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Abstract: The paper is devoted to the problems of output feedback stabilization,
robust stabilization, quadratic optimization and generalized H.c-control for some
classes of linear and nonlinear dynamical systems. Sufficient stability conditions for
the zero state are formulated with the joint quadratic Lyapunov function for a family
of control systems with uncertain coefficient matrices. The solution of robust stabi-
lization problem and evaluation of the quadratic performance criterion for a family
of nonlinear control systems are proposed. Methods for construction of control laws
providing a robust stability and specified evaluation of the weighted damping level of
input signals and initial perturbations are proposed for a class of linear systems with
controllable and observable outputs. The application of the main results reduces to
solving the systems of linear matrix inequalities.
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1 Introduction

State and output feedback controllers design for dynamic systems with the prescribed
and desired properties is a key problem of control theory. At the same time, the pro-
perties of control systems such as asymptotic stability, robustness and optimality of the
performance indexes are in the foreground. The main problem in H.,-control theory is
connected with suppression of external and initial perturbations (see, e.g., [1H5] as well
as review papers [6L(7]).
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It should be noted that the practical applications of many modern methods for syn-
thesis of control systems are based on the construction and solution of linear matrix
inequalities (LMI). For this purpose, sufficiently effective computational algorithms and
appropriate tools are established in Matlab environment (see [81[9]).

In this paper, we consider classes of linear and affine control systems for which closed
loop systems can be represented in the pseudolinear form

t=M(z,t)x, ze€R" t>0,

besides, a matrix function M (z,t) can contain uncertain quantities belonging to certain
sets. Intervals, polytopes, affine families of matrices and other objects may serve as the
uncertainty sets. To define uncertainties and robust stability conditions for systems in
semiordered spaces one can use cone inequalities and intervals [5,|{10,|11]. The applied
control laws are of the form of static or dynamic output feedback. It should be noted that
at the solution of many control problems the dynamic controllers have great potential as
compared with the static controllers.

Our consideration includes the following types of problems:

e output feedback stabilization of control systems (Section ;

e robust stabilization and optimization of control systems with polyhedral uncertain-
ties (Section [3));

e robust stabilization and weighted perturbation suppression in control systems (Sec-

tion .

Throughout the paper, the following notations are used: I, is the identity n x n
matrix; O, xm is the n x m null matrix; X = X7 > 0 (> 0) is the symmetric positive
definite (semidefinite) matrix X; i(X) = {i+,i_,i0} is the inertia of Hermitian matrix
X = X* consisting of the numbers of positive (i1 (X)), negative (i_ (X)) and zero (ip(X))
eigenvalues (taking into account the multiplicities); o(A) and p(A) are the spectrum and
the spectral radius of A, respectively; Apax(X) and Apin(X) are the maximum and the
minimum eigenvalue of the Hermitian matrix X, respectively; A" is the pseudoinverse
matrix; W, is a matrix whose columns make up the bases of the kernel Ker 4; |||
denotes the Euclidean norm of the vector x € R"; Co{Al, . ,A,,} stands for a polytope
in a matrix space described as a convex full of the set {Al, ey Al,}, i. e.

Co{Al,...,AV} = {Xy:aiAi s >0,1=1,v, zy:ai = 1}.
i=1 i=1

Note that matrix intervals and affine sets of matrices are described in terms of poly-
topes.

2 Output Feedback Stabilization of Nonlinear Systems
Consider the following affine nonlinear time-invariant control system

&= A(z)x + B(z)u, y=C(z)xr+ D(z)u, (1)
where x € R™ is state vector, u € R™ and y € R! are input and output vectors, respec-

tively, A(x), B(x), C(x) and D(x) are continuous matrix functions in some neighborhood
Sp of the zero state z = 0. We will assume that rank B(x) = m and rank C'(z) = in Sp.
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Along with , consider the linear system
= Ax+ Bu, y=Cx+ Du, (2)

where A = A(0), B = B(0), C = C(0) and D = D(0). Let B+ and C* be the orthogonal
complements of B and C, respectively, i.e.

BTBt =0, det [B,B*] #£0, C*C" =0, det [CT,C*T] #0.

2.1 Static controllers

Formulate stabilizability conditions of the zero state x = 0 for systems and
through the static output-feedback controller

u= Ky, KeKp, (3)
where Kp = {K € R™*!: det(I,, — KD) # 0}. Closed loop system , has the form
& =Mz, M=A+BD(K)C, (4)

where D(K) = (I,, — KD) 'K is a nonlinear operator with the following properties:
o if K € Kp, then

D(K)=K(I, - DK)™', I,+DD(K)= (I, - DK)™*; (5)
o if K1 € Kp and K3 € Kp,, then K1 + Ky € Kp and
D(K; + K») = D(K}) + (I, — K1D)'Dy(K>) (I, - DK;) ™1, (6)

where Dl(KQ) = (Im — KQDl)_1K27 D, = (Il — DKl)_lD;
o if —Ky € Kp, then K = —D(—Ko) € Kp and

D(K) = K. (7)

According to , to achieve the desired properties and, in particular, to stabilize
system it suffices to provide a system with matrix M, = A + BKC with these
properties.

