence l[m¢| <1l a.e. on@. O
Now we will look for an estimate of the term m® x A2*me.
@) by m® x 9ym* and integrating over {2 we obtain

Multiplying equation

/ | m® x 9ym® |? dx—l—ﬁ/ A?*mE - me x 9ym° dx

¢ ¢ (28)

—l—)\/ m® x A**mf - m? x ;m° dz = 0.
Q

Multiply this time equation (1) by m® x A2*m? and integrating over €, we get

v | m® x A**m . 9ym® dz +/ me x A**m® - m® x 9;m°® dz
Q Q (29)
+A A | m® x A**m® |* dz = 0.

Multiplying equation ([29) by A and making the sum with (28]), we get
/ | m® x Oym® |2 da + (B8 +7)\)/ A?me - m? x OymS dx
Q Q
7/\2/ | m® x A**m® |* dz = 0.
Q

Then
)\2/ | m® x A**m® |2 do= [ |m® x9om®|? da
Q Q (30)

+(B +7)\)/ A**mE - m® x ym° du.
Q
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Multiplying () by 0;m¢, integrating over Q, replacing / A%*me - mf x ;m® dz by
Q
its value in (B0) and using Lemma [2:4] we obtain

)\2 |m€ xA2ams|2 d:C:/ |ms % atms|2 derM/ |atms|2 dx
Q Q Q

B(B+A) d 2 (ﬂJF’Y)\)d/ 2 2
PRIV C [ pame)? dg 4 LIV C 2 1)24
A we il AU B v el AL BV

S/ |ma|2|atma|2 dz+7(ﬂ+7/\)/|atma|2 derﬂ(ﬂJFV/\)i/ |Aozma|2 dz
% A % dt Jo

2A
(54‘7)‘)(1/ c12 2
WA < 1
e @ )T D e

A A)d
SO"'@)/{J&:WLEF dx_,_M&/QlAama'Q dz

2\
(54‘7)‘)(1/ c12 2
WA < ~1)? da.
e @ ) Dde

We integrate from 0 to ¢, and using the previous lemma, we get

t
)\2/ / | m® x A**m® | dxdt < C, (31)
0o Ja
where C' is a constant independent of €. Hence
(m® x A**mF). is bounded in L%(Q). (32)
Consequently,
m® x A>*m® — & weakly in L?(Q). (33)

By ([21)), we have
(9ym®). is bounded in L?(Q),

(| mE |2 _1)5 iS bounded in LOO(O’T’LQ(Q))’
(m)e s bounded in. L(0, 7 H*(2).

Then we have the following convergences to a subsequence further notes that (m¢). for
(1<p<oo):
m® — m weakly in LP(0,T;H*(Q2)),

dym® — 9ym weakly in L*(Q),
| m®|? =1 = 0 strongly in L*(0,T;L*(Q)) and |m |=1 a.e.
By compactness embedding of H(Q) into L*(Q), we have
m® — m strongly in L*(Q). (34)
In the following, we show that
m x A**m = d € L*(Q). (35)
Let ¢ € H*(£2). We have

/ m® x A**m*® . ¢ dodt = —/ A“m® - A%(m® X ) dzdt.
Q Q
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On the other hand, using commutator estimate together with the same reasonings that
lead to (2H), we have

/ A*m® - A%(m® X @) dedt — / Am - A%(m x ) dadt
Q Q

= 7/ (m x A**m) - ¢ dxdt,
Q

and therefore (B3] is proved. In particular, we have

m® x A**m° — m x A**m weakly in L3(Q).

Now back to [26]) and taking ¢ = m® x ¢ with ¢ € C*(Q), we have

7/ om* - mf x¢dzdt+/ m® x Oym® - m® x ¢ dxdt

Q Q (36)

+ﬂ/ Am® - A%(m x ¢) dadt + /\/ m® x A**m® - m® x ¢ dzdt = 0.
Q Q

For the first term of ([B8]), we set O, = / m® x Oym® - m° x ¢ dzdt.
Q

We have
O = / | m® > Oym® - ¢ dadt — / (m® - p)m® - Oym® dadt.
Q Q

On the one hand
/ |me|?0yme - ¢ dadt = / (jm®? — 1)9;m* - ¢ dadt +/ oyme - ¢ dadt
Q Q Q

— / orm - ¢ dxdt.
Q

On the other hand
1
/(m6~¢)m6~8tm8 dedt = —/ (| m® |2 —1)m* - ¢ dadt
Q 2Jq
1

T

_ - €12 _ € .
= 2[/Q(|m,| 1)m d)dxo

1

—§/Q(| me |2 —1)0)(m* - ¢) dudt.

Now choose ¢ so that  =0int=0and ¢t =7. Then
T

[/Q(| m® |2 —1)m? - ¢ dx] =0.
0
Therefore,
/ (m®-@p)m® - Oym® dadt = 7% / (| m® |* —1)0y(m* - ¢) dadt
Q Q
_ —1/(|mf 2 _1)0,m* - ¢ dadt
2Jq
1

- / (| m® |2 —1)m? - 9;¢p dxdt — 0.
Q
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Hence
0. — / oyrm - ¢ dxdt.
Q

For the second term of (3]
ﬂ/ A%m® - A%(m® x ¢) dedt — ﬂ/ A%m - A%(m X ¢) dxdt.
Q Q
For the third term of (30)
A/ m® x A**m® - m? xgbdxdt%/\/ m x A**m - m x ¢ dzdt.
Q Q
For the last term of (3]
7/ om® -m’ X¢d$dt—>7/ om -m x ¢ dxdt.
Q Q
Let £ tends to 0 in (B6]), we obtain

/8tm~qbdzdtf’y/mx8tm~qbdzdt
Q Q

+ﬁ/A°‘m~A”‘(qu§) dzdt+/\/mxA20‘m~mx¢dxdt:0
Q Q

for all ¢ € C>°(Q). Furthermore, the inequality (I0)) follows from (Z1) and we finish the
proof of Theorem 211

3 The Limit as b — 0

The main purpose of this section is to reveal to relationships between the fractional LLG
equation we have studied in this paper, and the classical fractional LLG equation (i.e.,
in the case b = 0). We will prove the following result.

Proposition 3.1 Let b — 0. The weak solution mP obtained in section [A weakly
converges, up to a subsequence, to a solution of the classical fractional LLG equation in
the following sense.

For all ¢ € C*(Q) with ¢(0,.) = ¢(T,.) =0,
/ 8tm~¢dxdt7'y/ mxatmwbdxdt:fﬂ/ A%m - A%(m x ¢) dadt.
Q Q Q

Proof. Using the fact that [m?| =1 a.e in Q and estimate (I0), we deduce that
(m®);, is bounded in L°°(0, T, H*(£)),

and
(9ym?®), is bounded in L%(Q).
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Hence, up to a subsequence, we have
m® = m weakly in L?(0,T,H*(Q)) for 1< p < oo,
m® — m strongly in C([0, 7], H(£2)) and a.e for 0 < § < a,
oymb — 9ym weakly in L%(Q).
Then |[m| =1 a.e in Q. On the other hand, we have
y0ymb + mP x 9;mb + BAZ mb + dm® x A2*mP — B(A?*m’ - mP)mb =0 ae. in Q.

Multiplying this equation by d;m® and m® x A?*m?® respectively and integrating over
Q, we get

7/ | Oym® | dx + /|AO‘ b2 dx—l—)\/m X A**mP . oymP dz =0 (37)
Q

55
/|m x A2*mP? dx—|—2 dt/'Aa b2 dx——v/m x A**m? . oym?® dx. (38)

The equalities (37)), (B])) allow to get

Ay d
)\2/ |m® x A2*mb|? dz = 72/ |0:m®|? da + ( 62 / |A“mb|? da.
Q Q

We integrate from 0 to ¢ to get

t
- A
)\2/ / |m? x A2*mb|? dadt + (76 )/ |A“my|? da
0 Jo 2 Q

! - A
= 72/ / |0ym?®|? dadt + (76 )/ |A“m®? dz
0 Jo 2 )

B =a(l+~%) and A = b(1 ++?).

Since b is small enough, we assume that b < ay i.e., A < yf. Using estimate (I0), we

have
/ |A“m?? dz < / |A“mg|? dx
Q Q

t 1 2
72/ / |atmb|2 dxdtﬁ M/ |Aam0|2 dz.
0 Ja 2 Q

Then, ([B9) implies that

t
b2/ /|mbe2amb|2 dadt < %/ |Aam0|2 dz.
0 JQ Q

(b m? x A**m?), is bounded in L%(Q).

(39)

for all t € (0,T).
Recall that

and

Hence
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Therefore,
bmP x A>*m® — ¢ weakly in L2(Q).

Let ¢ € H*(Q). We have

/ bmP x A2*m?® - 4p dzdt = —b/ A*mb - A%(mb x ¢) dadt,
Q Q

which tends to zero as b goes to zero. We conclude that & = 0.
Now, we can pass to the limit as b — 0 in the weak formulation

/atmb-d)dxdt—v/mbxatmb-gbdxdt
Q Q

= fﬂ/ A“mP - AY(mb x ¢) dzdt — (1 +a2)/ bmb x A**m® . m® x ¢ dxdt.
Q Q

We obtain
/ 8tm~¢dxdtfo¢/ mxatmwbdxdt:fﬂ/ A%m - A%(m x ¢) dzdt.
Q Q Q

Then Proposition B.1lis proved. O

4 Concluding Remarks

In this paper, global existence of weak solutions to a modified fractional LLG equation
is proved. The modification lies in the presence in the effective field of the term b m x
A%2%m describing fractional vertical spin stiffness. Due to nonlocal nonlinearities in the
model, special structures of the equation, the commutator estimate and some calculus
inequalities of fractional order are exploited to get the convergence of the approximating
solutions. The relationship between the model and the classical fractional LLG equation
is also revealed by discussing the limit of the obtained solutions when the vertical spin
stiffness parameter b tends to zero.

Let us mention that important progress has been made in the design of schemes con-
structing weak solutions to classical LLG equation. Several schemes were proposed, and
their convergence to weak solutions was proved (see for examples [2[4]). An interesting
direction of future research is to propose numerical scheme for the fractional LLG equa-
tion. This will be helpful to give a strategy for efficient computer implementation which
may reflect the true nature of the augmentation of the LLG model considered in this

paper.
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Abstract: The domination number is an important vulnerability parameter that
it has become one of the most widely studied topics in graph theory, and also the
bondage number which is related by domination number the most often studied prop-
erty of vulnerability of communication networks. Recently, Dankelmann et al. defined
the exponential domination number denoted by 7.(G) in [I7]. In 2016, the exponen-
tial bondage number, denoted by bexp(G), is defined by besp(G) = min{|Be| : Be C
E(G),7e(G — Be) > ve(G)}, where 7.(G) is the exponential domination number of
G [24]. In this paper, the above mentioned parameters is has been examined. Then
exact formulas are obtained for the families of cyclic structures tend to have grace-
ful subfamilies such as helm graph, windmill graph, circular necklace and friendship
graph.

Keywords: graph vulnerability; connectivity; domination number; bondage number;
exponential domination number; exponential bondage number.

Mathematics Subject Classification (2010): 05C40, 05C69, 68M10, 68R10.

1 Introduction

Graph theory plays vital role in various fields. One of the important areas in graph
theory is graph labeling. Interest in graph labeling began in mid-1960s with a conjecture
by Kotzig-Ringel and a paper by Rosa [5]. In 1967, Rosa published a pioneering paper
on graph labeling problems. Graph labeling is powerful tool that makes things ease in
various fields of networking. Graph labeling is very important major areas of computer
science like data mining image processing, cryptography, software testing, information
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security, communication network etc. Also, there are many applications of graph labelling
in the literature such as coding theory, radar, astronomy, circuit design, missile guidance,
communication network addressing, xray crystallography, data base management [5[13].

We begin by recalling some standard definitions that we need throughout this paper.
Let G = (V, E) be a simple undirected graph of order n. For any vertex v € V, the
open neighborhood of v is Ng(v) = {u € V|uwv € E} and closed neighborhood of v is
N¢g[v] = Ng(v) U {v}. The degree of v in G denoted by deg(v), is the size of its open
neighborhood. A vertex v is said to be pendant vertex if deg(v) = 1 [7,[I8]. A vertex
u is called support vertex if u is adjacent to a pendant vertex. The graph G is called
r-regular graph if deg(v) = r for every vertex v € V. The distance d(u,v) between two
vertices u and v in G is the length of a shortest path between them [7l[18§].

Given a graph G = (V, E), the set N of non-negative integers and a commutative
binary operation x : N x N — N, every vertex f : V — N induces an edge function
fx: E — Nsuch that f x (uv) = |f(u) — f(v)], for all uv € E. A function f is called
graceful labeling of a graph G if f: V — 0,1,2, ..., q is injective and the induced function
f*x:FE — 1,2 ...,q is bijective. A graph which admits graceful labeling is called graceful
graph.

A set S C V is a dominating set if every vertex in V(G) — S is adjacent to at least
one vertex in S. The minimum cardinality taken over all dominating sets of G is called
the domination number of G is denoted by «(G) [7[I8]. There are different application
of domination problems. For instance, dominating sets in graphs are natural models for
facility location problems in operations research [I8] or domination number is the one
of the most important vulnerability parameter for networks [I8[23]. When investigating
the domination number of a given graph G, one may want to learn the answer of the
following question: How does the domination number increases in a graph G7 or How
many edges need to be added to decrease the domination number of the original graph?
One of the vulnerability parameters known as bondage number in a graph G answers the
former question. The bondage number b(G) was introduced by Fink et al. [I2] and is
defined as follows:

b(G) = min{|B| : B C E,v(G — B) > v(G)}.

We call such an edge set B that v(G — B) > v(G) the bondage set and the minimum
one the minimum bondage set. If b(G) does not exist, for example empty graphs, then
b(G) = oo is defined.

In 2009, Dankelmann introduced the concept of exponential domination [I7]. This
new parameter is closely in relation with distance of each pair of vertices. The exponential
domination number is the theoretical vulnerability parameters for a network that is
represented by a graph [IL[I7]. An exponential dominating set of graph G is a kind
of distance domination subset S C V(G) such that Y _o(1/2)%®9)=1 > 1. v € V,
where d(u,v) is the length of a shortest path in (V' — (S — {u})) if such a path exist,
and oo otherwise. The minimum exponential domination number, ~.(G) is the smallest
cardinality of an exponential dominating set. We call such an edge set is a minimum
exponential set which is denoted by ~.-set.

Aytac et al. has defined exponential bondage number [24]. It is defined as follows:

berp(G) = min{|Be| : Be € E,7.(G — Be) > 7.(G)},

where 7. (G) is the exponential domination number of the graph G. We call such an edge
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set Be that 7.(G — Be) > v.(G) the exponential bondage set and the minimum one the
minimum exponential bondage set.

There are many advantages of creating a communications network that is analogous
a graceful graph. One advantage is that if a link goes out, a simple algorithm could
detect which two centers are no longer linked, since each connection is labeled with
the difference between the two communication centers. Another advantage is that this
network also would have all the same properties as a graceful graph; such as having
cyclic decompositions [Bl13]. Many structures that have been studied in recent years are
structures that involve cycles. One reason for this is that Rosa proved that all cycles
that are of lengths n = 0, 3(mod4) are graceful. Hence, many families of cyclic structures
tend to have graceful subfamilies. We will now investigate some of these structures such
as: helm graph, windmill graph, circular necklace and friendship graph.

Calculation of exponential domination and bondage numbers for simple cyclic graph
types is important because if one can break a more complex network into smaller net-
works, then under some conditions the solutions for the optimization problem on the
smaller networks can be combined to a solution for the optimization problem on the
larger network.

In Section 2, some well-known basic results are given for exponential domination and
bondage numbers. In Section 3, examples of the exponential dominating and the expo-
nential bondage sets of a graph are are given. In Section 4, the exponential domination
numbers have been computed for helm graph, windmill graph, circular necklace and
friendship graph. In Section 5, the exponential bondage numbers have been calculated
for same structures.

2 Basic Results

In this section some well-known basic results are given with regard to exponential dom-
ination number and bondage number.

Theorem 2.1 [17] The exponential domination number of
a) the path graph P, of order n > 2 is v.(P,) = ]'"TH]
. P ifn = 4;
b) the cycle graph C,, of order n > 4 is v.(Cp) = n T ’
) ycle grap f >4 15 7e(Cn) {[ﬂ ’an?é4_}
Theorem 2.2 [I7] For every graph G, v.(G) < ~v(G), and also v.(G) = 1 if and
only if v(G) = 1.

Theorem 2.3 Let G be any connected graph with n vertices and Jv € V(G) such
that deg(v) =n — 1. Then 7.(G) = 1.

Theorem 2.4 [12] If G is a connected graph of ordern > 2, then b(G) < n—y(G)+1.

Theorem 2.5 [12] The bondage number of

2, ifn=1(mod 3);

a) the path graph P, of order n > 2 is b(P,) = { 1 otherwise

3, if n=1(mod 3);

b) the cycle graph C,, of order n >3 is b(Cy,) = { 9 otherwise
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c) the complete graph K, of order n > 2 is b(K,) = [§].

d) the star graph S, of order n > 3 is b(Sy) = 1.

Theorem 2.6 [22] If G is a nonempty graph with a unique minimum dominating
set, then b(G) = 1.

Theorem 2.7 [Z])] Let G be a connected graph of order n. If G includes only one
pendant vertez, then beyp(G) = 1.

3 Example

a) Let’s find the exponential dominating sets of the given graph in Figure 1.

vy e v, e V3 es Uy
€g €9 €10 €y
Vg € vz € Ve s Vs

Figure 1: Graph G.

e For the set S = {v1, vs, vz, v5} C V (G), Table 1 is obtained.

Table 1: The weight values of S; at v.
v | U1 V2 V3 V4 Vs Ve (¥ird v
wg,(v) [2 3 2 2 2 3 2 2

From Table 1, it is easy to see that wg, (v) > 1. Hence, the set S; C V (G) is an
exponential dominating set of the graph G.

e For the set Sy = {va,v6,v8} C V (G), Table 2 is obtained.

Table 2: The weight values of S at v.
v | (% (%) V3 V4 Vs V6 (%4 (O}
WS, (v) | 2 2 2 1 5 / 4 2 3 2

From Table 2, it is easy to see that wg, (v) > 1. Hence, the set So C V (G) is an
exponential dominating set of the graph G.
e For the set S5 = {v1,v5} C V (G), Table 3 is obtained.

From Table 3, it is easy to see that wg, (v) > 1. Hence, the set S3 C V (G) is an
exponential dominating set of the graph G.
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Table 3: The weight values of S3 at v.
v | U1 (%) V3 V4 Vs Ve (%4 (%)

wg,(v) |2 5/4 1 5/4 2 5/4 1 5/4

Among some of the exponential dominating sets discussed above, the set having min-
imum element is the set S3. There is not a set that is exponential dominating and
|S| < |S3] of the graph G. Namely 35 C V (G) can not be found. In this case,
exponential domination number of the graph G is v, (G) = |S3| = 2.

b) Let’s find the exponential bondage sets of the given graph in Figure[ll

e Let’s consider the set B! = {e;} C F(G). In this case, we examine exponential
domination number of the E (G) — B! graph. Here, it is easy to see that S =
{v1,vs} C E(G) — Bl is a member of any minimum exponential dominating set.
B! is not an exponential bondage set because 7. (E (G) — BY) = 7. (G) = 2.

e Let’s consider the set B2 = {e3,e6} C E(G) . In this way, we examine exponen-
tial domination number of the E (G) — B2 graph. Here, it can be easily seen that
the set S = {v1,v3,v5} C E(G) — B? is a minimum exponential dominating set.
B? is an exponential bondage set because v, (E (G) — B2) =3 > 7. (G) = 2.

e Let’s consider the set B2 = {e2,e6} C E(G). The E (G) — B2 graph consists of
two components. In this case, we examine exponential domination number of the
E (G) — B2 graph. Here, it can be easily seen that the set S = {v1,v3,v5,v7} C
E (G) — B2 is a member of any minimum exponential dominating set. B2 is an
exponential bondage set because 7, (E (G) — BS) =4>.(GQ) =2.

e Let’s consider the set B = {e3,es5,e10} € F(G). The E (G) — B2 graph consists
of two components. In this case, we examine exponential domination number of
the E (G) — B graph. Here, it can be easily seen that the set S = {vy,v7,v4} C
E (G) — B is a member of any minimum exponential dominating set. B2 is an
exponential bondage set because v (E (G) — B2) =3 > 7. (G) = 2.

