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1 Introduction

Higher-order nonlinear differential equations are frequently encountered in mathematical
models of most dynamic processes in electromechanical systems in physics and engineer-
ing. The notions of stability and boundedness of solutions are fundamental in the theory
and application of differential equations. In this way, both concepts lead to the real
world applications. Many results relative to stability, boundedness, square integrability
of solutions to differentiel equations have been obtained. See for instance ( [1]- [42]). In
discussing stability and boundedness of a nonlinear differential system, Lyapunov’s direct
method perhaps is the most effective method. Numerous methods have been proposed
in the literature to derive suitable Lyapunov functions, but finding a proper Lyapunov’s
function in general is a big challenge.

The study of fourth order nonlinear differential equations has attracted the interest
of many researchers. Many results concerning the stability and boundedness of solutions
of fourth order differential equations have been obtained in view of various methods,
especially, Lyapunov’s method, see, the book of Reissig et al. [28] as a survey and the
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papers of Adesina and Ogundare [2], Cartwright [6], Chukwu [9], Abou-El-Ela and
Sadek [I], Ezeilo [12], [I4] Ezeilo and Tejumola [15], Harrow [17], Hu [18], Tejumola [30],
Tung [35], [36], [37], [38], Wu and Xiong [42], Vicek [41] and the references cited therein.

In 1956, Cartwright [6] investigated the asymptotic stability of zero solution of var-
ious linear and nonlinear fourth order differential equations. In [6], she considered the
following differential equations

2" + a2 + axx” + azx’ + f(x) =0, (1)
2" + a7 + ()" + azr’ + agr =0, (2)
2"+ a12"” + asx” + Y(z)2’ + f(z) = 0. (3)

In [22] and [23], Omeike by using the Cauchy formula for the particular solution of
nonlinear differential equations, has proved that every solution of the equations

2"+ az™ + b’ + cx’ + h(z) = »p(t), (4)
2" 4+ az" + w(x”) +g(x/) +h(xz) = p(t), (5)

and its derivatives up to order three are bounded.

In [31], and [39] Tung established sufficient conditions for the asymptotic stability of
the zero solution of the equations and the boundedness of the following equations

2"+ arx"” + (a2 ) + agx’ + h(z) = 0, (6)
2™+ a" + U (x, SC/)Z'N + g(:cl) +asx = 0, (7)
2" 4+ az" + e 2"+ g(x,l‘/) +h(z) = p(t). (8)

The solution which is in L?[0,00) for higher order nonlinear differential equations
was also of great interest, but it should be noted that only a few results are related to
the fourth order nonlinear differential equations. Namely, in 1989, Andres and Vlcek [3],
established some sufficient conditions, when all the solutions of () are in L?[0, 00).

In this paper, we develop the conditions under which all the solutions of the following
equation (@) are bounded and are square integrable

2+ a ) (pe@)2" @) 400 (a(@0)2' (1) + e ) F (@) (1) +d(0) h(a(0)
= (), ©)

where the primes in ([@) denote differentiation with respect to t; the functions a, b, ¢, d, are
continuously differentiable functions. The functions f, h,p, ¢, and e are continuous func-
tions depending only on the arguments shown. It is also supposed that the derivatives,
p'(z), ¢'(z), f'(x)and h'(x) exist and are continuous.

Equation ([@) is equivalent to the system
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such that

01 (t) =p () 2" (t), 02(t)=q (z(t) 2" (¢).
The continuity of the functions a,b,c,d, e, p,q, f,p’,q', f' and h guarantees the existence
of the solutions of [@) ( see [1I], p. 15). It is assumed that the right hand side of the
system (I0) satisfies a Lipschitz condition in x(t),y(t), z(¢), and w(¢). This assumption
guarantees the uniqueness of solutions of @) ( [II], p. 15). The present work was
motivated by the papers [3], [23], [31], [39] and the papers mentioned above, where the
boundedness and square integrability of solutions for a fourth order nonlinear differential
equation was studied. Using Lyapunov’s method, we show that every solution z(t) of
equation (@) and its derivatives are bounded and square integrable.