Definition 2.1 System is a-stable if the spectrum o(M) lies in the open left
half-plane C, = {X : Re A + @ < 0}, where a > 0.

Theorem 2.1 The following statements are equivalent:
1) There exists static controller ensuring a-stability of system .
2) There exists matric X = X* > 0 satisfying the relations

BT (AX + X AT +2aX) B+ <0, (8)

AX + XAT + 20X XCT

i(A)={l,n,0}, A= oY 0 . (9)

3) There erxist mutually inverse matrices X = X7 > 0 and Y = YT > 0 satisfying
the relations and
CHATY + YA +2aY)CH <0, (10)
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When one of the statements 2) or 3) is true, then the controller
u= Ky, K=-D(—-Kjp)€Kp, (11)
where Ky is a solution of the LMI
AX 4+ XAT + 20X + BKoCX + XCTKI' B <0, (12)
ensures a-stability of closed loop system .

For the equivalence of the statements 1) and 2) in Theorem see [5]. Equivalence
of the statements 2) and 3) follows from the correlations (see |10, p. 147])

i (A) =ip(Ar) =is (CHL1CHT) +1,

where
CrL,c* |0 CctLiCT
Ay = RTAR = 0 0 I, ,
C+TLch_T Il C+TL10+

yc+tT o vcCt

o 1 o | detR#O

L =ATY +YA+2aY, Y=X1 R= [
For the equivalence of the statements 1) and 3), see also [4].

Theorem 2.2 [12] Let one of the statements 2) or 3) of Theorem[2.1] hold for system
, Then relations and determine static controller ensuring asymptotic stability
of the state x = 0 and quadratic Lyapunov function v(z) = z7Yx of nonlinear closed

loop system , .

2.2 Dynamic controllers

The dynamic output feedback stabilization problem for system consists in finding, if
possible, a dynamic control law described by

£=2Z6+Vy, u=U¢+Ky, (13)

where £ € R” and r < n, such that the zero state of closed loop system is asymptotically
stable. Equations and may be represented by control system in the extended
phase space R"" with static controller

K

=A@z +B@u, j=C@z+D@)u, u : (14)

I
<)

8)-

where

07‘><n O’I'X’I‘

0@) = [ Clz) Oixr } . D) = [D(:c) Orxr

U

Z

AG) = [ A(x)  Opxr ] . BG) = [ B(z) Opxr ]’
OT’Xn I’I” :|

OT‘X’ITL OT‘XT
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If K € Kp, then linear closed loop system , has the form

i=Mz, M=A+BD®K)C, (15)
where A = A(0), B = B(0), C = C(0), D = D(0), D(K) = (Im4r — KD)"'K, and
B(R) = DK) | (n.—KD)™'U
VI, -DK) ' | Z+VD(,—KD)"'U |’
7 M | B(.-KD)'U
|V -DK)'C|Z+VD{U,—-KD)'U |’

Theorem 2.3 The following statements are equivalent:
1) There exists dynamic controller of order r < n ensuring a-stability of closed

loop system .
2) There exist matrices X and Xo satisfying the relations and

i(Ag) ={l,n,0}, X >Xy>0, rank(X —Xy)<r, (16)
where

A — AXy + XoAT +2aX, XoCT
0= CX, 0

3) There exist matrices X and Y satisfying the relations , and

Iy

W:[In Y

} >0, rankW <n-+r. (17)

Proof of Theorem follows from the corresponding statements of Theorem tak-
ing into account the structure of block matrices in (see [12]). In [12], a computation
algorithm of finding a stabilizing dynamic controller for nonlinear systems has
been proposed on the basis of Theorem |2.3

Remark 2.1 Note, that matrices X and X satisfy statement 2) iff matrices X and
Y = X! satisfy statement 3). From it follows that matrices X and Y are positive
definite. The rank restriction in always holds in case of full order r = n dynamic
regulator.

3 Robust Stabilization and Optimization of Nonlinear Systems

We formulate an auxiliary statement that will be used in the proofs of our main results.
Consider a nonlinear operator

F(K)=W +UTD(K)V + VDT (K)U + VID?(K) RD(K)V (18)

with D(K) = (I,, — KD)7'K and an ellipsoidal set of matrices
K={KeR™!: KTPK < Q}, (19)
where P=PT >0, Q=Q" >0, R=R" >0, W=W7" <0, U, V and D are matrices

of suitable sizes. Matrix inequality in is equivalent to the following KQ 'K < P~1.
Therefore, in case of m = 1 the ellipsoid K is described by a scalar inequality.
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Lemma 3.1 [13] Suppose that the following matriz inequalities hold:

wouT VT
DTQD+R<P, Q=| U R-P DT |<0(<0). (20)
Vv D Q!