Among some of the exponential bondage sets discussed above, the set having minimum
element is the set B2. There is not a set that is exponential bondage and |B.| < ’Bg’
of the graph G. Namely 3B, C E (G) can not be found. In this case, exponential
bondage number of the graph G is begp (G) = | B2| = 2.

4 The Exponential Domination Number of Some Graceful Cyclic Structure

In this section, we give definition of well-known graceful cyclic structure. Then we
calculate the exponential domination number of them.

Definition 4.1 [I5] A helm graph is denoted by H,, is a graph obtained by attaching
a single edge and vertex of the outer circuit of a wheel graph W,,. The number of vertices
of H,, is 2n 4+ 1 and the number of edges is 3n. We display the graph Hy in Figure

Theorem 4.1 If H,, is a helm graph, then v.(H,) = 4.
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Figure 2: The Helm Graph Hy.

Proof. The Helm H,, consist of the vertex set V(H,) = {v;|0 <i <n—1}U{a;|0 <
i <n—1}U{c}. Let ¢ be the central vertex of H,,. The degree of central vertex is n. The
vertices of H,, \ {c} are two kinds: vertices of degree four and one, respectively. Clearly,
deg(v;) = 4 and deg(a;) = 1.

Let S be ~y.-set of H,. If S consists of only one central vertex c, then this vertex is
exponentially dominated all vertices except that the pendant vertices a;. Therefore, the
vertices v; must be added to S.

If ¢ € S and v; is not adjacent a;, then d(v;,a;) > 2. If ¢ ¢ S and v; is not adjacent
a;, then d(v;, a;) =2 or d(v;, a;) = 3.

Due to distance between a; and v; and because S is 7.-set, S must not contain
the central vertex c. In this case, the set S must consist only of the vertices v;. The
geodesic(shortest) distances from the vertices v; to the other vertices of H,, are as follows:
d(vi,a;) <3, d(vi,v;) <3 and d(v;,c) = 1.

Accordingly, any vertex « € V(H,,) is at most 3 distance away from the vertex v; € S.

Initially, let’s assume that S is only one vertex v;. Let z be the vertex in V(H,) \ S
such that E(vi, x) = 3. To dominate the exponentially the vertex x by set S, the number
of vertices that must be in S is

m
where m = |5].

Thus, there must be at least 4 for vertices v; in the set S. Consequently, the expo-
nential domination of H,, is v.(H,) = 4. The proof is completed. O

Definition 4.2 [I1] The windmill graph Wd(k,n) can be constructed by joining n
copies of the complete graph K with a common vertex. It has (k — 1)n + 1 vertices and
nk(k —1)/2 edges. We display the graph Wd(5,4) in Figure Bl

Theorem 4.2 If Wd(k,n) is a windmill graph, then ~v.(Wd(k,n)) = 1.

Proof. By the Theorem [2.3] the proof is clear. O
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Figure 3: The Windmill graph Wd(5,4).

Definition 4.3 [11] Let K, and K;, be complete graphs on m(say vi,va, ..., U )
and t; vertices, respectively. Let t; = 2", 1 < i < m, and ry = 19, r;41 = r; + 1 for all
2 <4 <'m —1 such that K,,, W K;, has just v; as a cut vertex, where r; is an integer
and 1 < i < m. The resultant graph K,, ¥ (U, Ky,) is a circular necklace denoted by
CN(Kp; Ky, K¢y, ..., K¢,). We display the graph CN(K,; K, Kt,, ..., K¢,,) in Figure
ik

h‘

\“/ 5 /Tz) |

_U‘m

I K :|
A /j “-—vg’—-’ \ Kl.{\
\__// ./ \\ 7”/}
| Ke, |
'.\ /

A

Figure 4: The Circular Necklace CN (Km; Ky, Kty ooy K, )-

Theorem 4.3 If G is a circular necklace graph, then v.(G) = 2.

Proof. By the definition of circular necklace graph, both K, and K;, are complete
graphs. Any vertex exponentially dominates all the remaining vertices in complete graph.
Let vy, va,..., vy, be vertices of K,,. Let S be .- set of the graph G. If S consists of
exactly one vertex v, of K,,, where 1 < x < m. Then all vertices of K, and K;_ in G are
exponentially dominated. For the all remaining vertices u € V(G — V(K,,,) — V(K¢,)),
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we get d(vy,u) = 2. Thus, the vertex v, contributes 1/2 to w,(u). To exponentially
dominate all the remaining vertices u, only one vertex v; of K,,, also must be added to
S. Hence, we get v.(G) = 2. The proof is completed. O

Definition 4.4 [I5] The friendship graph F;, can be constructed by joining n copies
of the cycle graph C5 with a common vertex. We display the graph Fy in Figure

./,‘

Figure 5: The Friendship graph Fj.

Theorem 4.4 If F,, is a friendship graph, then ~.(F,) = 1.

Proof. By the Theorem 23] the proof is clear. O

5 The Exponential Bondage Number of Some Graceful Cyclic Structure

In this section, we calculate the exponential bondage number of well-known graceful
cyclic structure.

Theorem 5.1 If H, is a helm graph, then bey,(Hy) = 1.
Proof. The proof is easy to see by the Theorem 2.7 O
Theorem 5.2 If Wd(k,n) is a windmill graph, then bey,(Wd(k,n)) = 1.

Proof. Let c be the central vertex of Wd(k,n). Clearly, deg(c) = n(k —1). The
removal of an edge e which is incident to ¢ leaves a graph H. The graph H is connected
graph with (k — 1)n + 1- vertices. It is easy to see that |V (Wd(k,n))| = |V(H)| and
deg(c) = n(k — 1) — 1 in the graph H. Now, we determine the exponential domination
number of H. Let D be a v.- set of the graph H. If D = {c}, then D exponentially dom-
inates (k — 1)n vertices. Thus, there remains only one vertex v exponentially dominated
by D. The vertex v is the end vertex of removed edge. The vertex ¢ contributes 1/2 to
wp(v). Therefore, the vertex v or any vertex at 1/2 distance to the vertex v must be in
D. Then we get v.(H) = 2.

Since v (H) > ~.(Wd(k,n)), the exponential bondage number of the windmill graph
i8 begp(Wd(k,n)) = 1. The proof is completed. O

Theorem 5.3 If G is a circular necklace graph, then

2" —1,  ifm>2"7;
m—1, otherwise.

be(©) = {
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Proof. By the definition of a circular necklace graph, K,, and K, are complete
graphs and r; = rg, where 1 < ¢ < m. It is the graph K;, or K;, which has the
least vertices on the graph G. Let r1 = r3 be an integer value of r. Thus, |V (K, )| =
|[V(Ky,)| = 2" and |V (K,,)| = m. Let v1, va,..., vy, and v; = w1, U2, ..., Ujar be vertices
of graphs K, and K;,, where 1 < ¢ < m, respectively. For every v € V(K,,), we
have deg(v) = m — 1 in the graph K,,. Similarly, for every ui; € V(K ), we have
deg(u1;) = 2" — 1 in the graph K;,, where 1 < j < 2". There are two cases depending
on the degrees of the vertices of v and wuy;.

Case 1. degk,, (v) > degk, (u1j) = m > 2"
The removal of all edge incident to the vertex u,; in G leaves a graph H consisting
of two components. One of these is an isolated vertex and the other is connected
graph CN(K,,; K¢, -1, K¢y, ..., K;,). Thus by the Theorem (3] we get

Ye(H) = Ye(CN(Kp; Kty -1, Kty s Kiy) + 1 =24+ 1 > 7.(G).

Since ve(H) > 7v.(G) is obtained, we have bep(G) =27 — 1.

Case 2. degk,, (v) < degk,, (u1j) = m <2".
The removal of all edge incident to vertex v in G leaves a graph H consisting of
K, and CN(Ky,—1; Ky, , K¢y, ..., K¢, ). Thus by the Theorem .3 and [Z.3] we get

Ye(H) = Ye(ON(Km-1; Kiy, Kty ooy Ki,p) +7e (K ) =2+ 1> 7(G).
Since Ve(H) > v.(G) is obtained, we have bey,(G) = m — 1.

By combining these two cases, the exponential domination number of the circular
necklace graph is
2m —1,  ifm>2m,
m—1, otherwise.

bern(©) = {

The proof is completed. O
Theorem 5.4 If F,, is a friendship graph, then bey,(F,) = 1.

Proof. The vertices of F,, are two kinds. Let u and v; be vertices of F,,, where
i € {1,...,2n}. Since deg(u) = 2n in F,, the vertex u is the central vertex of F),.
Furthermore, deg(v;) = 2 for every v; € V(F,,). If we remove the only one edge ey,
incident with the vertex u, then remaining graph is H.

Now we determine the exponential domination number of H. In the graph H,
degr(u) = 2n — 1. Let D be a 7.- set of the graph H. If D = {u}, then the set D
exponentially dominates (2n — 1)- vertices. Thus, the remains only one vertex exponen-
tially dominated by D. The vertex v; is the end vertex of removed edge e,,,. The vertex
u contributes 1/2 to wp(v;). Therefore, the vertex v; or the vertex in N(v;) — {u} must
be in D. Then we get v.(H) = 2.

Since v (H) > v.(Fy) is obtained, the exponential bondage number of the friendship
graph is begp(F,) = 1. The proof is completed. O



148

V. AYTAC AND T. TURACI

6 Conclusion

In this paper we determine the exact values of exponential domination and bondage
numbers of a wheel helm graph, windmill graph, circular necklace and friendship graph.
The problem of finding the exponential domination and bondage numbers of architecture
such as Pyramid networks, Circulant networks are under investigation.
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Abstract: In this paper, we obtain two new results on the Hyers-Ulam stability of
the linear partial differential equation of second order with constant coefficients

Azze + (A+ B)2gy + Bzyy + Aze + B2y =0
and the partial Euler differential equation of the form
2200 4 20y zey + Y2 2yy + Mz + Myz, —mz = 0.
Our findings make a contribution to the topic and complete those in the relevant

literature.
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1 Introduction

The stability theory is an important research area in the qualitative analysis of differential
equations and partial differential equations. It follows from the relevant literature that
the investigation of the Hyers-Ulam and Hyers-Ulam-Rassias stability of equations with
partial derivatives started recently. We should mention the earliest results on the topic
or some results obtained for the linear partial differential equations of first or second
order by Alsina and Ger [1], Cimpean and Popa [2], Gordji et al. [3], Hyers [4], Jung ([5],
[6], [7], [8]), Li and Huang [9], Liu and Zhao [10], Lungu and Popa ([11], [12]), Rassias
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[13], Tung and Biger [14], Ulam [15] and the references therein. We shall now give the
details of some works done on the topic. In 2009, Jung [8] investigated the Hyers-Ulam
stability of linear partial differential equations of first order

aug (7, y) + buy(x,y) + g(y)u(z,y) +h(y) =0

and
aug (2, y) + buy(z,y) + g(x)u(z,y) + h(z) =0,

in the cases of ¢ < 0,b>0and a > 0,0 <0, (a,b € R), respectively.
Later, in 2011, Gordji et al. [3] proved the Hyers-Ulam-Rassias stability of the fol-
lowing nonlinear partial differential equations

’VI(xvt) = f(x,t,'y(z,t)),
a'yl('r’t) + b’7t('r’t) = f(.T,ﬁ,’y(iE, t))’
p(:z:, t)'ywl(xat) + q(xa t)'yl('r’t) = f(x,t,v(ac, t))

and
p(:z:, t)'th('T’t) + q('r’t)%f(xa t) +pt($a t)'Yz('Tat) _pm(x’t)%f(xa t) = f(iE, taV('T’t))a

respectively, by using Banach’s contraction mapping principle.
After that, in 2012, Lungu and Popa [11] discussed the Hyers-Ulam stability of first
order partial differential equation of the form

p(z, y)% +q(z, y)g—z = p(z,y)r(z)u + f(z,y).

Finally, in 2014, Li and Huang [9] proved the Hyers-Ulam stability of the first order
linear partial differential equations in n-dimensional space of the form

Zaﬂ:zi (1, T2, ooy Tn) + g(zj)u(z1, 22, o0 ) + h(25) = 0,
i=1

where a; € R are arbitrarily given constants.
In this paper, we investigate the Hyers-Ulam stability of the partial differential equa-
tion of second order with constant coefficients

Azyy + (A4 B)zgy + Bzyy + Azy + Bzy =0 (1)
and the partial Euler differential equation
2 2gn + 22y 2yy + yQZyy +mxzy + myzy —mz =0, (2)

where z = z(z,y) (v,y) € D, D = [a,b) x R, D is a subset of ®2 and A, B,m are
real constants with m > 0 and A > 0. Let ¢ > 0 be a given number. Equation (1) is
said to be stable in Hyers-Ulam sense if there exists K > 0 such that for every function
z: [a,b] x R — C satistying

|Azypy + (A4 B)zgy + Bzyy + Azy + Bzy| < e
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for all (z,y) € D there exists a solution zp : [a,b] X ® — C of Eq. (1) with the property
|z(z,y) — z0(z,y)| < Ke.

This work has been inspired basically by the papers of Gordji et al. [3], Jung [8], Li and
Huang [9], Lungu and Popa [11], Vlasov [16], Vasundhara Devi [1] and those listed above.
The results obtained here are different from those in the literature, new and original, and
they have simple forms. They can be easily checked and applicable, and complete the
previous ones in the literature. Hence the novelty and originality of the present paper.

2 Hyers-Ulam Stability

In this section, we give two theorems and two examples to show the Hyers-Ulam stability
of equation (1) and equation (2).Our first Hyers-Ulam stability result is the following
theorem.

Theorem 1. Let e be a positive constant. If the function z satisfies the differential
inequality
|Azpy + (A4 B)zgy + Bzyy + Azy + Bzy| < e (3)

for all (z,y) € D, then there exists a solution zy : D — R of equation (1) such that
|z(x,y) — z0(z,y)| < Ke, K > 0,K € R.
Proof. Let u(x,y) = Az, + Bz, for any (z,y) € D. Then, it follows that
|ug + uy + u| = |Azgy + (A + B)zgy + Bzyy + Azy + Bzy|

so that
|ug + uy +ul <e.

Consider the change of coordinates

(=,
n=1y—x.
Then, we have
[ug + uy + ul = |ue +ul <e. (4)

It is clear from (4) that
—e<uctu<e.

Multiplying the above estimate by the function exp(¢ — a), we have
—eet T < U4e<_“ +uet T < geSTY,

Let ¢ € [a,b]. For any ¢ € [a, b] integrating the above inequality from ¢ to ¢, we obtain

¢ ¢a ¢
/ —ee’ s §/ a—[u(s,n)es_“]ds §/ ee’"%ds.
(& C S C

et < ()" = (ule,m) + €)™ + () < ceS

Then
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Hence, it is clear that
—e < u(¢,n) — (u(e,n) +e)eC + fn)e Y < e

Let
”(C, 77) = (U(C, 7]) + 5)60_< — f(n)e_(c_a)_

Then v({,n) satisfies ve +v =0 and |u({,n) — v({,n)| < €, respectively.
Taking into account the change of coordinates, we can write

u(z,y) —v(z,y)| <e.
Since u(z,y) = Az, + Bz, we have
—e < Azy + Bzy —v(z,y) <e.
Consider the change of coordinates

r=ux,

s = Ay — Bu.

Hence
Azy + Bzy —v(z,y) = Az, —v(r, s).

From this, it follows that
—e < Az, —v(r,s) < e.

Multiplying the above estimate by %, (A #0), we obtain

Select k € [a,b]. For any r € [k, b] with r > 2k, integrating the above inequality from k
to r, we have

5 " v(u, s) 5
Sk < _ _ < Z(r—k).
A(r k) < z(r,s) — z(k, s) /k " du_A(r k)
Then, it follows that
~Srsat) — 2l - [ M- T < S
5 S 2(rs) —2(k;s A u—— <5
so that (u.5)
€ "o(u, s ek ¢
< — — ? < =
Ar_z(r,s) z(k, s) /k " d TS
Let

Then v(¢, n) satisfies
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Hence, we can conclude that

This result completes the proof of Theorem 1.
Our second and last Hyers-Ulam stability result is the following theorem.

Theorem 2. Let € be a positive constant. If the function z satisfies the differential
inequality
|22 200 + 20y 20y + Y22y + maze + myz, — mz(z,y)| < e (5)

for all (x,y) € D, then there exists a solution zo : D — R of equation (2) such that
[2(@,y) = z0(ay)| < =M, (m > 0,M > 0).
Proof. For any (z,y) € D let
9(x,y) = x2y + Y2y + mz.
Then
295(2,y) + ygy (2, y) — 9(2,y) = 2200 + 20y 20y + Y 2yy + M2y + MYz, — M2,
Therefore, inequality (5) implies
1292 (z,y) + ygy(z,y) — g(z,y)| < e.

Consider the change of coordinates

Then we have
ICgc — gl <e.

Assume that ¢ > 0. Making use of the former inequality, we arrive at
—£<(gc—g<e.
Multiplying the above estimate by C%’ we have
ea _a ea

a
*?SEQC*FQS—Q-

Select ¢; € [a,b]. For any ¢ € [c1,b], ¢1 > 0, integrating the above inequality from ¢; to

¢, we can write
¢ ca €9 .a ¢ ea

Cc1 C1
Hence

¢ C1

2| o
N =

gy
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From this, it is clear that

—€ 1 e €
C g(¢;m) — (Cla )+f(n)—zga.

Since ¢ > 0, if we multiply the above inequality by (, we get

€ ¢ €

——¢<9(6n) — =gler,m) +¢f(n) —e < —C.
c1 C1 C1
Let C
v(¢n) = =gler,n) = Cf(n) +e
Thus v({,n) satisfies the following equation
Cue—v=0

and the inequality
9(¢;m) —v(¢n)| < Me,

where M = é In view of the fact that
g(x,y) = X2y + Y2y + M2y,

it is clear that
—eM < zzy +yzy + mz(z,y) —v(z,y) < Me.

Consider the change of coordinates
r=ux,
n= g, x # 0.
x
Then, from the previous inequality, we have
—eM <rz,+mz—v < Me.

Multiplying the above estimate by the function T:—;l, (r>0,(2)™>0), we get

m—1 m m—1 m—1 m—1
—eM < —2z-+m Z—
a a™ a™

Select k € [a,b]. For any r € [k, b] with % > 0, integrating above inequality from & to
r, we obtain

r™m k™

*E(

ma™ ma™

m km T m—1 m km
M < r—z(r, n)f—z(k,n)f/ > v(s,n)ds < g( — )M
a™ a™ k

From the last inequality, it may be seen that

m km T om—1 km m
M < T —z(r,n) — —2(k,n) — / i v(s,n)ds — ¢ < eM—

ma™
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so that
m i km
. <z(r,n) — —=z(k,n) — T_m/ s y(s,n)ds — e < <M.
m rm k mr™ m

Let . . -
zo(r,m) = T—mz(k‘, n)+r-" /k s (s, n)ds + e

Then .