2 Assumptions and Main Results

First, we state some assumptions on the functions that appeared in (@). Suppose that
there are positive constants ag, by, co, do, fo, Po, o, a1,b1, c1,d1, f1,p1,q1,m, M,d, and
11, such that the following conditions are satisfied

i) O0<ap<a(t)<ap; 0<by<b(t)<by; 0<co<c(t)<e;
0<d0§d(t>§d1 fort > 0.

i) 0<fo<f(@)<fi1;0<po<p(x)<p1; 0<q<q(z)<q for x€R and
0<m<min{f0,p0,1}, M>max{f1,p1,1}.

iii) M26>0 (for z #0); h(0)=0.

xT

+oo
iv) / (la" @O+ O]+ 1 O]+ |d' (£)]) dt <.
0
The following lemma will be useful in the proof of the next theorem.

Lemma 2.1 [20] Let h(0) =0, zh(z) >0 (z #0) and §(t)—h'(z) >0 (6(¢) > 0),
then

20(t)H(x) > h*(z), where H(x)= /OI h(s)ds.

Theorem 2.1 In addition to conditions (i)-(iv) being satisfied, suppose that there
are positive constants hg, dg, d1,m2 and ns such that the following conditions hold

a0m50 <

Hi) ho— <h(z)<= for zeR
dy 2
dihoar M ¢ M 46
H2) 6 = Dl A0y
com aopm

+oo
H3) / (Ip" () +1d" () + 11 (s)]) ds < 7pa.

oo
1) / e (t)] dt < 3.

0
Then any solution x(t) of (@) and its derivatives ' (t),z" (t) and z'"(t) are bounded and
satisfy

/000 (z%(s) + 2" (s) + 2"?(s) + 2""*(s))ds < <.
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Remark 2.1 Equation (@) can be rewritten as
2"(t) + a®)p(@)” + et 2" )a" + ot w,2')2’ + d(t)h(z) = e(t),

where

®Y1 (ta T, xl) = b(t)q(x) + %a(t)pl(x)xla and 2 (t,.%',.%'/) = b(t)ql(x)x/ + C(ﬁ)f(.%‘)

If we apply Tung theorem [39] to show that every solution x(t) of (@) is bounded, we must

take (x, 2, 2") = p1(t,x,2")z"” and g(x,2’) = po(t, x,2")2’ then the boundedness of

Y(z,y,2) and 9(z,y)

since we just need to deal with the boundedness of a(t), b(t), p(z), and ¢(x).

is needed. However in our theorem this latter condition is not required

Proof. Boundedness of solutions.
First we proof the boundedness of solutions. The proof of this theorem depends on
properties of the continuously differentiable function W = W(t, x,y, z, w) defined as

1/t
—— s)ds

W=e 77/07() v, (11)

where
v (@) =la" O+ b O+ (O] + 1" (O] + 162()] + [62(£)] + 05(2)],

03 (t) = f' (x (1)) 2" (1)
and
2V = 2Bd(t) H (x) +c(t) f (x) y* + ab(t) ¢(x)2® + a (t) p(a)2® + 2Ba (t) p(x)yz

+[Bb (t) q(x) — ahod (t)] y* — B2 4+ aw® 4+ 2d (t) h (z) y + 2ad (t) b (x) 2

+2ac (t) f (x) yz + 2Byw + 2zw,
diho

1
with H(z fo s)ds,a=——+¢, = + €, €, and 7 are positive constants to
aopm

be determlned later in the proof. We rewrltec 027‘71/ as
2 = a(0)p(o) [ +e+ 8] +e0 @) [T 1y o
d? (t) h? (2)
SO PR H @) Vi Va4 Vs,
where
_ ¢ diho i) .,
o= 2d(t)/0 h(s) [com 2 (t f(x)h (s )] ds,
Vo = [ab(t)qle)—B—ale(t) f(2)] 22,
Vi = [50()4(0) - ahod (0~ Pa(Op)i? + | ot