Then F(K) <0 (< 0) for every matriz K € K.

Note that Lemma 3.1 is a generalization of the sufficiency statement for a criterion
known as Petersen’s lemma on matrix uncertainty [14] (see also [15]). In Lemma
letting D = 0, R = 0, P = ¢l,, and Q = ¢l;, where ¢ > 0, we get the sufficiency
statement of Petersen’s lemma.

Consider a nonlinear control system in the vector-matrix form

E(x)t = A(z, )z + B(z,t) u, y=0C(z,t)x+ D(z,t)u, t>0, (21)
where z € R”, v € R™ and y € R'. We construct a set of the static controllers
w=K(et)y, Kot =K.t +K@t), Kb)ek, (22)

where /C is an ellipsoidal set of matrices of the form . We assume that the matrices
E, A B, C, D, K and K, depend on z and ¢ continuously and the equilibrium state
x = 0 is isolated, i.e., the neighborhood Sy = {x € R™ : ||z|| < h} does not contain other
equilibrium states of this system. If K € Kp, then the closed loop system , can
be represented as

E(z)t = M(xz,t)xr, M(z,t)= A+ BD(K)C. (23)

Let the zero state of this system for K = K, be asymptotically stable. When looking
for the stabilizing matrix K, in the class of autonomous systems , one can use Theorem
and its special cases. The problem is to construct conditions under which the zero
state of system is Lyapunov asymptotically stable for every matrix K(z,t) € K. We
find a solution for our problem in terms of a quadratic Lyapunov function (see [5l/13]).

Theorem 3.1 Let for some matriz functions X (t) = X1 (t) and K.(z,t) at x =0
and t > 0 the correlations

e, < X(t) < EQIn, 0<er < €9, (24)
ETXE+ MTYXE + ETXM, +¢0I, ETXB, CT
BTXE —-P DT | <o, (25)
C., D, —Q!

hold with g > 0, M, = A+ BD(K,)C, B, = B(I,, — K,D)"\, C, = (I, — DK,)"'C,
D, = D(I,, — K.D)™'. Then any control ensures asymptotic stability of the zero
state x = 0 for system and a common Lyapunov function v(z,t) = 2T ET X (t)Eoz,
where Fo = E(0).

Consider control system with quadratic quality functional

J(u, o) = /000 o(xz,u,t) dt, (26)
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where
s0=2(0) pleut) = [Tl o | 7).

u

@(t):[NST ];” R>0, S>NR'NT4+qnI,, n>0, t>0.

Theorem 3.2 Let for some matriz functions X(t) = XT(t) and K.(x,t) at x = 0
and t > 0 the correlations and

ETXE+MTXE+ ETXM, +®, +¢0l, ETXB,+N.,+CTKTR, CT
BI'XE + NI'+R.K.C R.,—-P DI | <o,
C* D* _Q_l

(27)
hold with ey >0, ®, = LT®L,, M, = A+ BD(K,)C, B, = B(I,, — K,D)" !,
C, = (I, - DK,)~'C, D, = D(I,, — K.D)~, R, = (I, - K,D)"'TR(I,, — K,D)"!,
N, = N(I,, — K.D)™', LT = [I,,CTDY(K,)]. Then any control ensures
asymptotic stability of the zero state x = 0 for system , a common Lyapunov
function v(z,t) = 2T EI X (t)Eoz, where Ey = E(0), and a bound on the functional
J(u,z0) < v(x0,0).

Corollary 3.1 Let for some matrizr X = XT > 0 and K, the system of LMI

MZ, XE, + ETX M, + LT, ®L., ETXB.j+ N.+ CIKTR, C7,
BT XE, + NI +R.K.Cj, R,—P DT | <0, (28)
C*k D* _Q_l

i:Laa j:ma k:m7 S:ﬁa

hold with M*ijk: =A; + BJD(K*)Ck, B*j = Bj(Im — K*D)_l, Cir, = (Il — DK*)_le,
D,=D(,, - K.D)"%, R, =(I,, - K.D)"'*"R(I,, — K.D)"!, N, = N(I,,, — K.D)™ !,
LT = [I,L,CgDT(K*)]. Then any control ensures asymptotic stability of the zero

state x = 0 for system with uncertainties
A(OJI) S CO{Al,...,Aa}, B(O,t) S CO{Bl,...,Bﬁ}7 (29)
C(0,t) € Co{Ch,...,C,}, E(0) € Co{Er,...,Es},

and a bound on the functional J(u,zo) <w = max. ¥ ET X E .
757

Note that the proof of Theorems [3.1] and [3.2] follows directly from Lemma [3.1] and
Lyapunov theorem on asymptotic stability taking into account representation of deriva-
tive of Lyapunov function v(z,t) with respect to system in the form of a quadratic
function with matrix of the form and application of formula (6] (see [5}[13]).