- <M
|Z(Ta S) ZO(Tv S)| = m

This completes the proof of Theorem 2.
Example 1. We consider the following linear partial differential equation of second
order with constant coefficients
Zag + 225y + Zyy + 25 + 2y = 0.

Let s =y — 2 and f(s) > 0. It can be seen that z(z,y) = (e7® — 1) f(y — ) is a solution
of this equation and
|2z + 222y + 2yy + 20 + 24| < €.

Let [a,b] =[0,00) and k=0, c=2, r = g Then, from Theorem 1, we have
o= 20l < 3
z -zl < ge

and
v(u, 8) ek

zo(r,s):z(k:,s)—i—/k " du + R

Thus, we can write

ZO(T, S) _ /OT /U(u’ S)du — /OT[(U(C, S) + E)@C_m - f(s)e—(m—a)]dm
= —(ulc,s) +€)e " + (ulc,s) +e)e’ + f(s)(e™" —1).

At the end, we can conclude that |z — zg| < er. This inequality shows that the result of
Theorem 1 is true.

Example 2. Consider the partial Euler differential equation of the form

Then, it may be followed that

z(z,y) = :cf<%) + §9<%>

is a solution of the former equation, and we can find
|x22m + 22y 2,y + y2zyy + 2y +yzy — 2| <e.
For k = 0, from Theorem 2, we have
1 (" s r r 3
Z0 = — —g(c1,n) —sf(n)+¢e)ds = —g(c1,n) — =f(n) + —
0= 7 | Caterm) = s7)+ €)ds = glern) = 5 )+ =
and
€
|z — 20| < —.
m

Hence, we can conclude that the result of Theorem 2 is correct.
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3 Conclusion

We consider a linear partial differential equation of second order with constant coefficients
and a partial Euler differential equation of second order. We study the Hyers-Ulam
stability of these equations. We give two examples to verify the obtained results and for
illustrations. Our results are contributions to the topic and the related literature.
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1 Introduction

Consider the following Hamiltonian system with unbounded nonlinearities

{ ii(t) + Au(t) — VF(t,u(t)) = e(t), a.e.tec[0,T], (HS)
u(0) — u(T) = 4(0) — w(T) = 0,

where A is a (N x N)-symmetric matrix, e € L'(0, T;RY), T'> 0, and F : RxRY — R
is a continuous function, T-periodic in the first variable and differentiable with respect
to the second variable with continuous derivative VF(t,z) = %—i(t, x).

The study of the existence and multiplicity of periodic solutions of Hamiltonian sys-
tems plays a very important role to solve many problems of natural sciences such as
chemistry, biology and physics. For physics problem, we can cite planetry systems and
fluid dynamic problem.

* Corresponding author: mailto:fathikhlifi77@yahoo.com
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When A = 0 and e(t) = 0 for all ¢ € R, problem (HS) is just the following second
order Hamiltonian system

ii(t) = VF(t,u(t)), ae.tel0,T), .
{ u(0) = u(T) = i(0) ~ (T) = 0. W

During the last decades, many authors studied the existence and multiplicity of periodic
solutions for system (Il) via critical point theory and variational methods, we refer the
readers to [I]- [21] and references therein. Many solvability conditions are given such
as the coercive condition (see [2]), the periodicity condition (see [18]), the convexity
condition (see [4]) and the subadditive condition (see [13]).

For the case A # 0 and e # 0, Mawhin and Willem [5] proved that problem (HS)
has at least one solution by using the saddle point theorem under the following bounded
conditions: There exists g € L*(0,T;R") such that

|F(t,u)| < g(t), [VE(t,u)| < g(t), Yu € RY, a.e. t € [0,T]. (2)
Precisely they obtained the following result.

Theorem 1.1 ( [5], Theorem 4.9) Suppose F satisfies [2) and the following as-
sumptions:

(C1) dimN(A)=m >1 and A has no eigenvalue of the form k?w? (k € N*), where

w:2_7f7

. 0
(Fp) There exists Tj > 0 such that F(t,u + Tjo;) = F(t,u) (1 <j<m), Yuce
RN, a.e.t€[0,7).
Then problem (HS) has at least one solution.

In 2006, Feng and Han [0] generalized Mawhin and Willem’s result as follows:

Theorem 1.2 ( [6], Theorem 2.1) Suppose F satisfies (C1), (Ca), (Fo) and the
following conditions: There exist a,b € L'(0,T;RY),0 < o < 1 such that

|VF(t,z)| < a(t)|z|* +b(t), Vo e RN, ae. tecl0,T). (3)
Then problem (HS) has at least one solution.
Theorem 1.3 ( [6], Theorem 2.2) Suppose F' satisfies (C1), (C2), (3) and

T
|u|—2a/ F(t,u)dt — 400 as |u| = oo, u€ N(A), (4)
0
or
T
ful 72 / F(t,u)dt — —c0 as |u — o0, u€ N(A). (5)
0

Then problem (HS) has at least one solution.

Theorem 1.4 ( [6], Theorem 2.3) Suppose F' satisfies (C1), (C2), (3)
(Fp) and

T
|u|720‘/ F(t,u)dt — 400 as |u| = oo, u € N(A) S span(ay,....,ap), (6)
0
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or
T
|u|72”‘/ F(t,u)dt - —c0 as |u| = 0o, u € N(A) S span(ay,....,ar). (7)
0

Then problem (HS) has at least r + 1 solutions in Hx.

In 2012, Li Xiao [§] generalized Theorem Precisely he proved that problem (HS)
possesses at least one solution when the nonlinearity VF (¢, u) may grow slightly slower
than a control function h(Ju|) instead of |u|®.

A natural question is whether there exists a result which contains the corresponding
results in [B], [6], [§] as a special case.

Motivated by [6] and [8], we give this question a positive answer by the minimax
methods in critical point theory and we obtain some results ( Theorems and [L6),
unify and generalize Theorems [[L2] [[3] and [[4] in [6], and Theorems 1.4 and 1.5 in [§].

Our basic hypotheses on A and F are the following:

C1) dimN(A) =m > 1 and A has no eigenvalue of the form k?w? (k € N*), where

(
0
(Fo) There exists 0 < r < m, T; > 0 such that F(t,u + Tja;) = F(t,u)
1<ji<r)VueRY, ae. te|0,T].
(Fy) There exist constants Cy >0, K; >0, K2 >0, a € [0,1], a € L'(0,T;RT), b €

L'(0,T;R™) and a function h € C(RT,R") with the properties:
(i) h(s) < h(t) Vs < t,s,t € RY,

(ii) h(s +t) < Co(h(t) + h(s)) Vs,t € RT,

(iii) 0 < h(t) < K1t + ko Vt € RY,

(iv) h(t) = 400 as t — o0,

such that

IVE( 2)] < a(t)h(|z]) + b(t)

for all z € RY and a.e. t € [0, 7],
(F]) There exist constants Cg > 0, C* > 0 and a function h* € C(RT,R*") with the
properties:

(i) h*(s) < h*(t) + C§ Vs <t steRT,
(i) h*(3+f < C*(h*(t) + h*(s)) Vs, t € RT,
(iii) th*(t) — 2H*(t) » —o0 as t = +o0,
(iv) H(t —0 as t — 400,
t
where H*(t) = h*(s)ds. Moreover, there exist f € L*(0,T;R") and g € L*(0,T;RY)
such that

IVE(,x)] < f(&)h"(|z]) + g(t)

for all z € RY and a.e. t € [0, 7.
Now we state our main results.
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Theorem 1.5 Suppose that conditions (C1), (C2), (Fo), (F1) and the following as-
sumption hold
(F2)

1 T
1) lim ———— F(t,x)dt = —0c0, x € N(A)OS span(aq,...., ),
(@) Jim s [ ) (4) & span(an, ... 0)

or

y 1 /T
1) lim —— F(t,z)dt = 400, x€ N(A)Sspan(ay,....,a),

then problem (HS) has at least r + 1 T-periodic solutions in H*.

Theorem 1.6 Suppose that conditions (C1), (C2), (Fo), (F{) and the following as-
sumption hold

(F3)
1 T
(7) ‘m‘linioo R /0 F(t,z)dt = —o0, x € N(A) S span(aq,....,ar),
or , .
) lz‘linim EEN /0 F(t,z)dt = 400, x € N(A) S span(aq,....,ar),

then problem (HS) has at least r + 1 T-periodic solutions in H*.

Example 1.1 Let

1 0 0
A= 0 0 O
0 00
Then dim N(A) = 2 and N(A)=span{o;,as}, where a3 = (0,1,0),a2 = (0,0,1). So
(C1) holds.
Let
F(t,z) = (04T —t)In?[98 + 2? + sin®(z2) + cos®(x3)]
4+ d(t)In[100 + x7 + sin®(z2) + cos?(x3)] (8)

for all x = (71, 22,23) € R3, t € [0,T], where d € C([0,T]; RT). We have

F(t,x + ma;) = F(t,x), j=1,2.

T T
Let e satisfy / e(t)dt = 0, then / (e(t),a;)dt =0, j =1,2 and
0 0

IVE(t,z)| < 3/0.4T — | In? (100 + |z|?) + d(t).

Let h(t) = ln%(IOO + [t|?). Similar to the argument in [17], we know that (F) holds.
Moreover,

1 T
lim —/ F(t,z)dt = —oc.
jwl=-+o0 B2 (|2]) Jo ()
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Hence, (F3)i) holds and then by Theorem [I.8], problem (HS) has at least three solutions.
On the other hand, for any a € (0,1),
T
/ F(t,z)dt =0,
0

lim 5o
z|—+oo ||
so (8) does not satisfy Theorem 1.3 in [6].

Example 1.2 Consider the function

F(t,z) = (2T — ) In(100 + [|*) + 1(t)y/100 + [2]2, where I € C([0,T],R").

It is easy to see that |[VF(t,z)| < 2|27 — ¢| 100'}:" E +(t) for allz € R® and t € [0,T]. Let
W (1) = 1o H () = [} toimzds, C5 = 2,C% = 1, f(t) = 2|2T — t| and g(t) = I(t),
we infer

(i) h*(s) < h*(t) +2 Vs <t s,t€RT,

(ii) h*(s + 1) = Wm < (h*(t) + h*(s)) Vs, t € RT,
(iii) th*(t) — 2H*(t) = 100+t2 —2[$1n(100 4 ¢?) — 1 In(100)] — —oo as t — +oo,
(iv)

t s
H t Jo = ds
( ) _ 102; 0

v as t — +o0.

T T
Let e satisfy / e(t)dt = 0, then / (e(t),a;)dt =0, j =1,2, we have
0 0

1 T
lim 7/ F(t,x)dt — +o00. So, by Theorem [[L6 problem (HS) has at least
|z|—+00 H*(|ZE|) 0
one solution in Hr.

Remark 1.1 Unlike the control functions in (F}), where h(t) is nondecreasing, here

control function h*(t) = 155 Too5= 18 bounded but not increasing.

Remark 1.2 (i) Theorem is a generalization of the main results in [ [I5],
Theorems 2 and 3] and in [ [6], Theorems 2.1, 2.2, 2.3]. Obviously , our theorems, as
r = m, contain Theorems 1.4 and 1.5 in [§].

(ii) If we let h(t) = t%, it is easy to see that (F}) generalizes (3)).

2 Preliminaries.

Let
H} = {u:R—RY/uis absolutely continuous,u(t) = u(t + T), 4 € L*(0,T;RN)} .
Then H1 is a Hilbert space with the inner product

<uv>= / [(u(t), v(t)) + (a(t), 6())] dt

[[ull = </O [u(®)|® + |u(t))?] dt)

and the associated norm

1
2

for each u,v € Hy. Let
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Then one has

T T2 T
/ [a(t)|?dt < — lu(t)|?dt , (Wirtinger's inequality)
0

~ 4n?
and
T T
Hﬁ”io < T3 lu(t)|>dt , (Sobolev's inequality).
0

(see Proposition 1.3 in [5]) which implies that

l[ullo < C'lull 9)
for some C > 0 and all u € Hz., where ||ul|, = max |u(t)|. It is well known that the

+€[0,T]
functional ¢ defined on H1 by

1T, 1 /T T T
o(u) = 5/0 | dt§/0 (A(t)u(t),u(t))dt+/0 F(t,u(t))dtnL/O (e(t),u(t))dt

is continuously differentiable and its critical points are the solutions of problem (HS).
Moreover, one has

< ¢ (u),v >=/0 [(a(t), 0(t)) = (A@)u(t), v(t) + (VE(E, ul(t)), v(t) + (e(t), v(t)]dt

for u,v € Hy.. Let
1T
aw) =5 [ (o = (A@u(®), u() d.
0
It is easy to see that

1

T
o) = 5 Il = 5 [ (AW + Du(®) u(®)de = 5 < (T = Ky >,

where K : H} — HZ is the self-adjoint operator defined, using Riesz representation
theorem, by

/T((A(t) + Du(t),v(t))dt =< (Ku,v) >,Yu,v € Hr.
0

The compact embedding of H} into C(0,T; RY) implies that K is compact. By classical
spectral theory, we can decompose H1. into the orthogonal sum of invariant subspaces
for I — K

Hi=H oH°® HT,

where H? = Ker(I — K) and H—, H" are such that, for some 6 > 0,

1)
a(w) < =5l if ueH, (10)

olw)> 5 Il if we HY. (1)

Moreover, by (Cy), it is well known that H° = Ker(I — K) = N(A) (see [7]).
In the proofs, we mainly use the following generalized saddle point theorem from [9].
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Theorem 2.1 Let X be a Banach space and have a decomposition: X = W + Z
where W and Z are two subspaces of X with dim Z < +o00. Let V be a finite-dimensional,
compact C?-manifold without boundary. Let f : X x V — R be a C'-function and satisfy
the (PS) condition. Suppose that f satisfies

inf  f(u) > «, sup f(u) < B < a, where S =0D,D={ue Z/ |u|| <R} and
ueWxX ueSxX

R, «, 8 are constants. Then the function f has at least cuplength(V)+1 critical points.

Let PH® = span(ai,....,a.),QH® = N(A) © PHY = span(a,41,...., ). Then

u=u"+ut+Pu’+Qu°, where Pu’ = chaj. Let G = {Z k;jTjoj/ k; € N}. Use the
j=1 j=1

canonical mapping 7 : H: — H:/G. Let HL/G = X xV = (W Z)xV, W =H", Z =

H~-®QH°, V =PH"/G. Tt is easy to see that dim Z < +o00,dimV < +oco, and V is a

compact C?-manifold without boundary as it is diffeomorphic to the r-torus T”. Element

in V can be represented as P’ = Z ¢, where é; = ¢; — kT (0 < ¢é; < Tj).
j=1
Let u =u~ +ut + Pa®+ QuP. Define the functional ¢ on H}./G by 1 (m(u)) = p(u).
As F(t,u + Tjo ) = F(t,u) (1 < j < r), we can see that 1 is well-defined, and ¥ is
continuously differentiable on H/G.
3 Proof of the Main Results.
Proof of Theorem

For the sake of convenience, we will denote various positive constants as C;, i = 1,2, ...
We only prove the case where (F3)(4) holds. The other case can be similarly given.

Lemma 3.1 [Lemma 3.1, [§]] Assume that (Fy) holds. Then for any (PS) sequence
(un,) C HY of the functional ¢, we have

lanll* < C1h?(Jup]) + C1, (12)

where u, = ut +u, +ud and G, = ul +u;, .

Lemma 3.2 Suppose that (Fy) and (F3)(i) hold, Then every (PS) sequence (un) C
HY such that (Pub) is bounded contains a convergent subsequence.

Proof. By ([I2)), we have
laa]” < Cik?(ju]) + Ca.
As (Pu?) is bounded, we have the inequality
lin]* < Coh®(|Qui]) + Co. (13)

It follows from (@), (F1), [I3)), the mean value theorem and Young’s inequality that
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/0 (F(t,un (1)) — F(t, Qu0)) dt

T 1
/ / (VE(t,Qud + s(Tn(t) + Pud), iy, (t) + Pul) dsdt
0 0

< /T /1 |VE(t, Qud + s(in(t) + Pud)| |@n(t) + Pup| dsdt
OT 01

< /0 /0 (a(t)h(|Qu) + s(n(t) + Pug)|) + b(t)) |n (t) + Pug| dsdt

T
< /O [Co(Co + Da(t) ((|Quy]) + hlllinlloc) + ~(|Pun]))] (lnlloe + [Puy]) dt

T
b0 (il + 1Pl a
< Gsllnllsch(lliin]loo) + Cslltin|loch(|Quy]) + Calltin e + Csh(|Qup])
+  Csh(([tnll) + Co
< Cs il (K1 ]S + K2) + Cs llanll o h(|Qup|) + Callin]l
+ Csh(IQuy|) + Cs (K1 i, + K2) + Co
< O HanllaJrl + Cs ||tn]|* + Co [l1in |
+ Co ||l h(1Qun]) + C5h(|Quy) + C1a
< Chup ] + C13h*(|Qui)|) + C1a
< Cish*(|Quql) + Che. (14)

Hence, by (I4]) and the boundedness of p(u,,) we obtain
T
—Cir < p(un) = % (I = K)un, un) +/0 (F(t’un(t)) - F(t,Qu%)) dt

+ /0 F(t,Qu%)dt-ﬁ-/O (e(t),un(t))dﬁ

IN

T
Clg ||’l~1,n||2 + Cl5h2(‘Qu%‘) + 016 + / F(t, Qu%)dt + Clg ||’&n||
0

IN

T
CQOhQ(\ng\)JF/ F(t,Qul)dt + Oy
0

2 0 1 g 0
= h¥(|Qu,)) (Cgo + h2(|ng|)/0 F(t,Qun)dt> + Ca1. (15)
It follows from (F3)(i) and (IH) that (Qul) is bounded. Combining ([3) and the bound-
edness of (PuY), we obtain that (u,,) is bounded. Arguing as in [Proposition 4.1, [5]] we
conclude that (u,) contains a convergent subsequence. Thus we complete the proof.

Now we are ready to prove Theorem First, we prove that ¢ satisfies the (PS)
condition. Let (u,) C H} be a (PS) sequence of 1, that is (¢ (m(uy))) is bounded and
P! (m(un)) = 0.

We have g(u) = 3 (I — K)u, u) so ¢'(u) = (I — K)u and since uy, — iy, = Z kiTio 5 €
j=1
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N(I — K), we obtain that ¢(u,) = q(iy) and ¢ (un) = ¢'({i,). Moreover, by conditions
(Fp) and (Cq), we have F(t,un(t)) = F(t, 4n(t) + Zkz iTio) = F(t,4,(t) and

/0 (e(t), wn (£))dt = /O (e(t)s (1) + Yy Tiay )t = /0 (e(t), iin (1)) dt.

Hence, we obtain that ¢(u,) = ¢(i,). Consequently ¢ (m(uy,)) = ¥(7w(4y)). It follows
from (Fp) that VF(t,u + Tja;) = VF(t,u) (1 < j < r). Hence ¢'(un) = ¢'(in),
namely, ' (7(uy,)) = ¢'(7(a n)) As (Piy,) is bounded, we obtain by Lemma that
(@) contains a convergent subsequence: ., — @. Then

lim Y(m(un,)) = lm Y(7(tn,)) = P(r(d)),

k—+oo k—+oo

Jm Y (mun,)) = lim ' (n (@, ) =9 (7(a)).

Hence 9 satisfies the (PS) condition.
In order to use the generalized saddle point theorem we only need to verify the
following conditions:

(V1) Y(n(u)) = 4o, as |lul| = +oo n W XV,

(o) U(m(u)) = —o0, as ||ul| = +oo in ZxV.