Now, we will prove that V is positive definite. Take

. 1 diho  bogo — 61
€ < min , ,
aom ' com = M (a1 +¢1)
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then 1 2 dih dih
— <a< =, 20390
apm aopm Ccom Ccom

Using conditions (i)-(iii), (H1), (H2) and inequalities (I2)), (I3]) we get
dy (7 ho

o> 4d(t)co—m Oh(s) {?h/(s)} ds > 0,

(13)

= ({00~ 50 - ac) F2)) + Blaaln -1))

IV
Q
7N
S
o
K
o

1
- —— —¢(m +01M))22+ﬂ(— —1)2?
com m m

Y

a(bogo — 61 — M (a1 + ¢1))2° > 0,
and

1
Vs > ﬁ(boqo - ghodl —ﬁalM)?f + (a_ _)w2

ﬂ apm

dihoM
5(50(10—0—0—@1 L
ao

Y

— €e(com + alM))y2 + ew?
Com

> ﬁ(boqo -6 —eM(c1 + al))y2 + ew? > 0.

Hence, it is evident from the terms contained in the last inequalities, that there exists
positive constant Dy such that

2V > Do (y* + 2> + w® + H(x)) . (14)

By Lemma [2.T] and conditions (iii) and (H1) it follows that there is a positive constant
Dy such that

2V > D, (m2 +y? 422+ w2) . (15)
Thus V is positive definite. From (i)-(iii), it is not difficult to see that there is a positive
constant U; such that

vV <U (m2+y2+z2+w2).
By (H3), we have

as(t)

) Qoo 1060+ esto)as = [ w0+ 1g @l + 15

—+o0
< / (I ()] + 1g'(@)] + | (w)])dus < 72 < oo,
(16)

where a1(t) = min{z(0),z(¢)}, and as(t) = max{z(0),z(¢)}. From inequalities (IIJ),
(I3, and (I6)), it follows that
WZDg($2+y2+z2+w2), (17)

Dy _m+ . . -
where Dy = 716 L Also, it is easy to see that there is a positive constant Us such

that

W§U2($2+y2+z2+w2), (18)
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for all z,y,z and w, and all ¢ > 0.

Next we show that W is negative definite function. The derivative of the function
V, along any solution (x(¢),y(¢), z(t), w(t)) of system (I0), with respect to t is after
simplifying
. 9 ov
2Vamy = —2ec(t) flx)y” +Va+Vs+Ve+ Vo +2(By+ 2+ awe(t) + 25,

where

Vi=-2 (dlhoc (t) flx) —d ()N (:I:)) y? — 2ad (t) (ho — W (2) )yz,

com
Vs =—2(b(t) q(x) — ac(t) f(z) — Ba () p(x)) 2%,

Vs = —2(aa (t)p(z) — 1w
V?:faﬂ%(f+2mm)fMﬂ%Qm2+&uw+ﬂf+2w)
ﬂeg(y 4—2ayz).
By conditions (i), (ii), (H1), (H2) and inequality (IZ), (I3])) we obtain the following
=2[d (t) ho = d (&) b’ ()] y* — 20d (t) [ho — ' (z)] y2

Vi <

< —2d(t) [ho — W ()] y* — 2ad (t) [ho — b’ (2)] y2
< —2d(t) [ho — I (2)] [(y + %Z)Q - (%z)z]

< Ca ) o~ # (@)

Therefore,

Vit Vi <=2 [0 0) ) — ac (0 5(0) — Ba () p(a) — S 0) o — I (0] 2

[ 1 dlho 042 2
< =2 |bogo — (—— M — M- — B
< _ 040 (aom +€)C1 (Co +€) ay 1 (aomdo) | 2
[ M dyhoar M ]
< =2 |bogo — o — — oM Ny (a1 +cl)] z
L apm Com apm
S —2 [boqo — 51 —eM (a1 + Cl)] 2’2 S 0,

and
Vs < —2[aagm — 1] w* = —2ew? < 0.
Hence, there exists a positive constant D3 such that
—2ec(t) f(x)y® + Va+ Vs + Vo < —2D3 (y° + 2° + w?).
From (I4)), and the Cauchy Schwartz inequality, we get