4 Generalized H,,-Control

4.1 Weighted level of perturbation suppression
Consider a dynamical system with external perturbations
&= f(z,w,t), y=glx,wt), x(0)=uxz9, t>0, (30)

where z € R", w € R® and y € R are the state, the norm-limited external perturbations
and the output vector, respectively.
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Definition 4.1 The dynamical system is called nonezpansive, if

T T
/ y()TQy(t)dt < / w(t)T Pw(t)dt + xf Xoxo
0 0

for all square-integrable functions w(t) and T > 0, where @, P and X, are weight
symmetric positive definite matrices.

We introduce the performance criterion of system with respect to output y:

J = sup o(w, o), (31)
O<Hw||?3+a;ngwg<oo
where
_ ||?J||Q 2 _ > T O d 2 _ > T pw d
p(w,z0) = o lylls = y Qudt, |w|p = w' Pwdt.
0 0

Vw3 + 28 Xoxo

In case of xg = 0, we denote J by Jy. It is obvious, that Jy < J and J < 1 for a
nonexpansive system. The value J describes the weighted level of external and initial
perturbation suppression in system . If P=1I,, Q=1 and Xg = pl,, then J and
Jo coincide with known performance criteria of dynamical systems [16]. For the class of
linear systems

&= Az + Bw, y=Cz+ Dw, z(0)=x, (32)
the value Jy is equal to H..-norm of the transfer function H(\) = C(\l,, — A)"'B + D
at g = 0 (see, e.g., [3]).

Lemma 4.1 Let A be a Hurwitz matriz. Then an evaluation Jy < v for system
holds iff the LMI

[ ATX + XA+ CTQC XB+CTQD

®=| " Brx4+proc  pTQD-~2P | <" (33)

has a solution X = XT > 0. To perform the evaluation J < ~ it is necessary and
sufficient that LMI has a solution X such that
0< X <~v*Xy. (34)

Proof. Sufficiency. Construct the quadratic Lyapunov function v(z) = 27 Xz for
system and evaluate the expression

. X
e e T

where (z) is the derivative of v(x) with respect to system. Integrating given expression

and in view of and , we have
113 < A (lwl3 + 25 Xozo),  e(w,x0) < 7.

The strict matrix inequalities and hold if we replace v by v — € for some small
e > 0. Therefore, p(w,z9) < v —¢ and J < . In particular, in case of xg = 0 the
inequality Jy < v holds.
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Necessity. Use the expansions @ = @T@, P = ﬁTﬁ, Xo = )?g)?o and transform
system :
=A%+ Bw, §=Ci+Dw, (0)= 7o,
where T = )?Om, y= @y, w = ﬁw, A= )?()A)?l, B = )?OBﬁfl, C = @C’)N(O_l and
D = QDP~'. Then the performance criterion has the form

- R

o<||@l?,, +35 Fo<oo y /@12 + L To

If J < 7, then for some matrix X = X7 (see |16, Theorem 1))

ATX +XA XB CT

0<X <+, Q= BTX —42I,, DT | <0
C D -
or
B ATX +XA XxB CT
0< X <~%Xy, Q=57T08 = BTX —~2P DT | <o,
c D Q!

where X = )?g)?)?o, S = diag {)Zo,ﬁ,@_lT}. By Schur’s lemma, the last matrix
inequality reduces to the form .

Remark 4.1 If Jy <, then system with an uncertainty
1 T

is robust stable and has a common Lyapunov function v(z) = 27 Xx. This fact follows
from Lemma and [13} Theorem 1]. The functional ¢(w,zg) on the set of functions
(35) accepts the minimum value, if ©7 PO = . In particular, if k¥ < s and x¢ = 0, then
we have p(w,0) =~ for

Ika k= S,
T
I, Opxes—i] , Kk <s.

0= (VP)'E/Q, E:{[

It follows from Lemmathat the performance criteria J and Jy of system may
be computed as the solutions of the corresponding optimization problems:
Jo=inf{y:®, <0, X >0}, J=inf{y:®,<0,0<X <+*Xo}. (36
Consider the affine system with norm-limited external perturbations
& =A(r)r + B(z)w, y=C(x)zx+ D@)w, z(0)==xo, (37)

where A(z), B(z), C(z) and D(zx) are continuous matrix functions in Sg. We can for-
mulate the following lemma (see the proof of sufficiency statement of Lemma |4.1)).
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Lemma 4.2 Suppose that there exists a matric X = XT > 0 satisfying the matriz
inequality

[ AT(2)X + X A(z) + CT(2)QC(z) XB(z)+ CT(2)QD(x)

0, (z) = BT(2)X + DT (2)QC(x) DT(2)QD(z) — 2P | <0 ()

for all x € Sg. Then Jy < vy and the zero state x = 0 of system with uncertainty
is robust stable with a common Lyapunov function v(x) = z¥ Xx. In addition, if
the restriction 0 < X < ~v2X holds, then J < 7.

