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Abstract: We prove the existence and the regularity of minima for functional whose
prototype is:

— ﬂ _/ 1,p
J(u) _/ T+ Ju])r dx QFAVu dz, uwe Wy?P(Q),

where Q is a bounded domain of IRY, p > 1 and a > 0. The function F belongs to

some Lebesgue space.

Keywords: non-linear elliptic equations; degenerate coercive truncations; calculus
of variations.

Mathematics Subject Classification (2010): 35J60, 35J70, 46E35, 35B45.

1 Introduction and Statement of Results

In this paper, we deal with the study of minima for functional whose prototype is:

. |Vu|p _/ 1,p
J(u) _/ 7(1 a7 dx QF.VU dx, ue Wy*(Q), (1.1)

where  is a bounded open subset of RN, N > 2,a > 0, and and 1 < p < N. The
datum F belongs to the space (L"(Q))" for some r > 1.
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The search of sufficient condition to secure that the functional J(u) =
/ a(z,u, Vu) dx attained an extreme value has a long history (see B. Dacorogna [g]). R.
Q

Tahraoui, A. Cellina and S. Perrotta in [6l12] prove that the functional J admits a unique
minimum, without any assumptions on a, except for the lower semi-continuity and the
growth condition. Landes in [I0] has shown that if J is weakly lower semi-continuous at
one fixed level set, then this level set is an extreme value of J or the defining a is convex
in the gradient.

The functional J (see (1.1)) is defined on W, ?(), when > p, but it may not be
coercive on the same space as u becomes large (see Example 3.3 of [3]). Thus even if J
is lower semi-continuous on WO1 P(Q) as a consequence of the De Giorgi theorem, the
lack of coerciveness implies that J may not attain its minimum on W, ?(Q) even in
the case in which J is bounded from below (see Example 3.2 of [3]). To overcome this
difficulty we will reason (as in [3]) by extending the functional J to W, %(Q) for some
q < p depending on «. Thus functional attains its minimum on this larger space when
r > ¢'. In the same way we cite the recent works of Boccardo and Orsina [I},2].

In this paper, we will prove several results of existence and regularity of minima
(depending on the summability of the datum F') for functional .J.

Let us give the precise assumptions on the problem that we will study. Let €2 be a
bounded open subset of RN, N > 2. Let 1 < p < N, and let a : @ x RY — IR be a
Caratheodory function (that is, a(.,t) is measurable on ) for every ¢ € IR, and a(z, .) is
continuous on IR for almost every x in ), such that the following assumption

(14'5% <a(z,t) < A (1.2)

for almost every z in Q, for every ¢ in IR where «, 5y and (1 are positive constants. We
furthermore suppose that:

0<ac< %. (1.3)
The function F is such that:
|[Fle L"(Q) forsome r>7p. (1.4)
Example of the function a that satisfies (2] is:

Bo
(b(z) + [t])*?”

a(z,t) =
where b is a measurable function on €2 such that:
0< B2 <b(x) <pBs for almost everywhere in €, (1.5)
where By and (3 are two positive constants.

Similar problems have been considered in [3], more precisely the authors have studied
the existence and the regularity of minima for functional:

I(u) :/Qa(x,u)|Vu|p dx—/ﬂf.u de, uwe a>0, (1.6)
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where f belongs to L"(£2) for some r > p’. The following regularity was proved in [3] in
light of various summability of the source term

r>= = we WiP(Q)n L),
v
<r< - Wy P() N L5 (Q
(F) <r<; = wewr@nro
*1-a)) < P LP(Q) N L5 (Q
wa-a) sr< (22) = ue wr@nm),
where
S_Nr(p(l—a)—l) p_Nr(p(l—a)—l)

N—rp N —r(1+ ap)

Following this way, in this paper, we are interested in the existence and the regularity of
minima for functional J(v).

Notations :
In the sequel we will use the following functions of a real variable depending on a
parameter k > 0 :

Tr(s) = max(—k,min(k,s)),  Gr(s) =s— Ti(s). (1.7)

Furthermore, we will denote by c or ¢, ca, ....., various constants which may depend on
the data of the problem, whose value may vary from line to line.

If 1 <o < N, we denote by ¢* = ]\J,V"a the Sobolev embedding exponent for the space

Wy (42).
Ifu : Q@ — IR is a Lebesgue measurable function, we define, for all £ > 0

Ap={ze€Q : |u(x)| >k}, Bpr={xeQ : k<|ulx) <k+1}. (1.8)

If E is a Lebesgue measurable subset of IR, we denote by | E| its N-dimensional Lebesgue
measure.