Vr < a(t)|91|(2:2 + a2+ w2)) + b(t)|62| (az2 +a(2® +w?) + By* + (v* + z2))
+c(t)/63) (4 + aly? + 2)
< M(101] + [02] +103]) (v + 2% + w? + H (z))

A
< 99—
< 25 (1011 + 102l 4165}V
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where A\; = max {a1(1 4+ a),b1(1 + 2a+ f8),c1(1 + @) }. We get also

(’)V

8t = d'(t) [2BH (z) — ahoy® + 2h (z) y + 2ah (z) 2]

") [f(@)y? + 2af (x)yz] + b () [ag(x)z® + Ba(x)y?]
" (t) [p(x)z* + 2Bp(z)yz] .

Using condition (H1) and Lemma 2] we obtain
h?(w) < hoH (x),

consequently,

2@% < |d (1) [28H (@) + ahoy? + (W (@) +y?) +a (b2 () + 22)]

+|¢ (1) ] [y2 +a (y2 + z2)] + b (1) ] [az2 + ﬁy2]
+a' ()| [22 + 28 (v* + 2°)]
Ao [la” ()| + 10 ()| +1¢ ()| + 1d" ()] (v* + 2° + w” + H (z))

< 222 [l ()] + ¥ (0] +1¢ ()] + I ()] V:
0

IN

1 1
such that Ao = max {25 + ahg + hg,ahg + 1, + 1}. By taking — = D max {)\1, /\2},
n 0

we obtain
Vi < - Ds(y2+z2+w2)+%(|a' O]+ 6" (@O + [ O]+ |d" ()] +101] + |62] + |93|)V
+ (By + z + aw)e(t). (19)

From (iv), (H3), (IG), (I'7), (I9) and the Cauchy Schwartz inequality, we get

1 t
Wi = (V-0 0v) ETALL
1/t
(7D3 (y2+22+w2)+(ﬂy+z+aw)e(t))e_5/0 v (s)ds 20)

(Blyl + 12| + afw]) le(?)]
Dy (lyl + |z[ + |w]) |e(@)]
Dy (3+y° +2° +w?) le(t)]

INIACIA

IN

Dy (3 + DLQW) le(t)]

IN

3D4le(t)] + D—§W|e<t>|, (21)

where Dy = max{a, 3,1}. Integrating [ZI) from 0 to ¢, and using the condition (H4)
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and the Gronwall inequality, we obtain

Wtz y,z,w) < W(0,2(0),y(0),2(0),w(0)) + 3Dsns
+g—;/0 W(s,x(s),y(s),z(s),w(s))|e(s)|ds
Dy [*
— e(s)|ds
< (W(O,x(O),y(O),z(O),w(O)) + 3D4773)6D2 /0 | ( )|
Dy
< (W(0.2(0). 5(0). 2(0).w(0)) + 3D4773)eD_2n3 — K < oo (22)

In view of inequalities (I7) and [22)), we get

1
(2 + 1y + 22 +w?) < D—WSKQ, (23)
2

K
where Ky = D—l Clearly (23) implies that
2

l2(0)] < VEz, ly(0)] < VEs, |2()] < VEy, [w(b)] < Kz forall t>0.