4.2 Static controllers with perturbations

Consider control systems , and the performance criteria J and Jy of the form
(31). We are interested in control laws that ensure nonexpansivity property of close loop
system and minimize J and Jy. A control law is said to be J-optimal, if corresponding
close loop system has minimum performance criteria J. A Jp-optimal control law is
H.-optimal in case of the identity weight matrices P and Q.

Primarily, we consider the static output-feedback controller

u=K,y+w, (39)

where w € R™ is a vector of bounded perturbations and K, € Kp is an unknown matrix.
Assuming that det [Im - K *D(x)] # 0, x € Sy, we rewrite the corresponding close loop
systems in the form

&= Ad(2x)z+ Bi(v)w, y=Cix)z+ Di(x)w, z(0)==xo, (40)

&= Az + Buw, y=C.x+ D.w, z(0)=ux, (41)

where A, (z) = A(z) + ff(x) I, — K.D(z)] "' K.C(x), B. (x) = B(@)[In — K.D(z)] ",

Cu(z) = [I,—D(z)K.] C(z), Di(z) = [,—D(z)K.] "D(z), A. = A.(0), B, = B.(0),
C, = C.(0), D, = D.(0).

Theorem 4.1 [18| For linear system , there exists an output-feedback controller
(139) such that J <~ iff the following correlations are feasible:

ATX + XA+CTQC XB+CTQD

T

WR |: BTXx 4 DTQC DTQD _ ’Y2P Wgr < 0, (42)
AY +YAT + BP'BT Y(CT + BP DT

Wi { cy + pp'pT  ppipT -yt |WE <0 (43)

0< X <+%Xy, XY =-%I,, (44)

where R = [C, D], L =[BT, DT]. Herewith, the zero states v = 0 of systems and
with uncertainty are robust stable with common Lyapunov function v(z) = 27 Xx.

Remark 4.2 The gain matrix K, in Theorem may be constructed in the form
K. = Ko(I, + DKy)™', —K,€Kp, (45)
Here K is an arbitrary solution of the LMI
LYKoRy + RYKI Lo +Q <0, (46)
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where Ry = [R, lel], Ly = [L,Ome] X,

N X 0 0 ATX+XA XB C*
X=|0 0 |, Q= BTX -p D7
0 In 0 C D -Q!

Lemma 4.3 [17] LMI has a solution Kq if and only if
W[ QW <0, Wi QWg, <0, (47)

where Wi, (Wg,) is a matriz whose columns make up the bases of the kernel Ker Lo
(Ker Ry).

4.3 Dynamic controllers with perturbations
Consider control systems and with the dynamic output-feedback controller
§=Z6+Vy, u=Ut+Ky+w, £0)=0, (48)

where w € R™ is a vector of bounded perturbations, Z, V, U and K are unknown
coefficient matrices. If K € Kp, then linear close loop system (2), reduces to the
form

7=Mz+Nw, y=Fz+Gw, %(0)=72o, (49)
where
~ |z ~ | = J/\i* A+ BKyC BUy, ]’\}7 B+ BKyD
T = € ) Ty = 0 ’ - ‘/OC ZO ) - VE)D )

F=[C+DK,C,DUy]|, G=D+DK,D, Ky=D(K),
Up=In—KD)'U, Vo =V(I,-DK)™*, Zy=2+VD({,, —KD) 'U.
We give the following auxiliary statement (see also [16] in case of y = 1).

Lemma 4.4 Gain matrices X > 0, Y > 0 and number v > 0, there are matrices
X eR™" X5 e R™7, Y, € R™*™ and Yo € R™ " such that

S X XlT S Y le SS9
X_[Xl X2}>0’ Y_{Yl Y, >0, XY =+"I,., (50)
if and only if
| X A,
W = { N, Y } >0, rankW <n-+r. (51)

Applying Lemmas and Theorem to system (49, we get the following

result.

Theorem 4.2 (18] There exists a dynamic controller (48)) such that the evaluation
J < 7 holds for linear system , iff the LMI system , (142), and is solvable
with respect to X = XT >0 and Y =Y > 0. Herewith, a close loop system with
uncertainty s robust stable.
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Remark 4.3 The coefficient matrices of dynamic controller (48]) in Theoremmay
be constructed in the form

K= (Im —+ KoD)ilKo, U= (Im + KoD)ion,

52
V =Vo(li + DKo) ™, Z = Zo — VoD(Im + KoD)™'Ug, 52
by solving LMI
L"KoR+R'KI'L+Q <o, (53)
where
ATX + XA ATXT XxB (7 XB XT
G- X, A 0 X;B 0 ;r_ | XiB X
= BTX BTXT _p DT |’ =1 o 0 |’
C 0 D —Q! D 0
~ [Cc 0o D o ~ [ K, U
R_{o I 0 0]’ KO_[VO ZO}’

Here X, X; and X5 are blocks of matrix X in .