We extend the definition of J to a larger space, namely Wol’q(Q), with g = Nf\),(%;;) <
p, in the following way:
J(v), if /aw,v VulP dx < 400,
1w={ 7" o (19)
400, otherwise.
For the sake of simplicity, in the following we suppose that:
(1) = (1.10)
a(z, = T .
Our results are the following:
Np(l—a)

Theorem 1.1 Let g = , and let F be a function such that |F| € L"(Q)

N —ap
with v > q'. Then there exists a minimum u of I on Wy 9(Q).

The second result considers the case where |F'| has a high summability.
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Theorem 1.2 Let F be such that |F| € L"(Q) with r > ]er . Then any minimum u

of I on W, '%(2) belongs to Wy () N L>®(Q); thus J attains its minimum on Wy (Q).

N
14

1
Remark 1.1 Note that the condition 0 < @ < — implies that
p

Remark 1.2 Observe that the condition on r does not depend on «, and the result
also does not depend on «. The main tool of the proof will be an L*°(2) estimate, which
then implies the W, * () estimate.

Theorem 1.3 Let F be such that |F| € L"(Q) with

Nyp' e N
—_— <r<—.
N—ap(N—-p) — " p-1
Then any minimum u of I on Wy4(€) belongs to WyP(Q) N L*(Q); thus J attains its
minimum on Wy'P (), where
L Nrp-a)-1)
- N-r(p-1)

1
Remark 1.3 Since 0 < o < — we have:
p

Nyp' - N
N—ap'(N—-p) p-1

Remark 1.4 Observe that if the minima are not bounded, we still have that they
belong to Wy (). The W, (Q) regularity result will be proveded combining the infor-
mation that u belongs to L*(£2) with the fact that v is minimum.

Remark 1.5 As a consequence of the previous theorem, if r =

7 we have that
any minimum u belongs to Wy'? () and to L(RQ), for every s < +o0.

If we decrease the summability of F'; we find minima of I which do not in general
Lp
belong any more to Wy*(Q).

Theorem 1.4 Let F be such that |F| € L"(Q) with

I << Np'

TS Ny (V=)
Then any minimum u of I on Wy4() belongs to Wy’ (Q) N L*(Q); thus J attains its
minimum on Wy* (), where

_ Nr(p(l—-a)-—1)

N — apr
1

Remark 1.6 Note that the condition 0 < @ < — implies that:
p

Np'

!

< - .
TSN _ap(N—p)
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1 Nyp'
Remark 1.7 If « tends to — both S A and ¢’ converge to ——, so
P N —ap/(N —p) -1
1
that Theorems [L3] and [L4] cannot be applied if @ = — .
p

The paper is organized as follows. In the next section we prove the existence of
minima for J, in the third section we give the proof of Theorem (proof of bounded
minima), while the fourth section is devoted to the proof of Theorems and [T4]

2 Existence of Minima

In order to prove that there exists a minimum of I on VVO1 1(£2), we are going to prove
that I is both coercive and weakly lower semicontinuous on WO1 Q).

Theorem 2.1 Let F be such that: |F| € L"(2) with r > ¢'. Then I is coercive and
weakly lower semi-continuous on Wy ().

Proof. The weak lower semi-continuity is a consequence of a theorem by De Giorgi

(see [9]). As far as the coerciveness is concerned, it is enough to consider v in W, '¢(£2)
such that I(v) is finite.

We have o
Vol
Vqu,r:/il—l— v)*? dz,
Jwvirde= [ o el

therefore, by the Holder inequality we get:

IVolP )(/ oy )1‘3
Voltdr < —d 1 p—a ( .
/Q' " ””—C(/Q el @) JpU H D de

By the fact that ¢* = % and Sobolev embedding theorem we obtain:

a gy 1—-2
P P q P
/ |[Voulldr <c (/ Vel dz> 1+ </ Vol dz> ,
Q o (L+[v])er Q

which implies that if R = ||UHW01’Q(Q)

RP < (L%dm)g (1+Rq*)17%. (2.1)

On the other hand we have:
FNvdx c(/ Fq/dac)q (/ Vqux)q.
/ 111 [ vl 2.
cR.

Thus, by (1) and (Z2]) we obtain:

=

IN

<

RP
I(v) > L cR.
(1+Ra")a™
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Using the definition of ¢, it is easy to check that:

pP—q" <£1>>1,
q

lim I(v) = +4o0.
R—4oc0

That is I is coercive on W, 9(Q2).

so that

By standard results, we deduce that there exists the minimum of I on W,*?(€2) and

then Theorem [l is proved

3 Bounded Minima
By Theorem [ZT] there exists u in W?(2) such that
I(u) = min {I(u), ve ngq(Q)} ,

i.e.