Hence,

2(t)] < VK, |2 (8)] < VEs, |2"(0)] < VE, [o"(8)] < VK2 forall t20. (24)

Square integrable solutions.
Now, we proof the square integrability of solutions and their derivatives. We define
Iy = F(tv'r(t)vy(t)a Z(t)a w(t)) as

FE=W+ p/o (v2(s) + 2%(s) + w?(s)) ds,

where p > 0. Tt is easy to see that F} is positive definite, since W = W(t, z,y, z,w) is
already positive definite. Using the following estimate

1 t
e ,_/ ~ (s) ds
e n <e MJo <1

by (20) we have the following

Bam < -Ds(yP®)+ 220 +w?®)e 7 (25)
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M + 12

By choosing p = Dse " we obtain
Ftd]IIb < Dy (3 +y2(t) + 23(t) + wQ(t)) le(t)|
1
< N
< Di(3+ 5 W)lett)
Dy
< 3Delt)] + L Fle(t)] (26)

Integrating the last inequality (26]) from 0 to ¢, and using again the Gronwall inequality
and the condition (H4), we get

D t
B < Fy+ 3D+ 24 / Fle(s)|ds
D2 0

IN

B [ et
— | le(s)|ds
(F0+3D4773)€D2 0

Dy

IN

73
(FO + 3D4773)6D2 — K3 < . (27)

Therefore,

/ y*(s)ds < K3 / 2?(s) < K3 and / w?(s)ds < K3,
0 0 0

which implies that

/ 2'?(s)ds < K3 / 2"?(s)ds < K3 , / 2" (s)ds < K3. (28)
0 0 0

Next, multiply ([@) by x(t) and integrate by parts from 0 to ¢, we obtain

/O d(s)z(s)h(z(s))ds = Io(t) + () + Ly (£) + La(t) + Is(t) + Lo, (29)
where

L(t) =2 (t)2"(t) — z(@t)2" (t) — /0 2% (s)ds,

+

I,(t) = —a(®)p(a(t) x(t)r" (1) + / o (8)p(e(s))x(s)e" (s)ds
+ / a()p(x(s))e’ (s)2" (s)ds,
bV ()qa(s))x(s)2 ()ds + / b(s)a(x(s))a"(s)ds,

14(8) = el f@()a*(0) + 5 [ 1) (s + 3 [ elo)f o) (92 (s,
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and
Lo = x(0)2”'(0) —2/(0)2" (0) + a(0)p(z(0))=(0)z" (0)
+b(0)q(2(0))z(0)z'(0) + %C(O)f ((0))a*(0).
From (22), (8) and the conditions (i), (ii), (iv), (H3) and (H4), we have

¢
L(t) < 2K2+/ 2% (s)ds,
0

¢ t
L(t) < aiMKy;+ MK, / la’(s)|ds + alM/ 2'(s)x" (s)ds,
0 0

IN

t
galMKg + MKQ/ |a’(s)|ds,
0

&
—~
~+
~
IN

t t
blqlKg—i—qlKg/ |b'(s)|ds+b1q1/ 2'(s)ds,
0 0

1 1 t 1 s [t
501MK2+ §MK2/ |CI(S)|dS,+_ClK§ / |f’(5)|d$,
0 0

2
L) < VK / le(s)lds.

It follows that

=
iy
=
=
IA

3
lim I(t) < 2K+ K5 = Ly, thIJP I(t) < ialMKg + MKon, = Lo,
—+o00

t——+o0

lim I5(t) < b1 Ko+ 1 Kom + b1q1 K3 = Ls,

t——+o0

t——+o0

Thus,

Jim (I (t) + Lo (t) + I3(t) + Lu(t) + I5(t)) < Z L; < .

Consequently, (29), (30) and condition iii) give

/0 x“(s)ds < %/0 d(s)z(s)h(x(s))ds < a0 ZLi < 00,

which completes the proof of the theorem.

1 1 1 3
lim I(t) < 501MK2 + §MK2771 + 501[{22772 = L4, and . ligl I5(t) < \/Kans =
—+o0

201

Ls.

(30)

Remark 2.2 If e(t) = 0, similarly to the above proof, the inequality (3.10) becomes

Wm - (Vam - 0v) RIS

t

fl/'y(s)ds
—Ds (y* + 22 +w?)e Mo
(22 +u?),

IN A
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nitna

where p = Dze™ . Tt can also be observed that the only solution of system () for
which Wm(t, x,y, z,w) = 0 is the solution x = y = z = w = 0. The above discussion

guarantees that the trivial solution of equation (@) is uniformly asymptotically stable, and
the same conclusion as in the proof of Theorem 2] can be drawn for square integrability
of solutions of equation ({@).