If K € Kp, then det [Im—KD(x)} = 0 for all x € Sy, where Sy is some neighbourhood
of the point z = 0, and nonlinear close loop system , reduces to the form

=M@+ N@w, y=F@)i+G@w, z(0)=7, (54)

where all coefficient matrices are continuous in Sy. Therefore, the dynamic controller
(148), ensures robust stability of the zero state Z = 0 of system with uncertainty
(35) and a common Lyapunov function v(#) = 2T XZ. To evaluate characteristics Jy and

J of system , we can apply Lemma

4.4 Control systems with controlled and observed outputs

Consider the control system

& = Ax + Byw + Bou, x(0) = xg,
z = 01117 + an + l)lgu7 (55)
y = Cox + Doyw + Daou,

where z € R", u € R™, w € R*, z € R¥ and y € R are the state, the control, the norm-
limited external perturbations, the controlled and observed outputs, respectively. We
are interested in static and dynamic control laws that ensure nonexpansivity property
of close loop system and minimize the performance criteria J and Jy with respect to
controlled output z of the form , where

Z oo o0
plw,z0) = ——2la = [ SQza fulp= [ uTPwa
0 0

b)
Vw3 + 28 Xoxo
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4.4.1 Static controllers

If we use the static output feedback controller

u=Ky, K €Kp,,, (56)
then closed loop system , has the form
t=Mz+ Nw, z=Fr+Guw, z(0)=umx, (57)

where M = A+B2K002, N = Bl+B2KOD21, F = Cl+D12K()CQ, G = D11+D12KOD21,
Ko = (I, — KDy) 'K. To formulate an analog of Theorem we construct the
following LMI

ATX + XA+ CTQCy XBy +CTQDy
Wi ’ ! Wg <0, 58
f { B?X + DEQCl DEQDH - ’72P R ( )
AY +YAT + P~ 'BT  yCT + B, P 1DT,
r 1 1 1 1 11
Wi [ C1Y + Dy P7'BT Dy P7IDT, — 42Q7! Wi <0, (59)

where R = [C, D1 |, L= [BI,DL].

Theorem 4.3 For linear system , there exists an output feedback controller
such that J < ~ iff the system of correlations , and is feasible. Herewith,
system with uncertainty

w= %@z, eTprPo <Q, (60)

is robust stable with common Lyapunov function v(x) = 27 Xx.

If we use a static state feedback u = Kux, then Cy = I,,, Dy; = 0 and Dyy = 0. In
this case the correlations and can be written as

|:X0 In

Iy ] >0, DLQD,; —+*P <. (61)

Corollary 4.1 For linear system , there exists a state feedback controller u = Kx
such that J <~y iff the LMI system and (61)) is solvable for some matrirY =Y 7T > 0.
Herewith, system with uncertainty (60) is robust stable with common Lyapunov
function v(z) = 22ty ~tx.

Remark 4.4 The gain matrix K in Theorem and Corollary may be con-
structed as
K = Ko(I; + D32 Ko) ™', =Ko € Kp,,, (62)

where K is an arbitrary solution of LMI:
L"KoR+RTKIL+0Q <0,

where R = [R,Oixk |, R=[C3,Da], L= [L,OmXS})?v L=[B],Dh],

B X 0 0 ATX + XA XB, CT
X=l0 0 |, Q= BT X -?P DY,
0 I, 0 Ch Dy —Q7!
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4.4.2 Dynamic controllers

If we use the dynamic output feedback
§=Z6+Vy, u=Ut+Ky, £0)=0, (63)
with K € Kp,,, then closed loop system (55), has the form
i=Mz+Nw, z=Fi+Guw, #0)=21o, (64)
where
~ x ~ Zo F A+B2K002 BQUO Y 5 > A
$_|:§:|’ $0—|:0:|, M—|: ‘/E)CQ ZO —A+BQKQCQ,
S By + By KoDay 5 A PTD
N = = By + Bo Ky Doy,
[ VoDas } 1+ DaksoDay
F= [C1 + D12KCa, D12Ug| = C1 + D12KoCo,
G = Dy + D12KoD2y = Dy + D12Ko Doy,
~ A 0 ~ B 0 ~ C 0
A= nxr ,B: 2 nxr ,C:|: 2 l><7‘:|7
[ow Orxr } 2 [om I ] 27 [ Oxn I
=~ | Ko U S | B ~ | Dy
KO l:VO ZO:|,Bl_|:0r><s:|7D21_|:0'r‘><5:|7
C = [C1, Oxr] s Dyy = [D12, 0kxr].
Here the blocks of matrix IA(O
Ky = (Im — KDQQ)_1K7 Uy = (Im — KDQQ)_lU,
‘/():V(Il—DQQK)il’ ZOZZ+VD22(Im_KD22)71U7
are unknown, and
U = (Im + K0D22)71U0,
(65)