By @), (F1), the mean value theorem and the boundedness of (Pd,,), we have Vr(u) €
W xV, u=ut+ Pud,

/ PG — F(.0)) di
0

_ // (VE(t, s(u*(t) + Pa®), u* (t) + Pil) dsdt

IN

/ / ’VF (t, s(u +Pu ‘ ‘u +PuO’ dsdt
// (t) + Pa’]) + b(t)) |ut(t) + Pa’
/0 [Coa(t) (A(lut|oo) + R(IPE])) + b(#)] (Ilut]|oo + |Pa°]) dt

T T
(el + P& (Oomnwngo [ atat +cors | a(t)dt)
0 0

IN

IN

IN

T T
(il + Pa0) 1PRDCy [ atw)dt+ (Jul + P20) [ )
0 0

Coa [[u 7 + Cos [[u* |, + Coa |, + Cos
Coo [[u [ + Cor [[u* | + Cos [Ju* | + Cos. (16)

_|_

IN

IN
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It follows from (III) and (I6]) that

P(r(u) = u) = e(a)

I N
= (U=t + [ ) - o)

+ / t()dt+/ (e(t), a(t))dt

é @
D12 — e [ |7 O [u "~ o o~ 0. 47

Y

Since o+ 1 < 2, then by ([I1), (¢1) is verified.
On the other hand by @), (F1), the mean value theorem, the boundedness of (P,,) and
Young’s inequality we obtain for m(u) € Z x V, u=u" + Qu° + Pu°,

| (Fa) - Fe.qu) i

IN

h%h%c\

IN

IN

+ IN+ I+ I+ N+ N+

T 1

(VE(, Qu® + s(u™(t) + Pa’),u” (t) + Pu°) dsdt

1
|VE(t, Qul + s(u™(t) + Pa°)| |u™(t) + Pt°| dsdt

(a(®)h(|Qu® + s(u™(t) + Pa°)|) + b(t)) |u™(t) + Pa°| dsdt

%
oc— >— S—

!

Co(Co + Da(t) (h(|Qu°]) + h(l[u”l|oo) + R(IPE"])) ([lu” oo + [ Pa’) dt

T

b(#) (u™llo + [Pa]) dt
Canl|u” [looh(llu™lloo) + Catllu™ | sch(IQu®))
Caah([[u” [loe) + C2h(]Qu)) + Csslu [loc + Ca
Con [l | (K ™| + K2) + Con ™ h(|Qu]) + Casllu e
Ca2h(|QuP|) + Csa (K1 ||u™ ||, + K2) + Ca4
Cas Ju™ |50 + Ca [|u™[|7, + Car [Ju™
Cs1 [|[u™[|  h(1Qu°]) + Ca2h(|Qu]) + Css
Co [|u™ """ + Cuo [[u™ || + Cin [[u™ |
Cuz [|u™ || h(1QuP]) + Ca2h(|Qu)) + Css
e Jlu |+ Cao [Ju= | **" + Cuo [Ju~|"

Car [[u™[| + Cash*(|Qu]) + Caa (18)
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for any € > 0. Hence, by ([I0) and (I8)) we obtain

Y(r(u) = o(u)=p(a)
1 _ r 0
= 5((17K)u U )+/O (F(t,u(t)) — F(t,Qu’)) dt
! u® ! e U
+ /O F(t,Q )dt—i—/o (e(t), u=(1))dt

-4
S L S T e (7

T
n C40HU’HO‘+C45HU’H+C’43h2(|Qu0|)+/ Pt QuO)dt + Ci
0

-5
= (5 +e) [l + Co [l

T Cuolu |+ Cis [lu|

2 0 1 g 0
+ h (|Qu |) C43+W/0 F(t,Qu )dt +C44- (19)

Fixing ¢ < 2, by (), (F)(i) and since o + 1 < 2, we obtain ¢(u) — —c0  as |uf —
+o0o in Z x V. Thus () is verified. The proof is completed. O

Proof of Theorem
We only prove the case where (F3)(4) holds. The other case can be similarly given.

Lemma 3.3 (Lemma 2.1, [19]) Suppose that there exists a positive function h*
satisfying the conditions (i), (i), (iv) of (FY), then we have the following estimates:

(1) 0 < h*(t) < et + Co for any e > 0,Cy > 0,t € R,
*2

(2)}}1*—8&))%0 as t — o0,

(8) H*(t) — 400 as t — 4o0.

Lemma 3.4 Assume that (F}) holds. Then for any (PS) sequence (uy) C HY of the
functional v, we have

18n]|* < Cash™([uf|) + Cls, (20)

where u, = ut +u;, +ud and G, = ul +u, .

Proof. Assume that (u,) C Hk is a (PS) sequence for . Then
lp(un)| < Cas, ¢’ (un)| < Cas,¥n € N.

It follows from (FY), @), Lemma and Young’s inequality that
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/0 VR un(®)ut (8) — e (8)dt

T
< / IV F(t un ()] [ () — s (1)
0

T T
< [ pm (u + 0D 0~ O] de+ [ o(0) ]t (@) - g ()]
0 0
T T
ul —u X “(lu? U, ul —u
<l nuoo/o FOICE + 0 (6] + [1nll )] + [ nHOO/O o(t)dt
T T
= Huz—u;Hmh*qum+||an||oo>/ f(t)dt+HUI—UEHm/ (Cof(t) + g(t))dt
0 0
T T
< Ol — g Wl [ e fuf o)) [ s
0 0

=zl [ (Corte)+ gte

< <0t e [ S0+ CoC i i [ s
OT . 0
O =l () [ pedes ft =zl [ (ot + atoar
< eCyr || + Cush* (Jup]) |in || + Cag | tin |
< 3¢Cur ||iin|* + Cso ()R ([ul]) + Cs1(e) (21)
for any ¢ > 0.

Thus, we have

Cug ||uy —ug || = Cue lltnll
> ((p’(un),u:: 7”7:)
T
— ((I — K)up,ut — u;)Jr/ (VF(t,un(t)) +e(t),uf (t) — u;(t)) dt
0
> 8 |inll® — 3eCur ||inl® — Cso(e)h*2(|ul]) — Cs1(e)

T
Hu;_u;y\m/o e(t)] dt
> (6 —3¢Clr) [[in|* — Cso(e)n>([ul]) — Cs1(e) — Csa ]| -

Hence, we obtain
(8 — 5eCar) [[in]|* < Csoh*(Jul|) + Cs3, (22)

if we fix e < %47, then by ([22]) we have

@] < Csah*(|ul]) + Css.

Take Cy5 = max {Cs4, Cs5}, the proof is complete.
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Lemma 3.5 Suppose that (F|) and (F3)(i) hold, Then every (PS) sequence (u,) C
H2. such that (Pu?) is bounded contains a convergent subsequence.

Proof. By [20)), we have
[ |* < Cash*?(Jus|) + Cas.
As (Pu?) is bounded, we have the inequality
in]|* < Cs6h™(|QuY|) + Cse. (23)

It follows from (@), (), 23), the mean value theorem and Young’s inequality that
T
‘fo (F(tvun(t)) - F(ta Qu%)) dt‘

/ ’ / 1 (VE(t,Qul + s(Ty(t) + PaY), n(t) + PaY) dsdt
0 0

IN

T 1
/ / |VE(t, Quy, + s(tin(t) + Pay)| |in(t) + Py | dsdt
0 0

IN

/0 / (FOR*(|QuS + s(@n(t) + PAO)|) + g(t) |Tn(t) + Pal| dsdt

< /0 [£() (W (1Qua | + l[nlloe + [Pitn]) + C5) + g(8)] (|n ()] + [Py ) dt

T

< C(CF +1) (R (1Quy ) + B* (tnlloc) + *(I1PAJ])) (IEnlloe + [Piin]) / f(t)dt
) 0

(il +1Pa) [ (00 + G5

< Cstllanllooh™ (linlloe) + Csslliinllsoh™ (|Qual) 4+ Csollin oo + Cooh™ (|Qu )

+  Cerh(||tnll o) + Co2

S ngh*2(|Qu2}) + 664. (24)

It follows from the boundedness of ¢(u,) and (24 that

—Css < @(un)
1

T
= 5 ((I - K)unyun) +/0 (F(tvun(t)) - F(ta Qu'roz)) dt

T o T
N /0 F(t,0ul)dt + /O (e(t), wn(t))dt

IN

T
Coo [[in]2 + Cosh™(|Qu) + Cos + / F(t, Qu®)dt + Cor ||
0

IN

T
Cosh™*(|Qud|) + / F(t, Quj))dt + Co
0

_ H*(|ng|)<068h*2(mu%b+ - /OTF(t,ng)dt>

H(|Quyl)  H*(|Quj
+  Cgg. (25)
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Hence, by (F3)(i), [25) and Lemma B3] we deduce that (Qul) is bounded. Combining
20) and the boundedness of (Pul), we obtain that (u,) is bounded. Arguing as in
[Proposition 4.1, [5]] we conclude that (u,) contains a convergent subsequence. We
complete the proof.

Now we are ready to prove Theorem First, we prove that v satisfies the (PS)
condition. Let (u,) C H1 be a (PS) sequence of 1, that is (¢(m(uy))) is bounded
and ¢/ (m(un)) — 0. We have q(u) = 3 ((I — K)u,u) so ¢’(u) = (I — K)u and since

up — U = ijTjaj € N(I — K), we obtain that q(u,) = q(iy) and ¢'(un) = ¢'(tn)-
j=1
Therefore, by conditions (Fp) and (Cz), we have

F(taun(t)) = F(taan(t) + zr:ijjaj) = F(taﬂn(t)a

T T r T
| e untendt = [ @0, int) + Y- kTias)de = [ (ele)ante)at
0 0 = 0
Hence, we obtain that ¢(u,) = ¢(i,). Consequently ¢ (m(uy,)) = ¥(7w(4y)). It follows
from (F1) that VF(t,u + Tja;) = VF(t,u) (1 < j < r). Hence ¢'(un) = ¢'(tn),
namely, /(7w (u,)) = ¢¥'(n(4y,)). As (Piy) is bounded, we obtain by Lemma that
(Gi,) contains a convergent subsequence. Let @y, — 4.

Then
Jm g(m(un,)) = lim g(n(in,)) = (@),
Jim () = T (7 (n,)) = 0 (2(2).

It implies that 1) satisfies the (PS) condition.

In order to use the generalized saddle point theorem we only need to verify the
following conditions:
(1) There exists o € R such that ¢(7(u)) > «, on WxV,

(2) There exists § < a such that (7w (u)) < g, on ZxV.
It follows from (@), (F}), the mean value theorem and the boundedness of (P, ), that
Vr(u) € W x Vyu = ut + PuY,

/ " (P a) - F(0) de
0

= /T /1 (VE(t,s(ut(t) + Pa°),u™ (t) + Pu°) dsdt
0 0

< T | [V s @)+ P i 1) + P dsds
OT 01
< /0 /0 (f(t)h*( s(ut(t) +pa0)‘) +g(t)) ’qu(t) 1 Pl dsdt
< /O [f(t) (h*(|‘u+|\m+|Pﬁ0|)+Cg) +g(t)} (|‘U+Hoo+|Pﬁ0|) gt
<

T
C* (oo + [PA%]) (B (™ oo) + B*(1P2]) / F(t)de
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+

(Il oo + P20 / "o + Gy f0)in

eCro [|u™ || P ([Jut|[ ) + O (Ju™]| ) + Crz [ || + Crs

eCro [[u* |12, + Cra [[ut|| . + Crs

eCrs ||ut||* + Cor |Jut|| + Crs (26)

ININ

IN

for any ¢ > 0.
Hence, we deduce from ([II) and (26]) that

() = ¢u) = p(a)
1

+ ot ’ :
= 5((17K)u U )+/O (F(t,a(t)) — F(t,0))dt

v [ reoas [ e o
1)

> (5 *6076)HU+||2*080||’UJ+H *081' (27)

Choosing ¢ < ﬁ, by (1) v is bounded below on W x V| and (v1) is verified.

On the other hand, by (@), (), the mean value theorem, the boundedness of (Pi,)
and Young’s inequality we have
Vr(u) € ZxV, u=u"+ Qu’+ Pu°,

T
/0 (F(t,a(t)) — F(t,Qu°)) dt

T 1
— / / (VE(t,Qu’ + s(u™(t) + Pa°),u” (t) + Pi®) dsdt
OT O1
< //|VF(t,Qu0+s(u’(t)+Pﬂ0)}}u’(t)+Pﬁ0}dsdt
0 0
T 1
= //[f(t)h*(!QuO+S(U‘(t)+P@O)D+9(tﬂ |u™(t) + Pu’| dsdt
0 0
T
< / £ (*(1Qu0| + [[u oo + 1P + C3) (lu oo + [P2%]) dt
T
b (e +1Pa%) [ g0
0
T
< CHC*+1) (R (1QU°]) + h*(lu™ [|o) + A*(|PE°])) (Ilu‘l\ooJrlePI)/O f(t)dt
T
© (e + PA%) / (9(t) + C £(8))dt
< Csallu™ [Jooh™ (Ju™ [loo) 4 Callt™ [[och* (|QuP)
+  Oszh™([|[u [|oo) + Csah*(|QuP|) + Csallu™ | + Css
< Csgllu |12 + Cseh™(|Qu°|) + Csr|lu™||oc + Css
< COsollu™ |2 4 Cooh™ (|QuP|) + Cor[|u™ [|oc + Css
< 091h*2(‘QU0’)+092- (28)



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 17 (2) (2017) 173

Hence, by (I0) and (28]) we obtain

Y(r(u) = o(u) = p(a)
1 T
— 5((17K)u7,u7)+/ (F(t,u(t)) — F(t,Qu’)) dt
0

4 /OF(t,Quo)dt+/0 (e(t),u™(t))dt

_ T
< S+ Cou(Qu) + Coa + Conllu | + [ F(t.Qu)i
0
Cglh*Q(’QuO’) 1 T
= H*(|Qu° F 9a
(o ')< ey e J, T e
52 |+ G | + Con (20)

Hence, by 29), (F3)(i) we obtain that p(u) - —co0 as ||u|| = +o0 in Z x V.

Thus, (¢2) is verified and we complete the proof.
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Abstract: The second section of this paper is devoted to the study of the capac-
ity theory in Musielak—Orlicz—Sobolev space, we study basic’s properties, including
monotonicity, countable subadditivity and several convergence results, we prove that
each Musielak-Orlicz-Sobolev function has a quasi-continuous representative. In the
third section, we generalize the Theorem of H. Brezis and F.E. Browder in the setting
of Musielak—Orlicz—Sobolev space W™ L (2), which extends the previous result of H.
Brezis and F.E. Browder [I0]. In the fourth section, we make an application to an
unilateral problem.

Keywords: Musielak-Orlicz-Sobolev spaces; capacity; theorem of H. Brezis and F.E.
Browder; unilateral problem.
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1 Introduction

The theory of capacity and non-linear potential in the classical Lebesgue space LP(2),
was mainly studied by Maz’ya and Khavin in [I7] and Meyers in [2I]. These authors in
their previous works have introduced the concept of capacity and non-linear potential in
these spaces and provided very rich applications in functional analysis, harmonic analysis
and in the theory of partial differential equations.

When we replace the spaces LP(2) by the general one L4(€2) generated by an N-
function, some fundamental properties are not satisfied, in particular, the reflexivity of

* Corresponding author: mailto:cherif_hassib@yahoo.fr

(© 2017 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ual75
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spaces (obviously for an N-function which doses not satisfying the Ay condition). In this
case, we found some works, in particular In [3] and [4].

When we replace A(t) by some Musielak—Orlicz function ¢(z,t), the situation belong
more difficult and the Musielak-Orlicz spaces obtained is L, (€2) which has lost many
interest functional properties. In this case, we refer the reader [13] and [18].

Thus, the first goal of this paper is to extend the theory of capacity in the setting
of Musielak-Orlicz-Sobolev spaces W™ L, (€2). Moreover, we generalize the Theorem 1
of [1], in the setting of Musielak—Orlicz-Sobolev spaces W™ L (), this generalisation is
an extension of the corresponding result of H.Brezis and F.E.Browder(see [10] and [15]).

Now, let give and comment the following theorem:

Theorem 1.1 Let Q be an open subset of RN, m € N and 1 < p,p’ < +o0, such

1 1 !

that — + — = 1. Consider w in Wy"*(Q), u > 0 a.e in Q and T in Wy ™" (Q), such
p p

that T = p+ h, where p is a positive Radon measure and h an Llloc(ﬂ) function; Assume

moreover that
h(z)u(z) = —|®(x)| ae x€Q, for some ® in L'(Q).

Then:
hu € LY(Q), v e LY(Q,du) and < T,u >= / ud/L+/ hudzx. (1)
Q Q

This result is proved by L. Boccardo, D. Giachetti and F. Murat in [15], and extends
previous Theorem of H. Brezis and F. Browder in [10], who considered the cases where
either 4 = 0 or h = 0. the main tool in order to prove these results is the Hedberg’s
approximation (in Wi"?(2) norm) of function u € W;"?(Q) by a sequence of functions
(un)r which belong to L>(Q)NW;""(€2), have compact support in  and satisfy u,u > 0,
|un] <u  a.e. in .

Note that an application of the previous theorem to study the following nonlinear
variational inequality:

u € Kg, g(., u) € LYQ), ug(. , u) € L*(Q),

< Au,v—u > +/ gl u)(v—u)dr =2< fv—u>, Yv € K¢ N LP(N), (2)
Q

where A is a pseudo-monotone operator acting on W;"*(Q), f € W (Q), Kg = {v:

veW"P(Q),v >V aein Q}, ¥eWP(Q)NL>(Q) and g satisfies the sign condition

sg(x, s) = 0 but no growth restriction with respect to s.

Let us mention that a generalization of the Theorem{I. Tl and the problem ([2]) in the
setting of Orlicz-Sobolev space W™ L 4(2) is studied by A.Benkirane in [IJ.

Hence, our second purpose is to extend the above Theoren{IT]in the general setting
of Musielak-Orlicz—Sobolev space W™ L, () and also, we give an application of this
generalized result in order to study the previous unilateral problem (2] in the Musielak—
Orlicz—Sobolev space W™ L, (£2).

2 Preliminary

2.1 Musielak—Orlicz function

Let Q be a bounded Lipschitz domain in RY, and let ¢ be a real-valued function defined
in Q x R" and satisfying the following conditions:
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a) ¢(z,.) is an N-function [convex; increasing; continuous; ¢(z,0) = 0; (V& >
t t
0) w(z.t) > 0 ; w(ﬂ? ) w(ﬂ? )

b) (., t) is a measurable function.
A function ¢(z,t), which satisfies the conditions a) and b) is called a Musielak-Orlicz

—0 ast—0; — 00 as t — o0].

t
function. Equivalently, ¢ admits the representation: ¢(y,t) = / a(y,7)dr, for ally € Q
0

and t > 0, where a(y,.) : R — RT is non-decreasing, right continuous, with for all
y € Q2 a(y,0) = 0,a(y,t) > 0 for ¢t > 0 and tli+m a(y,t) = 4o0. The function a(y , .)
—+00

is called the derivative of ¢(y,.). The Musielak—Orlicz function ¢ is said to satisfy the
As-condition if there exists K > 2 such that
o(y,2t) < Kp(y,t), forallye and t>0.

The smallest K is called the As-constant of ¢. When the last inequality holds only for
t > some tg > 0 then ¢ is said to satisfy the As-condition near infinity.