3 Example

We consider the following fourth order non-autonomous differential equation

4¢® + 4e " '
2"+ (eft sint + 2) <<—z the tde > z”>
€T + e~ %)

cost + Tt + 7 sinz 4 6e* 4+ 6e77\ )\’
+ T
1+ ¢2 et + e~ 7
zcos:c+5z +5)\ ,
5(1+z4)

N cos?t+t2+1 x _ 2sint (31)
10 (1 +¢2) 2+1) 241
by taking

T+ 4e® 4 4e~ % Sinz + 3e® + 3¢~ rcosz + 5zt 4 5
EICET R ek [ iy Trere el
*%_H,a(t):eftsintJrQ b():%’
c(t)y=e2sin®t+2, d(t) = % and e(t)ff;%t
9 M:E _g :7,hOZ%,5022,%:1,@1:3’1)0:3,

1 5
bi=5¢=1,a=3, d=5, add-=_; Weﬁndhofao;nozfzg
1

h,o 15 69467 dlhoalM ClM + 50
55 < h’ < —==1.1 d bygyg = — > = =0;.
<h@ <5 and 9 = %"~ 70000 wom T com !

We have

+oo 1 +oo
| wane = [
1 /O 1 e T —e”
4[@ <6z+e—m $(€z+ez)2>d:c
+l/+°°< 1 - exex)dxzﬁ
1/, €T 4 -7 (e$+e—$)2 1

e’ +e T)cosx — (e —e T)sinx
(" +e77)?

+ (e*% sin® ¢ + 2

p(z) =

It follows easily that

5|>—N)I

1 e v —e”

€T _1+x T —z)2
et t+e (e +e™=)

IN
|

IN

/_fm'(z)mz - /:O
/

+o0 T
+ 5 (em — efx) dx = m, and
00 er +e7? (ex + e*I)
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oo 1 [T|(cosz —xsinz) (z* + 1) — 4a* cosx
/ |f' (@)|dz = —/ 4( 2) dz
= 5 J oo (z*+1)
1 (1] cosw 4 COSX sin x
= - 7 —4x 5 — T dx
9 J_ o |41 (x%+1) zt+1
1 [t 5 z? 6
< - — 24— )dr=-V2nm.
= 5/_00 (z4+1+x4+1) v = 5Van
Consequently,
+oo
[ 1d @+ 1 o ds < .
A simple computation gives
400 +o00 : +oo
2sint
/ |e(t)|dt:/ ‘;idtg/ ——dt=r,
0 o | 2+1 o 241
+00 +00 +oo
/ la' (t)|dt = / (cost)e™ — (sint) e '|dt < / 2etdt = 2,
0 0 0
—+o0 —+o0 —+o0
t t 1 2|t
/ |b/ (t)|dt _ / Sln COS _ dtg/ - + | | > dt
0 0 241 (t241) 0 t+1 0 (2+1)

IN

/O+Oo|c’(t)|dt = /+Oo

“+oo t2+1
/ 2 + 2
0 t+1 (t241)

+oo )
dt:/ —dt =,
0 241

+oo 5
(costsin®t) e — 2 (sin®t) 2t\dt</ 5e*2tdt:§,
0

0
and
+oo “+oo : t 2t
/ d (1) dt = / —2 (cost) e — 2
0 0 = +1 (t2+1)
too 2 2|t tee 3 3
< / 1 dtg/ S —dt =
0 241 (1211 , 2+1 2
Therefore,

+oo
/0 (la" @+ " @+ (&) + |d' (#)]) di < +o0.

Thus all the assumptions of Theorem 1] hold, so solutions of ([BII) are bounded and

square integrable.
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