K = (I, + KoD22) ' Ky,
Z =Zy — VoDoo (I, + K0D22)_1U0-

V =Vo(l; + Dy Kop) 1,
Applying Lemmas and Theorem to system , we get the following

result.
Theorem 4.4 For linear system , there exists a dynamic controller such
that J < v iff the system of correlations , , and is feasible. Herewith,

system with uncertainty is Tobust stable.
Remark 4.5 The coefficient matrices of dynamic controller in Theoremmay
be constructed in the form by solving the LMI
(66)

LTKoR+ RTKIL+Q <o,

where
ﬁ: [Elaol+r><k]a ﬁl = [623ﬁ21]7 E: [Zlaom+r><s]5€a z/\1 - [Eg,ﬁg],
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Cr% oo o FRexA 5B O o
X=10 0 I |, Q= BTX —*P DY X = { X X1 ] .
0 I, 0 C Dy —Q7t ' ’

Herewith, system (64]) with uncertainty has common Lyapunov function v(z) =
AT T~
' XZ.

We give the following algorithm for constructing stabilizing dynamic controller
satisfying Theorem [£.4]

Algorithm 4.1 1) calculate the matrices Wx and Wy, where R = [C3, Doy | and
L=[B],D}];
2) find the matrices X = X7 > 0 and Y = YT > 0 satisfying , , and

B9D;
3) construct the expansion Z =Y — 42X~ = VIV V € R"™*", kerV = kerZ and
form the block matrix

X:{X XlT

1 1
>0, X;=-VX, Xy;= —vxvT I
X, X, ] 1 ~ 2 7 +

4) solve the LMI under restriction det(I,, + KoDay) # 0;
5) calculate the coefficient matrices of dynamic controller by formula .

Static and dynamic output-feedback controllers and with K € Kp,, may
be applied to a class of affine systems

&= A(z)x + Bi(z)w + Ba(z)u, x(0) = xq,
z = C1(x)x + D11(z)w + Dia(2)u, (67)
y = Co(x)z + Doy (z)w + Das(z)u.

So, close loop system , @ reduces to the form
i=M@E7Z+N@w, z=F@)7+G@w, =(0)=7. (68)

(
As a result, the dynamic controller , (65) ensures robust stability of the zero state
(

Z = 0 of system with uncertainty (60) and a common Lyapunov function v(Z) =
zT X7. To evaluate characteristics Jy and .J of system 1@] we can apply Lemma

Remark 4.6 Note, that we have necessary and sufficient conditions for an evaluation
Jo <y represented by the corresponding statements of Theorems [£.1] - [4.4] without usage
of additional restriction X < v?X,. With the use of static state feedback or full order
dynamic controllers the problems under consideration are reduced to the solution of LMI
systems. We can formulate analogs of Theorems [I.1]—[4:4] for the corresponding control
systems with the uncertainties

A€ Co{A',..., A"}, B, € Co{B},..., B},

C, € CO{C%,...,C{S}, Dy, € CO{Dh,...,D’ﬁL}.

In addition, sufficient statements of these theorems may be generalized for the corre-
sponding affine control systems with continuous coefficient matrices (see Lemma [4.2)).
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Example 4.1 Consider a controlled linear damped oscillator described by system

with

0 1 0 1 0
A_|:—Wg _§:|aBl—B2—|:1:|7OI_|:O 0:|702_|:1a0]7

0 0
D”[O]’ Du{l}’ Doy = Dyy =0, »’U[Z}a Z|:Zj:|7 Y=

Taking into account in the absence of control, we get Jy = 1,001 and J = 1,289
assuming that

§=01, w=1 P=1 Q= [ a0 ] on[pl 0 }

0 ¢

where g1 = 0,01, g5 = 0,1, p; = p2 = 0,04. Figure [I] shows the dependence J of § and

wp. The damping level of input signals and initial perturbations of oscillator decreases

with the increase of its natural frequency wg and does not change with the increase of
the damping factor 4.

10 1

Figure 1: The dependence J(4,wo). Figure 2: Uncertainty region.

Next, using Algorithm [£.1] we performed minimization of the parameter v satisfying
Theorem [£:4] As a result for v = 0,865, we constructed an approximate J-optimal
dynamic controller with the coefficient matrices

7 —0,06612 —0,09307 V= —0,00037
| 0,23117 —1,05843 |’ | 0,11011 |’

U=][-0,31404 3,90247], K = —0,23776,

that provides a robust stability and nonexpansiveness of close loop system. This regu-
lator significantly reduced the damping level of input signals and initial perturbations
of oscillator. For example, for the indicated values of parameters we have Jy = 0, 39062
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and J = 0,86181 < 1. The oscillator with constructed regulator preserves asymptotic
stability for any perturbation function (see Figure [2)

1 02 03 1
w(t) = —0z(t), O = [91,6’2], =+ =<1, Jw| € V@12 + gau?. (69)
0 q1 q2 Y

The dependences Jy(q1,¢2) and J(p1, p2) for close loop system are shown in Figures

and [4] respectively.