2.2 Musielak—Orlicz spaces

Let ¢ be a Musielak—Orlicz function, we define the functional

0o () = /Q (. Ju() ),

where u : 0 — R a Lebesgue measurable function. In the following the measurability of
a function u :  — R means the Lebesgue measurability.
The set
K, () = {u:Q— R, measurable/p,,q (u) < oo}

is called the Musielak—Orlicz class. The Musielak—Orlicz spaces L, (2) is the vector space
generated by K,(Q), that is L, (£2) is the smallest linear space containing the set K ().
Equivalently:

L,(Q2) ={u:Q~— R, measurable/g,,o (g) < 400, for some A > 0}.

Kp(Q) is a convex subset of Lp(2). If Q = RY then L, (RY) is denoted by L.
Let

©*(z,8) = sup{st — p(z,t) /t > 0}.

That is, ¢* is the Musielak—Orlicz function complementary to ¢ in the sense of Young
with respect to the variable s. For two complementary Musielak—Orlicz functions ¢ and
©" the following inequality is called the Young inequality [20]

t.s < p(z,t) + " (z,s) forall s, t >0,z € Q. (3)
If s = a(z,t), then
t.a(z,t) = @z, t) + " (z,a(zx,t)) forall t > 0,2 € Q. 4)

In the space L, (£2) we define the following two norms:

. u
[ullero = inf{A >0 0p0(3) <1}
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which is called the Luxemburg norm and the so-called Orlicz norm by:
lalllon = sw [ Ju)ota)ds
[ollpx,0<1/Q

where ¢* is the Musielak—Orlicz function complementary to . These two norms are
equivalent [20].

For two complementary Musielak-Orlicz functions ¢ and ¢* let u € L,(2) and v €
L,-(§2), we have the Holder inequality [20]

I/QU(z)v(z)dzl < Hullgsa [llvfllex - (5)

In L,(€2) we have the relation with the norm and the modular:

ulllgse < 0pr0 (u) +1, (6)

||u||tp79< QL,@)Q (’LL) 51f||u||§079> 17 (7)

lullpssr > 200 () i Jullgunr < 1. 5)

If Q@ = RY then |jul|, g~ , [||lu]||l,ry and o, gy (u) are denoted respectively by ||u||,

[llullle and o4 (u) (Vu € Ly).
We say that a sequence of function w,, € L,(2) is modular convergent to u € L (£2)
if there exists a constant & > 0 such that

. Up — U,
oA eesa (——) = 0.
If ¢ satisfies the Ay condition, then modular convergence coincides with norm conver-
gence. The closure in L,(2) of the set of bounded measurable functions with com-
pact support in  is denoted by E,(2) and it is a separable space. The equality
K,(Q) = E,(Q) = L,(Q2) holds if and only if ¢ satisfies the Ay condition, for all ¢

or for large ¢ according to whether © has infinite measure or not. The dual of E, ()
can be identified with L-(£2) by means of the pairing / u(z)v(x)dz and the dual norm
Q

on Ly« () is equivalent to [|.|[,-.o. The space L,(f2) is reflexive if and only if ¢ and
o™ satisfies the Ay condition, for all ¢ or for large ¢t according to whether Q has infinite
measure or not.

Lemma 2.1 [I2] Let ¢ be a Musielak-Orlicz function and f,, f,g are measurable
functions.

(a) If fr, —> f almost everywhere, then g,,0 (f) < limJirnf 04,0 (fn)-
n——+00

(b) If | fn| /| f| almost everywhere,then 04,0 (f) = 11}1;1_1 00,0 (fn)-

(¢)If fnn —> f almost everywhere, |fn| < |g| almost everywhere,and 04,0 (Ag) <
oo for every A > 0, then f, — f strongly in L, ().

Theorem 2.1 [72] Let ¢ be a Musielak-Orlicz function.

(@) [[flleo= I 1l o2 for all f € Ly(S).
(b) If f € L,(R), g a measurable function, and 0 < |g| < |f| almost everywhere,
then:

9 € Lo(Q) and ||glle.0 <|[fllps-
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(¢) If fn— f almost everywhere, then: ||fl|s.0 < liglJiranang,,Q.
(d) If |ful 7 |f| almost everywhere, with f, € L,(2) and sup||fn]lp.0 < 0o then:

feLo(Q) and ||fallga 7 | fllgs-

2.3 Musielak—Orlicz—Sobolev spaces
For any fixed non-negative integer m we define
WML, () ={u € L,(Q) : V |a| < m, D*u € L,(Q)},

where a = (@1, ag, ....., o) with non-negative integer «;, |a| = |aq| + |az2| + ....|ay| and
oled
D%y = EITa denote the distributional derivatives of u. The W™ L,(12) is called
7t xn"

the Musielak—Orlicz—Sobolev space.
For w € W™L,(Q) let:

ol (u)= > 040 (D)

laf<m

and

. _ u
lullglq = inf{A>0: 040 (5) < 1}

These functionals are a convex modular and a norm on W™ L, (2), respectively, and the
pair (W™ Ly (Q),||ull3,,) is a Banach space if ¢ satisfies the following condition [20]:

(Fc>0): ;Ielg o(x,1) > c. (9)

We say that a sequence of functions u, € W™L,(2) is modular convergent to u €
W™ L,(R2) if there exists a constant k > 0 such that:

A
If @ = RY then W™L,(Q), 0, »a (u) and ||u[[3), are denoted respectively by W™ L, ,

¥,
0 (u) and |[[u|[3', Vu € W™ L.

Theorem 2.2 [7] Let ¢ and ¢* be two complementary Musielak—Orlicz functions
such that ¢ satisfies the conditions (@) and there exists a constant A > 0 such that for

alz,ye Q: |z —y| < 5 we have:

A

1

forallt > 1. If D C Q is a bounded measurable set, then / o(z,1)dx < 0o. ¢* satisfies
D
the following condition :

AC >0 : ¢*(x,1) < C almost everywhere in . (11)

Under the previous conditions, D(SY) is dense in W™ L, () with respect to the modular
topology.
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Theorem 2.3 [7] Let ¢ be a Musielak—Orlicz functions which satisfies the assump-
tions of theoremlZ2, with Q = RN. Then D(RY) is dense in W™ L,(R™) with respect to
the modular topology.

2.4 Capacity

Definition 2.1 Let T the classe of Borel sets in RY, and a function C' : T — [0, +00].
1) C is called capacity if the following axioms are satisfied:

i) C(0) =0.

i) X CY = C(X) < C(Y), for all X and Y in T.

iii) For all sequences (X,,) C T

cJxn) <D CX).

2) C is called outer capacity if for all X € T":
C(X)=inf{C(0): 0D X, O is open}.
3) C is called an interior capacity if for all X C T :
C(X)=sup{C(K): K C X, K iscompact}.

4) A property, that holds true except perhaps on a set of capacity zero, is said to be
true C-quasi-everywhere, ( abbreviated C-q.e).

5) fand (f,) are real-valued finite functions C-q.e. We say that (f,) converges to
f in C-capacity if:

Ve > 0, ngr—ir-loo C{z: |fu(z) = f(z)| >e}) =0.

6) f and (f,) arereal-valued function finite C-q.e. We say that (f,) converges to
f C-quasi- uniformly, (abbreviated C-q.u) if

(Ve>0),(3XeT) : C(X)<e and (f,) converges to f uniformly on X°.

3 The Main Results

3.1 Preliminary lemma
Lemma 3.1 Let ¢ be a Musielak-Orlicz function which satisfies the condition (9). If
u, v € WML,(Q), then max{u,v} and min{u,v} are in W™ L,(Q2) with ¥ |a| < m:

o [ D%u(z), for almost every x € {u > v};
D% maxiu, v}(z) = { D%v(z), for almost every xz € {v > u};

and
o | D%u(z), for almost every x € {u < v};
D% min{u, v}(z) = { D%v(zx), for almost every x € {v < u}.

In particular, |u| belongs to W™ L, (£2).



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 17 (2) (2017) 181

Proof. Tt suffices to prove the assertions for max{u,v} since min{u,v} =
—max{—u,—v} . We have max{u,v} < J|u| + |v| almost everywhere in €, and
(Ju|l + |v|) € Ly(£2), then by Theorem [Z1] we obtain max{u,v} € L,(2).

On the other hand we have |D max(u,v)| < |D%u|+ |D%v| almost everywhere in €2,
and (|D%u| + |D“v|) € L, (), then by Theorem [ZT] we obtain D max{u,v} € L,(Q).

Thus

max{u,v} € W™L,(Q).

For |u| € W™L, () it suffices to note that |u| = max{u,0} — min{u, 0}.

3.2 Capacity in Musielak—Orlicz—Sobolev space

In this section, @ = RY and ¢ is a Musielak-Orlicz function which satisfies the condition
@.

Definition 3.1 The Sobolev p-capacity of the set, E C RY is defined by :

Co(B) = inf  pmolu),

where
A (E) ={ue W™L, : u>1 on an open set containing E and u > 0}.

If A (E) = 0 we set C,(E) = co. Functions belonging to A, (E) are called admissible
functions for E.

Remark 3.1 In the definition of the capacity C,, we can restrict ourselves to those
admissible functions u for which, 0 < u < 1. Indeed, if AzP(E) ={u€A,(E) : 0<u<
1}, then A, (E) C A,(E) implies

C,(E)< inf  ppmo(u).
<P( ) ueA;(E)p 790( )

For the reverse inequality, let € > 0 and take u € A, (E) such that
Pm,p(u) < Cyp(E) + .

Then by Lemma B, we have v = maxz (0, min(u, 1)) belongs to A;D (E).
Therefore,

h}f Pm,p(W) < Prm,p(V) < Pmyp(u) < Cp(E) + .
wEA,(E)

Letting ¢ — 0, we obtain

inf  ppo(w) <CL(E).
weA;(E)P ,ap( ) <P( )

This completes the proof.

Theorem 3.1 Let E C RY. If there exists f € W™L, such that f = 400 on E,
then Cy,(E) = 0.
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Proof. If there exists f € W™L, such that f = 400 on E, then f > o onE for all
a > 0. Therefore, Vo >0 : Cu(E) < ﬁm,g,(i).
@
1_ 1_
—Pm,e(f), then 0 < Cy(E) < apmyw(ﬁ-

«

Let @ > 1, we have ﬁmyw(i) <
e
Letting o« — +00, we obtain Cy,(E) = 0.

Theorem 3.2 Let us consider the following propositions:
i) fo—f in WML,.
it) fn—> f in C, — capacity.
i) there is a subsequence (fy,) such that : f., — f, C, — q.u.
w) fn, — . Cyp —qee.
We have i) = ii) = i) = iv).
Proof. Let show that i) = 4i). By Theorem[3Ilwe have f and f,, are finite for every
n; Cp, — q.e.
Let € > 0, we have

fn_f

9

Cg,({x : |fn_f|(-r)>5})<ﬁm,<ﬂ(

Since f, — f in W™L,(Q),

).

(Ve > 0): el

Therefore,

lim C,({z : |fn— fl(z) >e})=0.

n—-+oo

Let show that ii) = iii). Let ¢ > 0 3 f,, such that C,({z : |f,, — fl(x) >277}) <
£.277.

We put
Ej={x : |fo, = fl(z) >277} and G = ] Ej,
jzm
we have C,(Gp,) < Z £277 <e.
jzm
On the other hand,
(V€ (Gu)®) © 1fuy — FI(2) < 279, (%] > m).

Thus
Jn, — f Cp —qu.
1
Let show that i7i) = iv). We have Vj € N,3X; : C,(X;) < -~ and f,, — f on (X;).
J

We put X = ﬂXj, then C,(X) =0 and f,, — f on X°.
J
Theorem 3.3 Let ¢ be a Musielak-Orlicz function, uniformly convex that satisfies
the Ao condition. If fn, f € W™Ly, such that f,, = f weakly in W™L,, then

liminf(f,)(z) < f(z) < limsup fn(z) C, — q.e.
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Proof. (W™L, , ||.]|) is uniformly convex, therefore reflexive. By the Banach—
Saks theorem, there is a subsequence denoted again by (f,) such that the sequence

1 n
Gn =~ Z fi converges to f strongly in W™ L. By Theorem [B.2] there is a subsequence
i=1
of (gn) denoted again (g, ) such that

lim gn(z) = f(z) C, —q.e.

n—-+oo

On the other hand,
liminf f,,(z) < lim g,(x).

n—-+o0o
Therefore,
liminf f,(z) < f(x) Cy, —q.e.

n—-+oo

For the second inequality, it suffices to replace f,, by (—f,) in the first inequality.

Theorem 3.4 Let ¢ be a Musielak—Orlicz function, uniformly conver which satisfies
the Ng condition. Let (X,,) be an increasing sequence of sets and X = UX"' Then

n

lim Cy(X,) = Cy(X).

n—-+o0o

Proof.  We have hI—ilrl Cy(Xn) < C,(X). For the reverse inequality, if
n—-+00
lim C,(X,) = +oo, there is nothing to show.

n—-+o0o
Assuming that lim C,(X,) < 400, we have
n—+oo

1
VneN, 3f, e W"L, : fo21lon X, and Ome(fn) < Cu(Xn)+ o

Now (fy) is a bounded sequence in W™ L, hence there exists a subsequence, which
we denote again by (f,), which converges weakly to a function f € W™ L. Thus

P (f) < limninf Om.p(fn)-
On the other hand by Theorem [B.3], we have
VvneN :f>1 on X, ,C, —q.e.

Therefore, f>1 on X C, —q.e.
Let Y be a subset of X where f > 1, then Cy,(X) = C,(Y). Thus,

o () < H(Cp(X) + ).

Hence
Cyu(X) < lm(Cy(Xn).

n

Theorem 3.5 Let ¢ be a Musielak—Orlicz function, uniformly conver which satisfies
the Ay condition. Cy, is an outer capacity.
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Proof. 1t is obvious that Cy(0) =0 and C,(X) < Cu(Y) if X CY.
To prove the countable sub-additivity, suppose that E; , i =1,2,..., subsets of RV,
let € > 0. We may assume that Z Ch,y (X;) < 400, then

Chlsp (X;) < 4o00; VieN.
Next we choose u; € A, (E;) so that

ﬁm,ap(ui> < C@(E1> + 5.2_i; Vi € N.

k
Let ke Nand v, = lmaxk u;. By Lemma B.J] we have vy, € AW(U E;).
AN =
Thus,
k k k
o (V08) Y B (i) <Y (Cu(Bi) +227) <Y Co(Br) + (e(1— (5)7)
i=1 1=1 =1
Then,

CaUB) < Y 0o+

i=1 i=1
Letting ¢ — 0, we obtain

k k oo
AU E) <Y CoE) <Y ClED

=1

k 00
Since (U E;) increase to (U E;), by Theorem [B:4] we obtain:

i=1 i=1

C“"(U Ei) < ZCW(E )

It remains to prove that C, is outer. Indeed, by monotonicity we have:

(VECRY) :Cy(F) <inf{C,(0): 0> E, O is open}.

For the reverse inequality, if C,(E) = 400, there is nothing to show.
Assume that C,(E) < 400, let € > 0 and take u € A, (E) such that

ﬁm,w(“) < C@D(E) +e.

Since u € A,(FE), there is an open set O containing E such that v > 1 on O, which
implies that
Co(0) < pmyp(u) < Cp(E) +¢.

The inequality follows by letting ¢ — 0.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 17 (2) (2017) 185

Theorem 3.6 Let (K,,) be a decreasing sequence of compacts and K = ﬂ K.,. Then,

n

lim C,(K,) = Cy,(K).

n—-+oo

Proof. First, we observe that C,,(K) < lir}rl Cy(Ky). On the other hand, let O be
n—-+0o0

an open set containing K. By the compactness of K, K; C O for all sufficiently large
i. Therefore lir}rl Cy(Kr) < Cy(0), and since C,, is an outer capacity, we obtain the
n—-+oo

claim by taking infimum over all open set O containing K.
Theorem 3.7 Let ¢ be a Musielak—Orlicz function.
(Je>0)(VX CRY): |X]| < e.Cu(X),
where | X| is the Lebesque’s measure of X .

Proof. Let u € A,(X), we have u > 1 on X and g, (u) < pm,e(u). But g,(u) =
| et u(w)ldy, then
RN

Q«p(u)>/x@p(ya IU(y)Idy>/X@ga(y,1)dy-

By the inequality (@) there exists a constant ¢ > 0 such that ian ©(y, 1) = c. Therefore,
yEeR
0y (u) = c.|X|. Thus,
C1X| < P ().
The claim follows by passing to inf on u € A,(X).

Corollary 3.1 Let ¢ be a Musielak—Orlicz function. If (fn)n is a sequence which
converges to fin W™ Ly, then there exists a subsequence of (fn)n which converge to f
almost everywhere.

Proof. Tt is an immediate consequence of Theorem and Theorem B.71

Theorem 3.8 Let ¢ be a Musielak—Orlicz function which satisfies the condition Ao
and the assumptions of Theorem[2.2 For each f € W™ L,,, there is a Cy,-quasicontinuous
function g € W™L,, such that f = g almost everywhere.

Proof. Let f € W™L,. By Theorem[23] there exists a sequence (f,,) in D(RY) such
that f,, — f in W™L,. By Theorem B.2] there exists a subsequence of (f,) denoted
again by (fy) such that f, — f C, — ¢q.u. The claim follows by Theorem B.7l

Remark 3.2 By theorem 2.6 in [7], we have the same result if we replace W™ L,
by W™L,(§), where Q is a bounded Lipschitz domain in R".

Theorem 3.9 Let ¢ be a Musielak-Orlicz function, uniformly convex which satisfies
the condition /o
1) If O is an open set of RN and E C RY such that |E| = 0, then

Cy(0) = C,(0 — E).
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2) Let u and v are Cy,-quasicontinuous functions in RY, we have
i) if u=w, almost everywhere in an open set O C RY | then

u=v C, — quasieverywhere in O,
it) if , u < v, almost everywhere in an open set O C RY | then
u < v Cyp — quasieverywhere in O.

Proof. 1) It obvious that C,(0) > C,(O — E). Let u € A,(O — E) thus v > 1 in an
open containing O — E. Let the function f define as

{ fz)=u(z), ifrcRYN -F
flx) =1, if € E.

We have f € A,(O) and pp,o(f) = pm,p(u), thus
C@(O) < ﬁm,w(u)v

and by passing to inf we get C,(O) < C,(O — E).
2) Since C,, is an outer capacity we get the results by [16].

Lemma 3.2 Let Q) be a bounded Lipschitz domain in R", ¢ be a Musielak-Orlicz
function which satisfies the condition (@), p and ¢* satisfy the Ny condition and m € N.
Consider T € W™ L+ (Q) N M (), where M(Q) denote the set of Radon measures in
Q. If X C Q is such that Cy,(X) = 0, then X is |T'| -measurable and |T|(X) = 0.

Proof. 1t is the same as in [19] and [10].

3.3 Theorem of H. Brezis and F. Browder type in Musielak—Orlicz—Sobolev
spaces

In this section we generalize the theorem of H. Brezis and F. Browder [10] in the setting
of the Musielak-Orlicz—Sobolev spaces W™ L, ().

Let © be a bounded Lipschitz domain in R and m € N. In this section we study
the following question: let w € WL, () and T € W™ L.+ () such that T' = p + h,
where p lie in MT(Q) (the subset of positive Radon measures) and h lie Lj,.(9Q); find
sufficient conditions on the data in order for w to belong L'(€; du), for hw to belong to
L*(Q) and finally to have:

<T,w >:/wdu+/hwd:c.
Q Q

This question was solved in [I5] in the case of the classical Sobolev spaces, in [5] when
p = 0 in the case of Orlicz—Sobolev spaces and in [I] in the case of Orlicz—Sobolev spaces.