I(u) < I(v) forall ve Wy(Q).

3.1 Some lemmas

To prove the bounded minima, we need the following lemmas.

(3.1)

Lemma 3.1 [J] Let w be a function in Wol’U(Q) such that, for k greater than some

ko

)

[ vl
Ag

where € >0, 0<6 < 1. Then the norm of w in L*°(Q) is bounded by a constant which

depends on ¢,0,0, N, ¢, ky.

The proof of this lemma can be found in the Appendix of [4], its proof is based on

the lemma according to Stampacchia [I1].

Lemma 3.2 Let u be the minima of I in W, %(Q), then

[Vul?

VU g < | FVGL(u) dr, Y E >0,
ap (L ful)or A

where Ay, is as in (L8) and Gy, is the function defined in (L1).

Proof. We have, I(u) < I(0) =0, then

[Vul? /
———————dr < [ FVudr < +o0.
/ (L4 fup)or = Jo

On the other hand, we have for all £ > 0

[T Ve [ T
A+ L@ ™ Sy Tl = o T e |

(
We take v = Ty (u) as a test function in (B)) to obtain:

_ AV
dzx < FVG(u) de, ¥k >0.
a, (L [u])er Ag

(3.2)
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3.2 Proof of Theorem

1 1
Let o be such that 7 < ¢ < ¢ < p, this implies that —+— < 1, then by Holder inequality,
r o

we have:

IN

/ |F.VG(u)| dz |FllL- [/ VG (u)|” dw] JAR e
A Ay

IN

c [/ VG (uw)|? dx} ’ JARmE
Ag

and by Lemma B.2] we deduce that:

/ |Vul? iz < e [/ VG ()| dz]; A |17L,; (3.3)
YRR < k JAgR|T T T .
A, (L4 |ul)e? Ak

Moreover, by the Holder inequality, we obtain:

/ |Vu|” de = / Llw(l—i— |u)* dx
Al Ay, (14 [ul)

P v I
< U %dx} U (14 [u) 5% dz] ,
A (L Juf)or Ay
therefore, by (B3)), we have:

p—o

/ |Vu|” do < c|Ak|(1*§*%)ﬁ [/ (14 Jul)7== dx} T (3.4)
Ag Ak

Since if k > 1, one has on Ay, that 1 + |u| < 2(k + |Gk (u)|), we can write:

p—o

/ [Vul? de < c{k%|Ak|(1_%_%)ﬁ+p—1
Ak

+ |Ak|(1*§*%)ﬁ [/ |G (u)|7=e dm} . }
Ak

ao
Now, we choose ¢ such that Qb < o*, and therefore, using Holder’s and Sobolev’s
o

inequalities one obtains:

p—o

/ |Vu|? de < c{k%|Ak|(1*%*%)ﬁ+rl
Ak

T P [/ Tl dx} Y
A

Using the Young’s inequality with exponents alp, and %W’ on the second term on the

right side, we get:

&p
|4, (15— =k U |Vul|? dz] m
Ak

< [Vul” d:r+C|Ak|(p717%7ap“%)(P*l)(llfa_p’)

N | —

k
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so that we have:

/ [Vul? dz < c{k%|Ak|1_r<ﬁil>
Ay . . | (35)
4y P71 e ) e |

As can be seen by means of straightforward calculations, the assumptions on r and «,
imply that:
o 1

*r(pa—l) <(pr-Te) (=11~ ap)’

Moreover, since u belongs to W, %(Q), we have that |Ay| tends to zero as k tends to
infinity, thus there exists kg such that if k > kg, we have:

|Ak|(17—1—%—apc%)m < |Ak|1_ﬁ

and so (B8] implies that:

/ |Vu|” do < ckv 1 |Ag)' "7 DV k> k.
Ap

g

N
It is easy to see that 1 — - % > 0 since r > 1 and % belongs to (0, 1)
D

. rip=1) o p—
since0<a<—/.
p

Thus, by Lemma Bl u belongs to L>°(€2). On the other hand,

|Vul? /
——dz < FVudx < 4oo.
/sz (1 + ful)o? Q

The L*°(Q) estimate implies that:

1 P
/ |[Vul? dx < / _[vul? dx
(L4 [l Loe@)? Jo o (14 [u])or

and so u belongs to WP (Q).
Theorem [[.3]is proved.