Figure 4: The dependence J(p1, p2) (close

The dependence Jo(q1,q2)
loop system).

Figure 3:
(close loop system).

15
x " —_x
1 I\ !
[ -=X
! —
o510 1 [y !
1 \ e~ 0T ]
Y oty S R A
T \ 1 ~ 7
AN \
057 4
1
A
1571
1
1
-2 [l
2,5 - -2,5 :
0 5 10 15 20 ; 25 0 5 10 15 20 ¢

Figure 5: System behavior without control. Figure 6: Close loop system behavior.

25

Figureshows system behavior without control for the initial vector x¢ = [1, —2]T and

Figure 6|shows close loop system behavior for the initial vector Zo = [1, —2,0,0]7, wherein

the perturbation function w has the form with © = \/I_D_IE\/@ = [Va1/2,vVa/2],

where E = [1/v2,1/V2], ETE < I.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 17 (1) (2017) 59

References

(1]

[11]
12
13
[14]
[15)
[16]
17)

18]

Zhou, K., Doyle, J.C. and Glover, K. Robust and optimal control. Englewood: Prentice
Hall, 1996.

Dullerud, G.E. and Paganini, F.G. A Course in Robust Control Theory. A Convex Ap-
proach. Berlin: Springer-Verlag, 2000.

Polyak, B.T. and Scherbakov, P.S. Robust Stability and Control. Moscow: Nauka, 2002.
[Russion]

Balandin, D.V. and Kogan, M. M. Synthesis of Control Laws Based on Linear Matrix
Inequalities. Moscow: Fizmatlit, 2007.

Mazko, A.G. Robust Stability and Stabilization of Dynamic Systems. Methods of Matrix
and Cone Inequalities. Proceedings of the Institute of Mathematics of NAS of Ukraine,
Vol. 102. Kyiv, 2016. [Russion]

Polyak, B.T. and Scherbakov, P. S. Hard Problems in Linear Control Theory: Possible
Approaches to Solution. Automation and Remote Control 66 (5) (2005) 681-718.

Aliev, F. A. and Larin V. B. System Stabilization Problems with Output Feedback (A Sur-
vey). Prikl. Mekh. 47 (3) (2011) 3-49. [Russion]

Boyd, S., Ghaoui, L. El, Feron, E. and Balakrishman, V. Linear Matriz Inequalities in
System and Control Theory. SIAM Studies in Applied Mathematics, 15. — Philadelphia:
PA, 1994.

Gahinet, P., Nemirovski, A., Laub, A.J. and Chilali, M. The LMI Control Toolbox. For
Use with Matlab. User’s Guide. Natick, MA: The MathWorks, Inc., 1995.

Mazko, A.G. Matrix Equations, Spectral Problems and Stability of Dynamic Systems. Int.
book series “Stability, Oscillations and Optimization of Systems”, Vol. 2 (Eds A. A. Mar-
tynyuk, P. Borne and C. Cruz-Hernandez). Cambridge: Cambridge Sci. Publ., 2008.

Mazko, A. G. Cone Inequalities and Stability of Dynamical Systems. Nonlinear Dynamics
and Systems Theory 11 (3) (2011) 303-318.

Mazko, A. G. and Kusii S. M. Stabilization and external perturbation suppression problems
in control systems. In: Zb. prac. Inst. mat. NAN Ukr. 12 (5) (2015) 90-108. [Russian]

Mazko, A.G. Robust Stability and Evaluation of the Quality Functional for Nonlinear
Control Systems. Autom. Remote Control 76 (2) (2015) 251-263.

Petersen, I. A Stabilization Algorithm for a Class of Uncertain Linear Systems. Syst. Control
Lett. 8 (3) (1987) 351-357.

Khlebnikov, M. V. and Shcherbakov, P.S. Petersen’s Lemma on Matrix Uncertainty and
Its Generalizations. Autom. and Remote Control 69 (11) (2008) 1932-1945.

Balandin, D. V. and Kogan, M. M. Generalized H..-Optimal Control as a Trade-off Between
the Hoo-Optimal and v-Optimal Controls. Autom. Remote Control 71 (6) (2010) 993-1010.

Gahinet, P. and Apkarian, P. A Linear Matrix Inequality Approach to Hs, Control. Intern.
J. of Robust and Nonlinear Control 4 (1994) 421-448.

Mazko, A.G. and Kusii S. N. Output stabilization and evaluation of the damping level of
external perturbations in control systems. Nonlinear Oscillations 18 (3) (2015) 373-387.



	Introduction
	Output Feedback Stabilization of Nonlinear Systems
	Static controllers
	Dynamic controllers

	Robust Stabilization and Optimization of Nonlinear Systems
	Generalized H-Control
	Weighted level of perturbation suppression
	Static controllers with perturbations
	Dynamic controllers with perturbations
	Control systems with controlled and observed outputs
	Static controllers
	Dynamic controllers



