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Abstract: Integral equations offer a natural fixed point mapping, while an integro-
differential equation

x
′(t) = −g(t, x(t))−

∫
t

0

A(t− s)f(x(s))ds

often prompts us to write it as an integral equation. This can be a mistake. We can
convert it to an integral equation by a direct fixed point substitution which yields a
very fixed point friendly equation. It is a natural sum of a continuous and compact
map. Our first contribution here is to note that the direct fixed point process can
change the continuous map to a compact map so that we have the sum of two compact
maps and it is ready for Schauder’s theorem instead of the much more complicated
Krasnoselskii theorem which we usually expect to need. Schauder’s theorem still
requires that we find a self mapping set and that can be difficult. So we continue and
combine the direct fixed point process with positive kernel theory so that we have an
automatic a priori bound on all possible solutions of a homotopy equation. This gives
us existence and boundedness of solutions of a wide class of problems from applied
mathematics and it solves a classical problem which has been raised several times
since 1960. See “Main note” following (3.1). That first contribution is a continuation
of an earlier brief note in which we discovered that the direct fixed point process
changed a Lipschitz map of an integro-differential equation into a contraction map,
while here it changes a continuous map into a compact map.
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