Theorem 3.10 Let ¢ be a Musielak—Orlicz function which satisfies the condition (9),
@ and ¢* satisfy the Ny condition and m € N. Consider w € WL, (), w > 0 a.e in
and T € W™ Ly () such that T = p+ h, where p lie in M (S2) (the subset of positive
Radon measures) and h € L},.(Q), assume that:

hw > —|®| a.ein Q for some ® in L'(). (12)
Then:

hw e LYQ),w € LY(Q;du) and < T,w >=/

wdu—i—/ hwdz. (13)
Q Q
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Remark 3.3 Note that x(X) = 0 for all X C Q such that C,(X) = 0. Indeed by
Lemma [32]

IT|(X) = [n+ hl(X) =0,

but
0 < p(X) < [R|(X) + |p+ h|(X) = 0.

Let prove Theorem
Proof. Let w € Wi" L, (2), the Lemma 2.4 of [9] yields the existence of a sequence

w,, such that:
() wa € WL, (Q) N L=(9),
(ii) supp wy, is compact,
(iii) |wp| < |w| a.e. in Q,
(V) w, — win WL, ().
(vi) wpow =0 ae. in Q.

Following the lines of [I5], it is easy to deduce that

< pu+ h,w, >:/

wndu—i—/ hwydzx. (14)
Q Q

Since wy, — w in WL, (), by using the Theorem B.2] Lemma3.2l and Remark 33|
we have

wy, —w  p.a.e and a.e. in (. (15)

We recall that by Theorem B.9 and Theorem B.7] for any v € W™ L,(2) one has
v=20 ae MOASv>=>0 ge inf.
This equivalence, Remark and the fact (w > 0 a.e. in Q), imply
w, 20 ae , w,>0 pae and 0w, <w a.e. in Q. (16)
On the other hand from hw > —|®| and 0< w, <w a.e. in Q we have

hw, > —|®| a.e.in Q (17)

Since < p+ h,w, > is bounded, (I4] )and (1) imply / hwydx < cst; Similary (I4]) and
Q

@) imply / wpdp < cst.
Q

By using ([I5), ([I8), (I7) and Fatou’s lemma we get hw € L'(Q) and w € L' (; dp).
Using 0 < w, <w p.a.e. in Q and |hw,| < |[hw| a.e. in €, it is now easy to pass to
the limit in (I4)); we use the convergence of w,, to w in WL, (2) for the left hand side
and Lebesgue’s dominated convergence theorem in each term of the right hand side: we

obtain
<T,w >=/wdu+/hwdm.
Q Q
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3.4 Application to unilateral problem

Let Q be a bounded Lipschitz domain in RY and m € N. ¢ be a Musielak-Orlicz function
which satisfies the condition (@), ¢ and ¢* satisfy the Ay condition.
We consider some right hand side f € W™ L-(£2) and the convex set

Ko ={veWj'L,(Q2), v=>® a.ein Q},

where the obstacle ® belong to Wi L,(2) N L>°(12). Let a pseudo-monotone mapping S
from W" L, () into W™ L, (£2). which satisfies the following conditions:

(1) S is continuous from each finite-dimensional subspace of Wy" L, (£2) into W ™" L, (£2)
for the weak™ topology.

(2) S maps bounded sets into bounded sets.

(3) S is coercive, i.e that for some vy in K¢ N L(Q)

< Sw),v—wvy >

— +0 as ||'U||W6’71L<p((z) — +00. (18)
||U||WgnLv,(9)

Consider finally a carathéodory function g : 2 x R — R witch satisfies :
(4) s.g(xz,s) 20,VseR and a.e in Q,
(5) he = supjsi<ilg(z,s)| € L' () vt > 0.

Theorem 3.11 The variational inequality:

u € Ko, g(.,u) € LY(Q), ug(.,u) € L*(Q)

<Su,v—u>+/g(.,u)(v—u)dac> < fiv—u>, Yo e KeNL>®(Q)
Q

has at least one solution.

Proof. First part Approximation and a priori istimates.
Xn(@)g(z,8) if |g(z,s)| <n,

g(z, s)

Define g, (x,s) = X”(x)n|g($, o if lg(z,s)| > n,

where x,, is the characteristic function of the set {x € Q : || < n}
By by using the proposition 1 of [14] we have the approximate problem

Up € K<I>;
< SUp, v — Up > +/ In(un)(v —up)de = < fiv—u, >, Yv € Ko N L>®(Q)
Q
(19)
has at least one solution. Using v = vy as test function in (I9]) we get
< SUp, Uy, — Vg > +/ n (s un)(Uyn —vo)de < < fiu, —vg > . (20)
Q
If (uy,) is not bonded in Wy" L, (£2) then by the assumptions (3) we have
S(Un), un —vo >
(VA > 0)(3no € N) : (Vn = no)(S (tun), un = o > A). (21)

|| |W5"L¢(Q)
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Let B, = {z € Q : up(x) > 0}, by @0 and @I) we have for large n :

Allun|lwer L, ) +/ Gn (s Un) (Un —vo)dw+/ Gn (- un)undx
En, Q_En

</Q . In (s un)vodz + || fllw-mr . llunllwpr, @ + 1 fllw-mr_ . @llvollwp L,

Let G, = {2 € Q : up(x) > v,} and | = sup(|vo|, |P]).
By the assumptions (4) and (5) we have

/ gn(vun)(un - UO)d:C 2 05
E,NG,
/ Gn (- un)undr >0,
E,NG<

/ gn(.,un)vod$</ 1011 e ) V0
E.NGe Q

/ gn('vun)undz 2 05
Q_En,

/ Gn (-5 un)vodx </ 7)1 0 (o) V0 -
Q-E, a2

[unllwy L, ) < C1, ¥R 2 no,

which is impossible, thus (u,) is bounded in W§* L, (£2).
It follows that there exists a subsequence, again denoted by u,, such that

Then we get

Un, —u, weakly in W{'L,(Q2) and a.e. in Q.

Thus
gn (T, un (7)) — g(x,u(x)) a.e. in Q.

From (20) we get

/Q 9n -+ ) (i — v0)d2 < . (22)
We shall prove

[ 19ncn)a — wlde < Ca.
Indeed

|gn('a un)(un - U0)|d$ = /G gn('a un)(un - ’Uo)d$ - / gn('a un)(un - ’Uo)d$

Q Q-G,

= _Q/Q—Gn gn('aun)(un - ’Uo)d$ +/Q gn('a un)(un - ’Uo)d$

/N

Cy + 2/ gn (- un )vodx
Q—Gn

/N

Cy + 2/ |th||Loc'UO|d$ = (s,
Q
(23



190 M.C. HASSIB, Y. AKDIM, A. BENKIRANE AND N. AISSAOUI

where b = sup(|®|, |vo|)-
In order to prove
In(sun) — g(,u) in Ll(Q)a (24)

let us observe that, for any d > 0,

|9n (@, un(2))] < sup |95 )] + 0lgn (2, un () (un () — vo())],
<6~ +]|vol oo

and there fore, fore any measurable set F in {2 we have

/E|g"("u”)|dx</E|h%+HU0||L<>°|+6C3'

By Vitali’s theorem, we obtain (24]).
Furthermore by (22)) we have

/gn(.,un)und:c < Oy +/ n (-, un)vod.
Q Q

By Fatou’s lemma and 24]), we get

0< / g(., u)udr < Cy +/ g(., u)vodz.
Q Q

Thus
g(.,u)u € L(Q).

Second part : Passing to the limit in {I9)
Let
From (I3) it is clear that wu, € M*(Q2). Since S maps bounded sets of W{"L, (£2) in
to bounded sets of W ™" L.+ (£2), then we can assume for the same sequence that
Sun, = x weakly in W™ Ly~ (Q),
which implies that )
pn —> o in D (),
where
p=x—f+g(u).

Weput w=u—®, h=—g(.,u) and T =pu+h.
The assumptions of theorem are satisfied since T = x — f € W™ L,« () and
h € L'(). Thus

u—® ¢ LYQ;dp),

<x—fu—®>= /Q(u—@)du—/gg(.,u)(u—@)dx. (25)

Using v = ® as test function in (I9) we get

< SUp, Uy > < <Sun,<1>>—<f,<1>—un>+/gn(.,un)(q)—un),
Q
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which gives passing to the limit and then using (25)

limsup, < Sunp,uy, > < <X,<I>>—<f,<I>—u>—|—/g(.,u)(@—u)dm,

« (26)
< <xu> + /(@*U)du < < xu >
Q

since, by theorem [3.9] we have

(P—u)<0 pae in Q. (27)

Using (261 ) and since S is a pseudo-monotone operator, we obtain

x=Su and < Sup,up >—>< Su,u > .

It is now easy to pass to the limit in ([I9) for any fixed v € Ko N L ().

References

(1]

2]
3]

[4]
[5]

[6]

[7]
8]

[9]

[10]
11]
12]
13]

[14]

Benkirane, A. A theorem of H. Brezis and F. Browder type in Orlicz-Sobolev spaces and
application. Pitman Res. Notes Math. Ser. 343 (1996) 10-16.

Adams, D.R. and Hedberg, L.I. Function Spaces and Potential Theory. Springer, 1999.
Aissaoui, N. and Benkirane, A. Capacité dans les epaces d’Orlicz. Ann. Sci. Math. Québec
18 (1) (1994) 1-23.

Aissaoui, N. and Benkirane, A. Potentiel non lineaire dans les espaces d’Orlicz. Ann. Sci.
Math. Québec 18 (2) (1994) 105-118.

Benkirane, A. and Gossez, J.P. An approximation theorem for higher order Orlicz-Sobolev

spaces. Studia Math. 92 (1989) 231-255.

Azroul, E., Benboubker, M.B. and Ouaro, S. The Obstacle Problem Associated with Non-
linear Elliptic Equations in Generalized Sobolev Spaces. Nonlinear Dynamics and Systems
Theory 14 (3) (2014) 224-243.

Benkirane, A. and M. Ould Mohamedhen Val. Some approximation properties in Musielak-
Orlicz-Sobolev spaces. Thai Journal of Mathematics (2012) 371-381.

Benkirane, A. and M. Ould Mohamedhen Val. An approximation theorem in Musielak-
Orlicz-Sobolev spaces. Commentationes Mathematicae (2011) 109-120.

Benkirane, A., Mohameden Sidi El Vally and M.L. Ahmed Oubeid. Nonlinear Elliptic
Equations Involving Measure Data in Musielak-Orlicz-Sobolev Spaces. Journal of Abstract
Differential Equations and Applications 4 (1) (2013) 43-57.

Brezis, H. and F. Browder. Some properties of higher-order Sobolev spaces. J. Math. Pures
Appl. (1982) 245-259.

Choquet, G. Forme abstraite de théoreme de capacitabitité. Annales de lUinstitut Fourier
(1959) 83-89.

Diening, L., Harjulehto, P., HASTO, P. and Rudicka, M. Lebesgue and Sobolev Spaces
with Variable Exponents. Lecture Notes in Mathematics 2017. Springer, Berlin, 2011.

Fumi-Yuki Maeda, Yoshihiro Mizuta, Takao Ohno and Tetsu Shimomura. Capacity for
potentiels of functions in Musielak-Orlicz space. Nonlinear Analysis 74 (2011) 6231-6243.

Gossez, J.P and V. Mustonen. Variational inequality in Orlicz-Sobolev spaces. Nonlinear
Anal. Theory Appli. (1987) 379-392.



192

[15]

[16]
[17]

18]

[19]

[20]
21]

M.C. HASSIB, Y. AKDIM, A. BENKIRANE AND N. AISSAOUI

Boccardo, L., Giachetti, D. and Murat, F. A generalisation of a theorem of H. Brezis and
F. Browder and applications to some unilateral problems. Anales de I’ H.P., section C 7
(4) (1990) 367-384.

Kilpelinen, T. A remark on the uniqueness of quasi continuous functions. Ann. Acad. Sci.
Fenn. Math. 23 (1998) 261-262.

Maz’ya, V.G. and Khavin, V.P. Nonlinear potential theory. Uspekhi Math. Nauk. 27 (1972)
67-138.

Hassib, M.C. and Akdim, Y., Benkirane, A. and Aissaoui, N. Capacity and Non-linear
Potential in Musielak-Orlicz Spaces. Nonlinear Dynamics and Systems Theory 16 (3) (2016)
276-293.

Grun-Rehomme, M. Caractérisation du sous-différentiel d’integrandes convexes dans les
espaces de Sobolev. J. Math. Pures et appl. (1977) 149-156.

Musielak, J. Modular Spaces and Orlicz Spaces. Lecture Notes in Math. 1034 (1983).

Meyers, N.G. A theory of capacities for potentials of functions in Lebesgue classes. Math.
Scand. 26 (1970) 255-292.



Nonlinear Dynamics and Systems Theory, 17 (2) (2017) [193H204]

NEOR $
2

Publishing
Group

Function Projective Dual Synchronization of Chaotic
Systems with Uncertain Parameters

A. Almatroud Othman **, M.S.M. Noorani! and M. Mossa Al-Sawalha 2

! School of Mathematical Sciences, Universiti Kebangsaan Malaysia,
48600 UKM Bangi, Selangor, Malaysia
2 Mathematics Department, Faculty of Science, University of Hail, Kingdom of Saudi Arabia

Received: January 29, 2017; Revised: April 10, 2017

Abstract: This paper mainly concerns with the general methods for the function
projective dual synchronization of a pair of chaotic systems with unknown parame-
ters. The adaptive control law and the parameter update law are derived to make
the states of a pair of chaotic systems asymptotically synchronized up to a desired
scaling function by Lyapunov stability theory. The general approach for function pro-
jective dual synchronization of Lii system and Lorenz system is provided. Numerical
simulation results show that the proposed method is effective and convenient.
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The essence of studying chaotic systems is to understand their structure and behavior.
These systems are deemed important as they reflect and model natural phenomena. One
of the main reasons for studying chaotic systems lies in the interest of controlling chaos.
Many areas have branched from this study due to practical applications in many fields.
The main property of chaotic dynamics is its critical sensitivity to initial conditions which
is responsible for initially neighboring trajectories separating from each other exponen-
tially in the course of time. For many years, this feature made chaos undesirable, insofar
as the sensitivity to initial conditions of chaotic systems reduces their predictability over
long time scales. On the other hand, the capability of chaotic dynamics to amplify small
perturbations improves their utility for reaching specific desired states with very high
flexibility and low energy cost. In contrast, the process of controlling chaos is directed to
improving a desired behavior by making only small time-dependent perturbations in an
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accessible system parameter or dynamical variable. Therefore, understanding the beha-
vior of chaos is crucial in the process of seeking beneficial applications to our lives [TL21[4].

The study of synchronization has been widely explored in a variety of systems includ-
ing physical, chemical and ecological systems. In the broadest sense, synchronization is
often understood as the tendency to undergo resembling evolution in time. Synchroniza-
tion is an important mechanism for creating order in complex systems. Many nonlinear
dynamical systems have been found to show a kind of behavior known as chaos, be-
ing characterized as chaotic systems by their extreme sensitivity to initial conditions
and having noise-like behaviors. Several types of synchronization behaviors have been
demonstrated and identified, such as, complete synchronization [3], phase synchroniza-
tion [BL6], anti-phase synchronization [7THIO], lag synchronization [I1,[12], generalized
synchronization [I3], projective synchronization [I4H21I] and so on. Function projective
synchronization, which is the generalization of projective synchronization, is one of the
important synchronization methods that have been widely investigated to obtain faster
communication with its proportional feature. function projective synchronization means
that the drive and response systems could be synchronized up to a scaling function.
Recently, many authors have investigated the function projective synchronization. It is
obvious that the unpredictability of the scaling function in function projective synchro-
nization can additionally improve the security of communication [22H25].

However, the theory of dual synchronization has been intensively reviewed and studied
recently. The first study on dual synchronization of chaotic systems has been reported by
Tsimring and Sushchik in 1996 in [26]. Later, several dual synchronization methods have
been reported, for example, dual synchronization of one dimensional discrete chaotic sys-
tems was undertaken in [27], where the authors achieved dual synchronization via specific
classes of piecewise-linear maps with conditional linear coupling. In [2§], the authors ex-
perimentally demonstrated dual synchronization of chaos in two pairs of microchip lasers
in a one-way coupling configuration over one transmission channel. In [29], the authors
demonstrated that dual synchronization of Lorenz and Réossler systems can be obtained
by using the means of Lyapunov stabilization theory. In [30], the authors addressed dual
synchronization via output feedback strategy in two different chaotic systems. In [31], the
authors achieved dual synchronization of modulated time-delayed system by designing
a delay feedback controller. In [32], the author investigated the existence of projective-
dual-anticipating, projective-dual, and projective-dual-lag synchronization in a coupled
time-delayed systems with modulated delay time using Krasovskii—Lyapunov stability
theory. In [33], the authors studied the problem of dual synchronization of two different
fractional-order chaotic systems by a linear controller. Finally, in [34H37], the authors
investigated dual synchronization and dual anti-dual synchronization using nonlinear and
adaptive control. To the best of our knowledge, the function projective dual synchro-
nization of chaotic systems with unknown parameters has not yet been studied by any
researcher. Inspired by the previous works, in this paper we propose a new analytic
treatment of function projective dual synchronization of chaotic systems using adaptive
control method in which a state variable of the drive system dual synchronizes with
the state variable of the response system up to a scaling function. Numerical simula-
tions are carried out for adaptive function projective dual synchronization behavior of
two chaotic systems with uncertain parameters which are depicted through figures for
different particular cases.
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1 Problem Statement

Consider the following two chaotic systems with uncertain parameters as the drive sys-
tem:

{ &1 = fi(x1) + Fi(21)a, (1)
U1 =g1(y1) + G1(y1)5,

where 1 = (211,712, ..., 21n)7 € R™ and y = (y11,¥12, -, Y1) € R™ are the state
vectors of the systems, f; : R® — R"™ and ¢; : R — R are two continuous vector
functions, Fy : R™ — R™™™, G : R™ — R"™™ ™ are two matrix functions and «, 8 € R™
are the unknown parameter vectors of the two drive systems. The systems studied in this
paper depend linearly on the parameters and many resemble well-known chaotic systems.
By a linear combination of the drive systems states, a scalar signal is generated in the
form of
n
Ed = Z (aix1+biy1) = AT.CCl + BTy1 = CT.CC, (2)

i=1

where A = (a1,as,...,a,)7 and B = (by,b,...,b,)T are known matrices and C' =
(AT BT)T and x = (2] yI)T. This generated scalar signal is fed to the response
systems which are corresponding to the drive systems. The response systems are

{ &9 = fo(xa) + Fa(x2)& + uq,

U2 = g2(y2) +G2(y2)3+u2, (3)

where To = (5621,1'22,...,1'2”)T € R"™ and Y2 = (ygl,ygg,...,ygn)T € R"™ are the state
vectors, fo : R” — R™ and g2 : R" — R"™ are two continuous vector functions, Fj :
R" — R™™ (G : R™ — R™™ are two matrix functions and &,B € R™ represent
the estimated vectors of unknown parameter vectors a, 8 and u = (u; u2)T € R*™ is
a controller. By the linear combination of the response systems states a scalar signal is
generated in the form of

n

er =Y _(aiwatbiys) = Ay + BTy = CTy. (4)

i=1

Our goal is to obtain the function projective dual synchronization between the drive and
the response systems. Now define the error function between the drive and the response
systems as es = &, — h(t)eq = CT(y — h(t)x), where h(t) = diag(hi(t), ha(t), ..., han(t)) is
a scaling matrix. Therefore, for function projective dual synchronization we use adaptive
control method to design the control in such a way that the origin becomes asymptotically
stable equilibrium point of the error dynamics i.e., lim |le(t)|| = lim ||z2 — h(t)x1]|| =
t—o0 t—o0

0, lim le(t)] = Jm ly2 — h(t)y1|| = 0, where the scaling function h(t) € C*(0,+0c0)
and 0 < h(t) < Ny, for all t > 0, (I}, is a positive constant for the function h(t)).