IA
o

Remark 3.1 Observe that the condition 9P
p—o

< o™ is equivalent to o < q.

4 Summability of Unbounded Minima

This section will be devoted to the proof of Theorems [[3] and [L4 We begin with
technical results, which will be used later.

4.1 Preliminary lemmas

Lemma 4.1. Let u be the minima of I in Wol’q(Q), then for oll k € IN, we have:

p
/ AVl [ Evude +/ F.Vu dz, (4.1)
B, (14 |u|)o® k Ja, By

where Ay and By, are as in (L).
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Proof.
— If K =0, the result is trivial since u is minimum of I.

— Let k > 0, we take v = u — T} (u — T (u)) as test function in (BI]), we obtain:

p p
/&dx—/F.Vudxg/&dx—/F.Vvdx
o (1+ |u])op Q o (1+|v])op Q

which implies that:

p p
/&dx—/&dq:g/ FYudzx
o (1+ |uf)r o (1+|v))er By

and by definition of v, we deduce that:

[Vul? [Vaul?
———— dr + ———— dx
B, (14 [u])or Apsr (LA Jul)o?

P
— % dx < / FYVudx
Ay (L [0))or By,

and then

P 1 1
/ 7|Vu| de < / |Vu|p{ - } dx
B, (14 |uf)or Apit (L+[o)er (1 + [ul)or
+ FNu dx

By
(4 Ju)o? — (14 o))
< VulP dzx
/i AT o)1+ )P

k+1
+f F.Vu dx.
By,

Since |v| = |u| — 1 on Ag41, we easily obtain that there exists a positive constant
c such that

(14 D™ = (L + o)™ < e(1+ o))~
Thus ([@2) becomes

p p
/ Llﬂdmﬁc/ [Vl - d:z:+/ F.YVu dx.
B, (14 |uf)>r Apry (L[ + [ul)or B
Since |v| > k on Ag41, we have:

p p
/ %d:cg ¢ / %d:an/ F.Vu da.
B, (L+[ul)or L+k Jap,, (L4 |ul)or By

Using ([B.2)) we thus obtain (Z1]).
Lemma 4.2 Let u be the minima of I in Wol’q(Q), then for all v > 1, we have:

/ [Vl lufPCY de < c1 + 02/ PP P77 d, (4.3)
Q 0

where c¢1 and co are two positive constants.
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Proof. Let v > 1, we have:

“+oo
/|Vu|p|u|p(7_1) o = Z/ ValP [P0 da
@ k=0 B
“+oo
Z/ [VulP(1 + k)P0~ dg

<
+oo
|VU| -1
< (1+k p(y=D+ap g,
< Z/ A+ [up> ap +k) x
Thus, by (Il we obtain:
+oo
[ < oS ppobret [ e de
@ k=0 Ak
+oo
Y +k>p<771>+ap/ \F|.[Vu| da.
k=0 By

Observe that, for k € IV, we have:

+oo
/ |F|.|Vu| dz = Z/ |F|.|Vu| dz.
A h=Fk By,

Hence,

“+o0

Z(Hk)z)(v-mw—l/ \F|.[Vu| do

k=0
Z (14 k)PO—D+ap= 12/ |F|.|Vul da.
k=0

Therefore, changing the order of summation, and recalling that:

h
Zkl < C(l +h)l+1

k=0
with ¢ = ¢(1), we have:

+oo

S ko vtert [ p| 9] do

k=0 A
400 h

=SS npe et [ vl

h=0 k=0 By,

“+oo
=> +h)p(7*1)+“p/ |F|.|Vul da.
h=0 B

(4.5)

(4.8)

(4.9)
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We obtain from (L.3]) that:

—+o0
/|Vu|p|u|p(7_1) o < cZ(l—i—kz)p("’_l)*O‘p/ \F|.[Vu| do
Q k=0 By
—+o0
< CZ/ |F||Vu|(1 + |u)PO~D+ep gy
k=0" Bk
< c/ \F|.[Vl dm—l—c/ |F|L [Vl [u? O~ Do gy,
Q Q

By Young’s inequality and the fact that / |F|.|Vu| dz < 400, we deduce ([E3).
Q

Lemma 4.3 Let A > 0 and let u € W, %(Q) be the minimum of I, then we have:

v p / ’
/Qﬁ do < c/Q P (1 + u]) o7 = da. (4.10)

Proof. Let A > 0 and let u € W, '?(Q2) be the minimum of I, we have:

P P
/ M dr = / &(1 T |u|)ap—>\ dx dx
a( a (

1+ Jul)? L+ [uf)or
< ¢ 1+ k)P~ / ———dzx
2 5, (L ul)?
and this implies, by (£I]) that:
Vul? =
/ |7“|A dr < > (14 k;)aP*H/ |F|.|Vu| dz
o L+ Ju] 2 "
0 (4.12)
+e) (1 +k)ap—k/ |F|.|Vu| d.
k=0 Bk
Using (&6]) one has
+oo
Sk At [ RVl do
k=0 A
“+oo —+o00
=Y (1+k)yr ! Z/ |F|.|Vu| de.
k=0 h=Fk * B
Changing the order of summation and using (£3)), we have:
+oo
doa+ k)ap*H/ |F|.|Vu| da
k=0 A (4.13)

+oo
<> +k)afH/ |F|.|Vul da.
k=0 B

Combining (£12) and (EI3), we get:
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A

|Vu|;0 = ap—A

+oo
Z/ LIVl (L+ |u])*P do

c/ |FL V| (1 + |u])*P~ da.
Q

IN

IN

Now, the Young’s inequality implies that:

|Vul? / ' A
——  —dr<c FP (14 |ul)erP dx.
/sz (1 + |ul)* Q P ful

4.2  Proof of Theorem [I.3|
We begin with the following technical lemma.

(I —ap)(r(p —1)"

Lemma 4.4 Let v = " , we have
p
/
-1
i) s = pr = pr(op nalt )
r—p
Nyp'

ii)yzlifandonlyifrzm

/

N
iii) 1_£<£* if and onlyifr<—1.
r p p—

Theorem 4.1 Under the hypotheses of Theorem [L3], we have the following estima-
tions

i) lu)® dx < c3,
Q

i) / [Vul|P de < cq4,
Q
where c3 and c4 are two positive constants.

Proof.
i) We have, by Lemmas 244 and Sobolev embedding

(/ |u|5dz)p (/ [P dx)p g/ VufP|uPOD dz
Q Q Q (4.14)

< c+/ |F P [u PP’ +7=1) g,
Q
Applying the Holder inequality, we obtain:

(e < ()

’
p_
I3

’
pr(ap +’Y 1) -5
g .
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Then by i),4ii) of Lemma .4 and Young’s inequality, we deduce

/ lu|® dz < es.
Q

ii) We have:

/ |VulP dz
Q

/ [Vul? d:z:—i—/ |VulP dx
{lul<1} {lu|=1}
[Vul?

< c/idx—i—/ VulP|ulPO~Y dx
o (L T &+ J, Vel

c/ |F||Vul dz+/ |VulP|uPO~Y da
Q Q

IN

and from ([@I4), we get:

/ [VulPlu[PO~Y da < ¢4,
Q

which implies that:
/ [Vul|P dx < cs.
Q

4.3 Proof of Theorem [1.4]

We begin with the following technical lemma.

N —7r(p—1)(N —ap’(N —p))

p
L 4.5 Let A\ =
emma € N—rp= 1)

, we have the following prop-

erties :

A =\
i)S: d :r(app i )7
bp—p r—p

ii) A >0 if and only if r <

/
i) (1- 524122
r’'p p s

Theorem 4.2 Under the hypotheses of Theorem [LL4, we have the following estima-
tions:

i) lu)® dx < cg,
Q

i) / |Vul? dz < ¢,
Q

where cg and c7 are two positive constants.
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Proof. Since p* = s, we have by Sobolev embedding;:

( |u|® d:z:) T o= (/ ul?” d:z:)p < c/ |Vul? dz
Q Q Q (4.15)

P P
- c/ Ve ¥ de,
o (14 ) ¥

Applying Holder inequality, we have:

(/Q |ul® d:c) <c [/ﬂ% dxr [/Q(H lu|) 75 dxrg_ (4.16)

On the other hand by Lemma and Holder inequality, we deduce that:

|Vu|p T(cwp’lf%) 1-5
/Q m dx S Q(l + |U|> TP dx . (417)

From ([@I3), (£I6) and (£I7), we get:

(o)

o

N
o
S~
<
£
<
QU
8

IN

r(app’ =) (17%)§
[/(1 ) " g (4.18)
Q

122
« U (L+ Jul) 7% d:z:]
Q
which implies, by using Lemma

£ (1-Z)L41-2
(/ fuf* d:z:) < [/(1+|u|)s d:z:] .
Q Q

Finally, by the lemma and Holder inequality, we deduce that:

lu|® dx < cg.
Q

Therefore by ([@I8]), we also have :
/ [Vul? dz < c7.
Q
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