1.1 Adaptive function projective dual synchronization controller design

System (IJ) can be rewritten in the following form:

( zi ) B ( 2811)) )+ ( Fl(()xl) Gl?yl) ) ( g ) &= f(x) + F ()P, (5)
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. @y 2 fi(z1) ) 2 ( Fi(z1) 0 )
where & = . e R", f(x) = € R*", F(zx) = :
( 0 ) /(@) ( g1(y1) (@) 0 G1(y1)

R2n — R?X2m and @ = € R?™. Similarly, system (@) can be rewritten in the

@ R
~——

following form:

(zj):(£83)+(d)+(Zg)y=Mm+G@é+% (6)

B
where 7 = ( 522 ) € R™ g(y) = ( Fal@2) ) € R G(x) = ( FQ(O”) 0 ) :

R2n — R2nX2m and § = < g € R* and u = Z; € R?>". Now, define the error
vector as
e=1y— h(t)x. (7)
The time derivative of equation () is
é(t) = y—h(t)i—h(t)z (8)

= g(y) + G(y)® — h(t) f(x) = H()F(2)® — h(t)z +u
= h(t)F(z)® + Fd + f — h(t)x +u,

where f = g(y) — h(t)f(z), F = G(y) — h(t)F(z) and & = & — &. In practical situation,
the parameters belonging to the drive and the response systems are always unknown.
Therefore, by using adaptive control and the parameters identification techniques, the
controller can be designed as:

w=—f—F+ h(t)z — ke — e, (9)
where
es = CTe, (10)

denotes the linear coupling of the drive and response systems and the adaptive parameter
update laws are chosen as

b = —FT(2)h(t)e. (11)

Definition 1.1 For the drive system (@l and the response system (@), it is said that
the systems (@) and (@) are function projective dual synchronization if there exists a
scaling function h(t), such that tlim lle@®)|l = 0.

— 00

Theorem 1.1 For given synchronization scaling function h(t) and any initial con-
ditions x(0),y(0), the function projective dual synchronization between drive system (7))
and response system (@) will occur by the control law (@) and the parameter update law

(D).
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Proof. Construct dynamical Lyapunov function candidate in the form of:
L 7 ET&
V:§[e e+ o' P, (12)

with the choice of the controller ([@) and the parameter update law (IIl), the time deriva-
tive of V along the trajectories of equation (g is

V=eTe+ 0Td = Th(t)F(2)® — ke — 5] + [~ F(2)Th(t)e]T® = —eTPe < 0. (13)

Suppose we select an appropriate positive definite matrix P such that V < 0, that is, V
is negative definite. Then, according to the Lyapunov stability theorem [38], the function
projective dual synchronization of the systems (Bl) and (@) is achieved under the certain
chosen controller u© and parameters update law. This completes the proof.

2 Adaptive Function Projective Dual Synchronization of Chaotic Systems

In this section, we realized the adaptive projective dual synchronization behavior in a

pair of chaotic Lorenz and Lii systems, using proposed the technique. Now, define the

pair of the drive system equations and the pair of the response system equations as
Drive 1: Lii system [40] is given by

= aly — 1), (14)
Y1 = —x121 + 0y,
2'1 = TI1Yy1 — 621.

Drive 2: Lorenz system [41] is given by

Ty = o(y2 —2), (15)
Y2 = pT2 — T222 — Y2,
2'2 = XYz — Yz2.

So the corresponding response systems are as follows:

Response 1:
3 = a(ys —x3) +ul, (16)
Ys = —323 + 0ys + s,
Z3 = x3y3 — Bzz + us.
Response 2:
Ty = 5‘(y4 —$4) + Uyq, (17)
Ya = PTy— T4Z4 — Ys + Us,
Zy = T4ys — Y24 + Us,

where «, 6, 3, 0, p,7y, are unknown system parameters, &, 5, B, 0, p,~ are the estimates of
a,d, 8, o, p,7, respectively, and U = (u1,us, u3, U, us, ug)” is the controller function to
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be determined. The error dynamical system can be written as

61 = a((ys —x3) — ha(t)(yr — 1)) + ha()a(yr — x1) — b (H)ay + ua, (18)
€ = —wazs+0(ys — ha(thyn) + ha(t) (w121 + oy1) — ha(t)yr + ua,

€3 = m3ys — Blzs — ha(t)z1) — hs(t)(w1yr + Bz1) — hs(t)z1 + us,

€r = ((ya — 1) — ha(t)(y2 — 22)) + ha(t)5(y2 — 22) — h4(t);§2+u4,

€s = p(ra — hs(t)r2) — 2424 — ya + hs(t)(x222 + Y2 + pr2) — hs(t)y2 + us,

€6 = ways— (24— he(t)z2) — he(t)(z2y2 + F22) — he(t)z2 + g,

where €1 = I3 — hl(t)l'l, €y = Yz — hQ(t)yl, €3 = 23 — hg(t)zl, €4 = XTgq — h4(t)£62,
65—y4—h5( VY2, €6 = z4 — he(t)z2, and & = & — a §5=6-63=B-8,6=6—o0,
p=p—p,¥=7—r, respectively. Our goal is to find a suitable adaptive control law and
parameter update rule equation so that pair of the two chaotic systems will approach
projective dual synchronization for any initial conditions.

(a) o

u,
Jii
\‘u,‘m)\,

(e
01 w;l‘v“ !

i
y

Figure 1: (a)-(b): Error signals between drive and response systems for Case L. (¢)-(d): Esti-
mated values for unknown parameters for Case I.

Theorem 2.1 For given synchronization scaling function matriz h(t) =
diag(hy(t), ha(t), ..., he(t)), the function projective dual synchronization between
the drive systems (I{])-(I3) and the response systems (18)—(17) will occur if the adaptive
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Figure 2: Signals x1 versus x3, y1 versus ys, and z; versus z3 and signals xa versus a4, Y4

versus Y4, and zo versus z4 after dual-synchronization for Case I.

control law equation is designed as follows

Uy
U2
us
Uy
Us

Ue

where

—a((ys — x3) —

—6((ya — xa) —
x424 +ys — p(x4 — hs(t)z2
A(z4 — he(t)z2) + he(t)xays — xays + he(t)z2 — keg — e

hi(t)(y1 — 71)) + B
w323 — ha(t)z121 — (ys — ha(t)y1) + ha ()
ha(t)xiy1 — 33 + B(zs — hs(t)z1) + h3( )21
ha(t)(y2 — x2)) + ha(t)ws — kes -
— hs(t) (w222 + y2) + hs(t)y2 — kes — es,

1)z — key —e

es = aje + azez + azez + bieg + baes + bzeg

€s,

— keo — €4

— kes — eg

(19)

(20)

denotes the linear coupling of the drive and response systems and the adaptive parameter
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Figure 3: (a)—(b): Error signals between drive and response systems for Case II. (c¢)—(d):
Estimated values for unknown parameters for Case II.

update laws are chosen as

54 = —hl(t)(yl - $1)€1, 0= —hg(t)yleg, (21)
B = hs(t)zes, &= —ha(t)(y2 — 22)ea,
ﬁ = —h5(t)$2€5, ’3/ = hﬁ t)252€6.

Proof. Substituting ([[9) into [IX)) leads to the following error system

€1 = hi(t)a(yr —x1) — ke —es, €3 = ha(t)dy1 — kes — e, (22)
6.3 = —hg(t)ﬁZg — 1{363 — €, 6’4 == h4(t)&(y2 - -TQ) - k/’€4 — €s,
6.5 = h5(t)ﬁ$2 - k/’€5 — €, 6'6 = —h6(t)’§/22 — kes — €5.

Construct a Lyapunov function of the form:
1 -~
V:5(6T6+d2+52+62+62+ﬁ2+ﬁ2). (23)
Inserting (20), (2I) and 22)) into the time derivative of V' leads to

V o= Tetad+36+BB+56+pp+ A (24)

hi(t)a(y —xl)—kel—es)el—i—(hg(t)gyl — key — eg)ea — (hg(t)BZg, +e3+es)es

+(ha(t)o(ya—x2) — keg—es)ea+ (hs(t) pra—kes —es)es — (he(t)Y2z2+kes+es)eg
(h1(8)(y1 — x1)er) = b(ha(t)yrea) + Blhs(t)z1es) — 5(ha(t)(ys — w2)eq)

—p(hs(t)z2e5) + 7 (he(t)22¢€6)

|
—
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Figure 4: Signals x1 versus x3, y1 versus ys, and z; versus z3 and signals xa versus T4, Y4
versus y4, and zo versus z4 after dual-synchronization for Case II.

= — [(k+ay)e? + (ar +az)eres + (ay + az)eres + (a1 + by)ereq + (a1 + ba)eses
+(a1 + b3)eres + (k + ag)eg + (a2 + az)ezes + (az + by)eaeq + (ag + ba)ezes
+(az + bs)ezes + (k + ag)eg + (asz + b1)eses + (ag + b2)eses + (as + bs)eses
Hk+b1)es+ (b1 +bo)eses+ (by+bs)eses+ (k+bz)es + (ba+bs)eses + (k+b3)el]
= —eTPe <0,

where e = [le1], |ea], |es], |eal, |es], |es|] and P is real symmetric matrix. From the Lya-
punov theorem of stability [38], it is simple to point out that the zero equilibrium point
(e; = 0,i = 1,...,6) of the error dynamical system (I8)) is asymptotically stable if the
real symmetric matrix P is positive definite. According to Sylvester’s theorem [39], P is
positive definite if and only if A; > 0,4 = 1,2,...,6, where A; represents the ith order
sequential sub determinant of matrix. That is, we should choose the appropriate coupled
parameters. Then, we realize the function projective dual synchronization between a pair
of Lii systems and a pair of Lorenz systems. This completes the proof.
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2.1 Numerical simulation and results for function projective dual synchro-
nization

In the present section, the numerical simulations for the function projective dual syn-
chronization of a pair of chaotic systems are studied. The true values of the un-
known parameter of the systems ((Id)-(I3)) are taken as o = 36,5 = 20,58 = 3,
and 0 = 10,p = 28,7 = 8/3, so both systems exhibit chaotic behavior. The ini-
tial values of the estimated unknown parameter vectors of the systems are taken as
a(0) = 2,6(0) = —1,8(0) = 3, and o(0) = 4,p(0) = —5,4(0) = 6. The initial condi-
tions of the drive system (I4)) and the drive system (I5) are taken as 21(0) = 1,y1(0) =
2,21(0) = 3,22(0) = =9, y2(0) = 5,22(0) = 30, the initial conditions of the response
system (I6]) and the response system (7)) are taken as z3(0) = 11,y3(0) = 12, 23(0) = 13
and x4(0) = —4,y4(0) = 3, 24(0) = 10, respectively. The coupled parameters are valued
as a; = (1,1,1),b; = (1,1,1),4 = 1,2, 3, for which condition P is positive definite. The
real positive constants k is taken as 1.

t
Case I. Let the scaling function be h;(¢t) = 0.9 + 1—1——152’i = (1,.2,...,6). The simula-

tion results are shown through Fig. [ (a)—(d), which shows that the dual synchronization
errors converge asymptotically to zero and the estimated parameters &, 5, B, and &, p,~
converge to the original parameter o« = 36,6 = 20,5 =3, and 0 = 10,p = 28,y = 8/3
as t — oo. Fig. [2 shows the signals after dual synchronization.

t
Case II. Let the scaling function be h;(t) = 0.2 + 0.5sin <71T—0) The simulation

results are depicted through Fig. Bl (a)—(d), which shows that the dual synchronization
errors converge asymptotically to zero and the estimated parameters &, 3, B, and &, p,
converge to the original parameters o = 36,6 = 20,8 =3, and 0 = 10,p = 28,7 = 8/3
as t — oo. Fig. [ shows the signals after dual synchronization.

3 Conclusion

In the present paper, we have successfully demonstrated the function projective dual
synchronization between a pair of chaotic systems using adaptive control method with
uncertain parameters. The method is applied for the function projective dual synchro-
nization between chaotic Lii and Lorenz systems. This clearly exhibits that the adaptive
control method is effective and convenient to achieve the global dual synchronization of
a pair of chaotic systems. Eventually some simulation results shown in corresponding
figures have illustrated the effectiveness and feasibility of the proposed controller.
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1 Introduction

Neural networks is an exciting area for research with a broad spectrum of applications [1-
12, 16, 22-24]. Networks of neurons have taken many shapes as mathematical models bas-
ing on the application which they are designed for. Models of Hopfield, Cohen-Grossberg,
cellular networks, recurrent networks, cooperative modular networks and spiking neural
networks are such popular models to quote [1-9, 13, 20]. Along the cite, a new class
of neural networks, designated as co-operative and supportive neural network (CSNN,
for short) is introduced in [26]. It consists of a network of neurons called main compo-
nents each of which is connected to and supported by another network of neurons called
subnetwork components. The model is aimed at explaining the dynamics of systems
exhibiting hierarchy that takes into account the collective capabilities of components for
better performance of the system. Such systems are useful in understanding industrial
information management, financial and economic systems which involve distribution and
monitoring of various tasks. They are utilized to decompose complex classification tasks
into simpler subtasks and puzzle them out. In particular, the network of [26] was utilized
for estimation of key parameters in an infectious disease model [25]. For different models
of cooperative neural networks and their applications, readers are referred to [9, 14, 15,
17, 21]. Tt was also claimed that the CSNN model presented in [26] was entirely new
and different from all the above neural models in terms of formulation and application.
Hereunder, we explain briefly the CSNN model introduced in [26], which we are going to
modify and analyze further in the present study.

The model comprises two neuronal fields, say, F; and Fy. Each neuron in F, is
denoted by z;, ¢ = 1,2,...,n and is connected to other neurons z;, j = 1,2, ...n in the
same field F.. Also each z; is connected to r; number of neurons in the neuronal field
F,. These are denoted by y;,, k = 1,2,...r;, 1 < r; < n. These y;,’s support z; in the
sense that they coordinate and cooperate with it so that any task assigned to them by
x; will be attended to. The dynamics of the model are described by the following system
of equations

n r;
:L';, = —Qa;T; + Zbl]f](x]) + Zciik!]ik(%ayik) + Iia 1= 1325 cey 1,

j=1 k=1

y;k :7Cikyik +Zduh”bl(yzl)+‘]’bka k:1,2,...,7’i, 1 STi STL (1)
=1

In (1), a; and ¢;, are positive constants known as decay rates, I;, J;, are exogenous inputs
and b;;,d;, are the synaptic connection weights which may be real or complex constants.
cii,, is the rate of distribution of information between z; and y;, . The functions f;, g,
and h;, are the neuronal output response functions and are more commonly known as
the signal functions.

Besides a study of qualitative behavior of the system, several modifications of the
CSNN model (1) are suggested and left as open problems in [26] for enthusiastic readers.
Present authors have studied two such modified models [18, 19] of (1) that increase its
applicability. Extending this view point, we shall address one more modification of (1)
in our present study. Motivation for this stems from the following observations.

The second equation of (1) contains no term that includes z;. That means, the sub-
components y;, work independently of x;, supply information to x; and do not bother
whether their contribution is fully utilized or are contributing more than what is re-
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quired. At the same time for the main component z; there is a need to check this
contribution from y;, either in terms of money or in terms of easing out y;, from unnec-
essary production beyond what is required. Thus, there is a need to check the activity
of sub-components. Also when y;, depends mainly on x; for its survival or activity
there should be a term that reflects the interaction between x; and y;,. Such a term
in second equation of (1) represents: (i) physical transfer of subcomponents in case of
ancillary manufacturing units; (ii) removal of data/information after transferring it to
main component (cut and paste’ instead of ’copy and paste’) or (iii) deactivation of
subcomponents as soon as the required data is supplied.

Another argument runs as follows. System (1) reflects how x; receives information
from y;, represented by g;, (z;,v:,) but not how it is sent from y;, - term at receiver’s
end but not at giver’s end. It may also be understood as that y;, keeps a copy of what
ever information/data sent to x;. This may not be possible in all cases. We can not keep
copies of physical quantities such as spare parts, components, etc., of the main item in
a manufacturing unit. Even in data processing systems, retention of data at too many
places may raise security problems. Absence of a term involving x; may also infer that
the requirements of x; are insignificant when compared to the quantum of work done by
i, for all its purposes.

In order to incorporate these, we introduce a term which may be utilized for deacti-
vating or resting of y;, once its task is done. Introduction of such term into the second
equation modifies (1) to

n s
vy = —aiwi+ Y biifi(r) Y i gi (i vi) + L
=1 k=1
r;
yék = —Ci Y t Z di, by, (yiz) — CiinYiy, (xi’ Yir) + i (2)

=1

In (2), the term &;, Gi, (T4, s, ) denotes the resting or deactivating component for the
subsystem. Here each ¢;;, > 0 may be called the rate of de-activation of y;, by x;. The
functional term g;, (x;, y;, ) denotes how the deactivation takes place. System (2) is Model
I in [26] which is left open for exploration. Our task in this paper shall be to study the
influence of this new term on the dynamics of the system (1). Is this term going to pacify
sub-components or influence the entire network will be a question of utmost importance.
How to manage its influence using the system parameters may be reasonable task to take
up. This we study in terms of stability of equilibrium patterns of the system (2) in the
light of existing results on (1).

The paper is organized as follows. In Section 2, we provide conditions for existence
and uniqueness of solutions, equilibria for system (2) — basic properties of any such
dynamical system. Results on global asymptotic stability of equilibria are obtained in
Section 3. The results are compared with earlier results on (1). Examples are provided
for illustration of results. Finally a discussion follows in Section 4.

2 Basic Properties

In this section, we explain basic properties of (2) such as existence of solutions along
with equilibria. This is to be done with appropriate assumptions or restrictions on
system parameters and nonlinear functions. To begin with we assume that the response
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functions f;, giiy, hi, and g;; satisfy local Lipschitz conditions given by

Il 9 (isYi,) — 90 (@i U3 ) | < Mua |y, — Ui, | + Mag |20 — T4, (3)
1G5, (i, yi) = Gi, (@i 03) | < Muiglyin — 7, | + Mo, 2 — T, (4)
lfi(zi) = fi@)| < piley — T, (5)

\hiy () — hi @)1 < qalvi — s, s (6)

where My;,, Mo;, , p; and ¢;, are positive constants. Then from the theory of differential
equations, it is evident that solutions for (2) do exist, are unique and continuable in their
maximal intervals of existence.

Since the stability of a system is understood in terms of the stability of its equilibria, we
verify whether (2) provides scope for equilibrium patterns to exist. The following result
provides one such set of sufficient conditions.

Theorem 2.1. Let a; and c;,, be positive numbers such that
1 & 1 & 1
— > lbilps + — > lcii Mai, + — [ [Mas, < 1, i=1,2,....n.
%54 Y= Cin

1 & 1 < j—
— > ldilai, + — Yl Mig, + — [ [M1s, < 1, 1< <n. (7)
' - Cix

Cir 1=
Then the system (2) has a unique equilibrium solution (x7,y; ) for each i, k.

Since several results are available in literature on similar systems, we omit the proof
of the above result here and refer the interested readers to [3],[26] for a line of proof
based on contraction mapping principle.

Since (z7,y; ) is a constant solution of (2), we have

n T4i
vl =0 = —aw]+ Y bifi@) + Y cingi (@, y5) + L
J=1 k=1
T
%/ * * - = * ok
Yi, = 0 = —Cip Yy, T Z di, hi, (yil) — Ciip 9y, (z7, yzk) + Jiy - (8)

=1

We shall now take up the aspect of stability of equilibrium pattern of (2), assuming its
existence tacitly.

3 Global Stability Results

In this section we study the influence of deactivation term on the stability of the system.
Whether its presence will increase strain on parameters or reduce it when compared to
(1) — is the main concern.

Before we present our results, we rearrange system (2) as follows. Utilizing (8) in (2),
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we get
(wi—a}) = —a(mi—a})+ Y bil (@)= F @)Y i[9 (@i, vi) — 9 (27, 03],
j=1 k=1
Wi —v) = =i i =i )+ Y dihi (i) =i, (U)] =i [y (i vin) = G (2,95,
=1

(9)

We shall establish our first result now.

Theorem 3.1. Assume that the parameters of the system (2) satisfy the following
conditions:

n Ti T
a; > Z |bji|pi + Z |Ciiy | Mai, + Z [Ciif, [ M 24,
j=1 k=1 k=1
T
iy > > |dilgi, + leii | Muiy + [Cii | M i,
=1

Assume further that conditions (3) - (6) on response functions hold. Then the equilibrium
(z7,y;.) is globally asymptotically stable in the sense that all solutions of (2) satisfy the
convergence requirement

lim y;, — yf lim z; — ;.
t—)ooyzk ylk, t—o00 v 4

Proof. We consider the functional

vy = 3 {le—ail+ Y v —vil} (10)
=1 k=1
The upper right derivative of V' along the solutions of (2) utilizing (9) may be given by
D) < S { = aides -2l + 3 il i) - i)
i=1 j=1
+ > e gin (i i) — gir (25,95,
k=1
37 [ = enlyi — vl + D Ida B (i) = B ()
k=1 =1

T
=3 (e 19, (i) — 3 51 -
k=1
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Then,

n

D) < Y { - ale—ail+ Y bilpsle; - o)
j=1

=1

T4 T
+ > e Mai, |z — 2i| + > leiig | M, |y, — u7, |
k=1 k=1

T T
37 [ cunlyie = v )+ D Idilai i — w3
k=1 =1

r;
+ 3 (@i | (M i, — v | + Mo, |a; — w?l]},
k=1

using (3) - (6) on the response functions. Thus,
DV() < Z{ Z bjilpi Z st [Mai, = [eis (Mo, ] s —
k=1

+Z Ci, — Z || g, — |ci, | Muiy, — [Cia [M 13, ] i, — yfk|}
1=1
< —AV < 0, by hypotheses,
where A = min {Z, E} , and

n T Ti

min |a; — Z |bji|pj — Z |Ciik|M2ik — Z |Eiik |M2ik >0, 1<1<n.

j=1 k=1 k=1
B = {min

Thus, DTV (t) + AV~(t) < 0. Integrating on both sides with respect to ¢ from 0 to ¢,
we have V(t) < V(0)e=4* — 0 for large . The conclusion follows from the definition of

V.
We shall present yet another result on global asymptotic stability of equilibrium
pattern of (2) using a different Lyapunov functional providing one more set of sufficient

conditions on parameters of the system.

Theorem 3.2. Assume that the conditions (3)—(6) on response functions hold.
Furthermore the parameters satisfy the following inequalities

1 n
ai > 5 Z |bij|p; + Z |bjilpi + Z |Ciiy, | M, (11)
j=1

k 1

A

r;
Cij, — Z |di, |gi, — |cis, | Muiy, — |Gy [M13, | >0, 1<k <r;, 1<i< n}
=1

1« I
+3 > i | M, + 3 Z [Cii [ M 23,
k=1 k=1

ik

.
: 1 1. - =

> > |dilai, + 5 leii [ Mua, + 5 [Ciiy | M 20, + [€iiy | M 13,
=1
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for all i and iy. Then the equilibrium pattern of (2) is globally asymptotically stable.
Proof. We consider the functional

V(t) = Z { (Z'z(t); x¥) n i: (Yi, ;y;) } -
i=1 k=1

The derivative of V' along the solutions of (1.2), using (3.1), is given by

Vi) = 3 [(wilt) -« (@) +Zyl,€ — y )l () = i)

I

i=1

|

[ = aaln®) = ) + (@alt) =) Do b () = fi(a))

i=1

T
Hai(t) = 1) D cin (90, (@i, 9i) = 90, (25,03
k=1

+ Z { — Ciy, (ylk (t) yzk) + ylk y’bk Z d“ i y” — hi, (yz*l )]
k=1

(s, (8) — v}, ) (y (21, 9ir) — Ty, (27, y>)H

Z{—az zi(t) — a))? + |wi(t) — |Z|bw|py|$a - &j]

=1

IN

o) - 271 3 i [Maiy o — 221+ Ml — |
k=1

+ Z [ Ciy, ylk yzk) + |y1k yzk | Z |du |qll |ylz yz*l|

yi, y;‘k||eiik|(M2ik|xi = |+ Mgy, - v3,1)]]

utilizing (3)-(6). Employing the inequality ab < # and rearranging the terms we get
= * 1 = * *
< Y[t = e+ 5 3 ilps [(@alt) = w) + (@5 - )]
i=1 j=1

1< .
+5 > leii [ Moy, (i — 2})°
k=1

1 ¢ * *
+§ Z |Ciik|M1ik [(yik - yik)2 + (xi - )2}}

k=1

Ti 1 T4 1 T4 . 9
- Z {Cik ~3 Z ldilai, — 5 Z |dik|qm'k} (Yir — ¥;,.)
+5 Z (@i, | M2, (i — 7)? + |c”k|M21k (Yir, — yjk)Q

+|Eiik |]\41i;C (yik - yz*k) } :
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Thus,

M:

1 n 1 n 1 T
{ 3 Z i |p; — 5 Z |bjilpi — 5 Z |ciiy [ Mo,
=1 j=1 k=1

=1
1 T4 1 T
—5 D lein My, = 5 ZEz‘ika] (i —7)”
k=1 k=1
n T4 T4 T4
k2 1 k2 1 k2 1
-3 [Cik —5 > ldilai, — 3 > |dilai, — 5 lciiy | M,
1=1 k=1 =1 =1

1 o
—5 [ [ Mo, — |Cz‘ik|M1ik}(yik —yi)%

Then by assumptions, V' is negative definite, and hence, the conclusion follows employing
standard arguments as in earlier case (e.g., [3, 19, 26]).

We shall now provide examples to illustrate these results and establish the criteria
provided in these two results are independent.

Example 3.3. Consider

2\ 1.49 2, 032 043\ [ fi(x1)
2 ) T T\ 379 )T 018 024 )\ Fala)

N 0.25 0.53 g1, (x1,91,) 92, (22, 92,) s
0.85 0.95 912 (T1,91,) g2, (T2, 2,) I )’

v, _ _( 125y, + 0.5 0.25 fi, (91, + s
in 9 102 y12 03 01 h’12 (y12) le
B ( 0.15 g1, (1, y1,) >

0.05 g1, (‘Tlﬂyb)

yél _ 2.01 Y2, + 0.25 0.12 hgl (ygl) + J21
yéz 1.72 Y2, 0.15 0.05 h22 (y22) J22
~( 0.75 ga, (w2, y2,)
0.53 g2, (:CQ) y22) '

Let fi(z;) = tanh(z;), hi, = tanh(y,, ) and g, (zi,Yi,) = i + Yi,,. Then p; = ¢, =
Mlik = MQik = 1. Choose Iz = 10, Jlk = 10, 1= 1,2, k= 1,2

For the above system, the equilibrium pattern is given by (11.68, 4.33, 6.67, 9.40,
2.69, 3.89). It may be seen that all the conditions of Theorem 3.1 are satisfied, and
hence,the equilibrium pattern of the system is globally asymptotically stable by virtue
of Theorem 3.1. Also some of the parametric conditions of Theorem 3.2 are violated, it
can not be applied here.

Example 3.4. Consider

(4) = ~(ZEn ) (0 08 (B

+ 0.6 0.3 gll(‘rl’yll) 921($25y21) 4 Il
0.8 0.5 915 (1, 91,)  92,(T2,Y2,) I )’
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v\ (M ), (02 04N (hG) L (
y/12 1.7 y1, 04 0.6 h12(y12) J1,
_ ( 0.3 g1, (x1,91,) )

0.6 g1,(21,91,)
yél - 1.65 Y2, 02 04 h21 (921) + J21
yég 2.5 Y2, 0.4 0.6 h22 (922) J22
0.4 g2, ( 2762, y21
0.8 g2,(72,Y2,)
Choosing fi(z;) = tanh(z;), h;, = tanh(y;,) and g;, (x;,y:.) = ¥ + yi,, we have
P = qi, = Mlik = M2ik =1. Let Il = 10, Jik = 10, = 1,2, k= 1,2
The equilibrium pattern of the above system is given by ( 6.21, 4.38, 5.51, 4.06,
4.74, 2.18). Clearly, all the conditions of Theorem 3.2 are satisfied here while some of
the parametric conditions in Theorem 3.1 are violated. Thus, the unique equilibrium
pattern of system is stable by virtue of Theorem 3.2.
It may be concluded from Examples 3.3 and 3.4 that Theorems 3.1 and 3.2 are

independent of each other. The examples are simulated using ODE23 of MATLAB and
Figures 1 and 2 picturize our theoretical conclusions. We now consider the case where all

Figure 1: Behaviour of solutions in Example 3.3.

contribution of y;, has been completely received and utilized by x; as it is. That means,
we assume that ¢, g;, (7i,¥i,,) = Cii, 9y, (T4, yi,. ) for all z; and y;, . Our next result studies
the global stability of equilibrium in this case.

Theorem 3.5. Assume that the parameters of the system satisfy the following con-
ditions:

n T
= lbslpi >0, i =D ldilai >0,
j=1 =1

for all i and iy, and the response functions satisfy (3)-(6). Then the equilibrium pattern
of (2) is globally asymptotically stable.
Proof. We employ the same functional as in Theorem 3.1,

v = 3 [l il - i) (12
k=1

=1



214 P. RAJA SEKHARA RAO, K. VENKATA RATNAM, P. LALITHA AND DIPAK KUMAR SATPATHI

s - - o

Figure 2: Solutions converging to equilibrium values in Example 3.4.

Then we have

n

> [— ailzi — x|+ |bilIfi (x5) — fi(2)))]

i=1 j=1

IN

DTV (t)
T T
3 e llgin @i vie) = g @)L+ D [ = conlyon — vl
k=1 k=1
T4 T
> il (i) = Ran i) = D e 19, (i i) = 3o, (@5, ]
=1 k=1

n n

[f ailw; — x|+ Y |biglpjla; — |
Jj=1

IN

=1

<

K3

T
+ 30 = enlyi — vl D Idilai s — i) |-
=1

ke
Il
_

Therefore,

n n Ti

DIV < =7 [lai = D bsilpa o — 2|+ Y le = D o) e — v, |
i k=1

P —
i=1 Jj=1 =1

Negative definiteness of D1V follows from assumptions on parameters. The rest of the
argument is similar to that of Theorem 3.1, and thus, omitted.

Remark 3.6. Two types of approaches are possible here. For system (1), where the
dynamics of subnetwork neurons y;, (i.e., second equation of (1)) do not include terms
of main components x;, the subnetworks are allowed to converge first, x; waits to receive
this contribution and then starts working on its own for a convergence - as worked out in
Theorem 4.1 of [26]. Secondly, the case where x; works together with y;, and interacts
continuously with them for a simultaneous convergence was discussed in Corollary 2.3
of [19]. First situation may be called as a ’serial processing’ — elongates the convergence
process but the strain on the parameters is considerably less when compared to that in
second situation which may be termed as a 'parallel processing’.
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It may be noticed from Theorem 3.5 here that the strain on parameters is very less
as compared to that of Theorem 4.1 of [26] at the same time allows interactions of y;,’s
with 2; as Corollary 2.3 of [19]. Thus, influence of deactivation term g;, (z;,y;, ) in second
equation is clear. This also indicates that when the subcomponents contribute exactly
what their main components require and the main components receive what they need
with a proper interaction with their subcomponents then the system parameters are
strained less and thus, paving way for a better performance of the system.

4 Discussion

In the present paper, we studied the influence of deactivation dynamics introduced into
the supportive subnetwork of a cooperative and supportive network system. We estab-
lished sufficient conditions for global asymptotic stability of the equilibrium pattern.
Examples are provided to establish that the criteria presented are independent of each
other. It was assumed in [26] that the subnetworks of the main group always support it.
If the subnetwork is an ancillary unit established independently of the main system (but
always supports it) and survives on its own (has independent, own dynamics — second
equation of system(1)), then main system has no burden. In case if the subnetwork is
an ancillary unit that survives only because of main network or is an integral part of the
main system which needs to be defunct as soon as the task of main network is finished
either to reduce or to avoid unnecessary use of y;,’s, then system (2) comes into play
and the study in this paper becomes very relevant and useful. A look at Theorems 3.1
and 3.2 shows that the parameters have to be strained much when the contribution from
subnetwork is not utilized as it is or is not known to be the same as that required by main
network. On the other hand, the strain on parameters is much less for systems which
utilize contributions of its subnetworks completely or equivalently, the subnetworks are
contributing exactly what their main group is expecting from them. This is what The-
orem 3.5 says. Thus, systems with perfect coordination and cooperation among groups
perform well with less strain on constituent components and resources.

References

[1] Omrane, I. Ben and Chatti, A. Training a neural network using hierarchical genetic algo-
rithm for modelling and controlling a nonlinear system of water level regulation. Nonlinear
Dynamics and Systems Theory 10 (1) (2010) 65-76.

[2] Carpenter, G.A., Cohen, M.A. and Grossberg, S. Computing with Neural Networks, Science
235 (1987) 1226-1227.

[3] Gopalsamy, K. and He, X.Z. Delay-independent Stability in Bidirectional Associative Mem-
ory Networks. IEEE TNN 5 (1994) 998-1002.

[4] Hagan, M.T., Demuth, H.B. and Beale, M. Neural Network Design. CMC Publishing House,
2002.

[6] Hamza, A.A. and Rasheed, W.A.J. Cooperative Neural Network Generalization Model
Incorporating Classification and Association. Furopean J. Scientific Research (2009) 639—
648.

[6] Hopfield, J.J. Neural Networks and Physical Systems with Emergent Collective Computa-
tional Abilities. Proc. Natl. Acad. Sci. USA 79 (1982) 2554-2558.

[7] Kamel, M.S. and Youshen Xia, Cooperative Recurrent Modular Neural Networks for Con-
strained Optimization: A Survey of Models and Applications. Cogn Neurodyn 3 (2009)
47-81.



216
8]
[9]

[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]
21]
22]

[23]

[24]

[25]

[26]

P. RAJA SEKHARA RAO, K. VENKATA RATNAM, P. LALITHA AND DIPAK KUMAR SATPATHI

Kohonen, T. Self Organization and Associative Memory, third ed. Springer-Verlag, New
York, 1989.

Kosko, B. Neural Networks and Fuzzy SystemsA Dynamical Systems Approach to Machine
Intelligence. Prentice Hall of India, New Delhi, 1994.

Kulkarni, A., Sharma, M. and Puntambekar, S. Self recurrent neural network based di-
rect adaptive back stepping control for a class of uncertain non-affine nonlinear systems.
Nonlinear Dynamics and Systems Theory 11 (4)(2011) 155-164.

Luo, F.L. and Unbehauen, R. Applied Neural Networks for Signal Processing. Cambridge
Univ. Press, Cambridge, UK, 1997.

Martynyuk, A.A., Lukyanova, T.A. and Raishyvalova, S.N. On stability of Hopfield neural
network on time scales. Nonlinear Dynamics and Systems Theory 10 (4) (2010) 397-408.

Memmesheimer, R-M. and Timme, M. Stable and unstable periodic orbits in complex
networks of spiking neurons with delays. Discrete and Continuous Dynamical Systems 28
(4) (2010) 1555-1588.

Misra, B.B. and Dehuri, S. Functional Link Artificial Neural Network for Classification
Task in Data Mining. J. Computer Science 3 (12) (2007) 948-955.

Md. Monirul Islam, Xin Yao and Kazuyuki Murase. A Constructive Algorithm for Training
Cooperative Neural Network Ensembles. IEEE Transactions on nerual networks 14 (2003)
820-834.

Olivera Jovanovi. Identification of Dynamic System using Neural Network. The Scientific
Journal Facta Universities, Architecture and Civil Engineering 1 (4) (1997) 525-532.

G-Pedrajas, N., Hervas-Martnez, C. and Munoz-Perez, J. Multi-objective Cooperative Co-
evolution of Artificial Neural Networks (multi-objective cooperative networks). Neural Net-
works 15 (2002) 1259-1278.

P. Raja Sekhara Rao, K. Venkata Ratnam and P. Lalitha. Estimation of Inputs for a
Desired Output of a Cooperative and Supportive Neural Network. International Journal of
Emerging Technologies in Computational and Applied Sciences 9 (1) (2014) 99-105.

P. Raja Sekhara Rao, K.Venkata Ratnam and P. Lalitha, Delay Independent Stability of
Co-operative and Supportive Neural Networks. Nonlinear Dynamics and Systems Theory
15 (2)(2015) 184-197.

Rosello, J.L., Canals, V., Morro, A. and Verd, J. Chaos-based mixed signal implementation
of spiking neurons. Intern. J. Neural Systems 19 (6) (2014) 465-471.

Roy, S.S. Probability method of reliability for cooperative neural network, Anale. Seria
Informatica VIII (2) (2010) 160-168.

Shapiro, A.F. and Jain, L.C. Intelligent and Other Computational Techniques in Insurance:
Theory and Applications. World Scientific, Singapore, 2003.

Sharma, M. and Verma, A. Wavelet neural network based adaptive tracking control for a
class of uncertain nonlinear systems using reinforcement learning. Nonlinear Dynamics and
Systems Theory 12 (3) (2012) 279-288.

Simpson, P.K. Artificial Neural SystemsFoundations, Paradigms, Applications and Imple-
mentations. Pergamon Press, New York, 1989.

Rao, V. Sree Hari and Kumar, M. Naresh. Estimation of the Parameters of an Infectious
Disease Model using Neural Networks. Nonlinear Analysis:Real World Applications 11 (3)
(2010) 1810-1818.

Rao, V. Sree Hari and Rao, P. Raja Sekhara. Cooperative and Supportive Neural Networks
Physics Letters A 371 (2007) 101-110.



	COV-V17N2_web.pdf
	Страница 1
	Страница 2

	V17N2_print.pdf
	Introduction
	Statement of the Problem
	Preliminary Results
	Conditions of the Global Asymptotic Stability
	An Optimization of the Choice of Lyapunov Functions
	Conclusion
	Introduction
	Global Existence of Weak Solutions
	The penalty problem
	Convergence of the approximate solutions

	The Limit as b0
	Concluding Remarks
	Introduction
	Basic Results
	Example
	The Exponential Domination Number of Some Graceful Cyclic Structure
	The Exponential Bondage Number of Some Graceful Cyclic Structure
	Conclusion
	Introduction
	Hyers-Ulam Stability
	Conclusion
	Introduction
	Preliminaries.
	Proof of the Main Results.
	Introduction
	Preliminary
	Musielak–Orlicz function
	Musielak–Orlicz spaces
	Musielak–Orlicz–Sobolev spaces
	Capacity

	The Main Results 
	Preliminary lemma
	Capacity in Musielak–Orlicz–Sobolev space
	Theorem of H. Brezis and F. Browder type in Musielak–Orlicz–Sobolev spaces 
	Application to unilateral problem

	Problem Statement
	Adaptive function projective dual synchronization controller design

	 Adaptive Function Projective Dual Synchronization of Chaotic Systems
	Numerical simulation and results for function projective dual synchronization

	Conclusion
	Introduction
	Basic Properties
	Global Stability Results
	Discussion




