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1 Introduction

Let (X,]| - ||) be a complex Banach space. The objective of this paper is to study the
solutions to a new class of abstract integro-differential equations of fractional order with
non-instantaneous impulses in X :

D [u(t) + o(t, u(t))] = Ault) + J = f(t, u(t)),
te (si,tiv1], i=0,1,--- N, 0 <a <1,
u(t) = gi(t,u(t)), te(ti,s)], i=1,2,---,N,
u(0) = uo,
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where A : D(A) C X — X is a sectorial operator on (X, ||.||), uo € X, 0 =1ty = s0 < t1 <
s1 <ta <+ <ty < sy <tnt1 = Tp are pre-fixed numbers, g; € C((¢;,s;] x X; X) and
0:[0,Tp] x X — X, f:]0,To] x X — X are suitably defined functions. The fractional
derivative Dy is to be understood in Caputo sense and J;* denotes the Riemann-Liouville
integral of order a. This paper is concerned with impulsive differential equations of
fractional order, where an impulsive action starts suddenly at the points t; and their
action stays active on the interval [t;, s;].

Fractional differential equations arise as models in many fields of engineering and sci-
ence such as electrochemistry, electro-magnetics, electrical circuits control theory, visco-
elasticity, porous media, neuron modelling etc. [5[0,13][15,16]T18-20,22]. The plentiful
occurrence and applications of fractional differential equations motivate the rapid devel-
opments and gained much attention in the recent years and have been studied exten-
sively in [2H41[6] (7,14, [23H27.,29,30]. But systems with non-instantaneous impulses do
exist [I0J11]. For example, one can consider the hemodynamical equilibrium of a person
in which impulses are non-instantaneous [I0]. Such systems for the fractional differential
equations are less studied. Recently, Hernandez and O’regan introduced and investi-
gated the existence of mild and classical solutions to a new class of abstract differential
equations with non-instantaneous impulses in X:

u'(t) = Au(t) + f(t, u(t)), te (sytir1], i=0,1,-+,N, (2)
u(t) = gi(t, u(t)), te(ty,s), i=1,2,---,N,
u(0) = up.

The operator A generates an infinitesimal Cy-semigroup of bounded linear operators
(X, ]|-1]), the functions g¢; € C((t;,s;] x X; X) for each ¢ = 1,2,--- /N and f : [0,Tp] x
X — X is a suitable function. The results are established by fixed point theorem with
appropriate g; and f [10].

Kumar et al [12] had extended the work in [10] to the following problem in a Banach
space X :

°Diu(t) + Au(t)

ftu(t), u(g(t))),

te (si,tiy1], 1=0,1,--- N, 0<a <1, )
u(t) = gi(t,u(t)), te (tiysi, i=1,2,---,N,
u(0) = uo,

where “D¢* is the Caputo fractional derivative of order o, —A generates an analytic
semigroup. The sufficient conditions are obtained if f and h; are Lipschitz continuous in
the second variable appropriately. For more details, we refer to [12].

With the strong motivation from Herndndez and O’regan [10]; and Kumar et al.
[12], we establish the existence and uniqueness of piecewise continuous mild solution
to the class of fractional integro-differential equations (IJ), where the impulses are non-
instantaneous. The main results are new and complement to the existing ones that
generalize some results of [I0L12123] to the fractional integro-differential equations.

The paper is organized as follows. We collect the basic notations, definitions, lemmas
and theorems in Section 2l We prove the existence as well as uniqueness of solution of
(@) in Section Bl We provide an example in Section ll as an application of the analytical
results obtained.
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2 Preliminaries and Assumptions

In this section, we will introduce some basic definitions, notations and lemmas that are
useful throughout this paper. For more details, we refer to [I3L[15H20]. For the Banach
space X, we denote the Banach space of all bounded linear operator from X into X by
L(X). We denote a ball in X of radius r centered at y as B,(y, X). The set of all m*™®
order continuously differentiable functions from J(J C R) into X is denoted by C™(J, X)
for m € N. We begin with the following definition of sectorial operator.

Definition 2.1 A closed linear operator A is said to be sectorial of type w if there
exist constants w € R, 6 € [§,7],and M > 0 such that

(a) p(A) C g ={NeC:|arg(A—w)| <0, \#w},
(b) IR(A, A)l|Lx) < %, AE g

Definition 2.2 For f € L'((0,7),X) and a > 0, we define the Reimann-Liouville
integral of order « of f as

t
T = (<000 = 5 [ (=5 Fs)ds, > 0.0 >0 1)
where JP f(t) = f(t) and
1 a—1
out)= 4 Tal" " >0
0, t<0,

and eo(t) =0.

Definition 2.3 If f € C™71((0,T),X) and (©,,_q * f) € W™L((0,T),X), 0 <
m—1< a < m, m € N, then the the Caputo fractional derivative of order « of f is
defined as

“D2f(t) = Dy Iy (£ = Y F (0000 (1), 2
where DJ* = C‘lit—z and
1 m 1 = j tj tm_l m
WHO1): ) = { £ € X5 7 € LHODNX) 0= 3 FOF om0}
j=0

We note the following properties of J2*
Lemma 2.1 [28, Proposition 2.4] For «, 8 > 0, we have
(i) TP f(t) = JEOf () for all f e LY(J; X);
(ii) Je(f g) = Jof g for all f,g € LP(J; X)(1 < p < +00);
(i1i) The Caputo fractional derivative DY is a left inverse of J:

DXJAf = f, forall f €L (J;X),
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but in general not a right inverse, in fact, for all f(t) € C™Y(J; X) with ©,_q *
fewm(J,X)(meN, 0<m—1<a<m), one has

m—1
JEED ) = f() = D FO0)8i(2). (3)
i=0
We consider the following Cauchy problem
‘Diu(t) + Au(t) = 0, t>0,
u(0) = w, 0<a<l (4)

Then the solution of @) is u(t) = S(t)ug, where S(t) = Eq1(—At*) = Eo(—At*) [8],
where E, g is the generalized Mittag-Lefler function. The generalized Mittag-LefHer
function E, g is defined as

o0 k a—B A
z 1 A Pe
E,p:= _— = dh  f ,0>0,z€C,
o kz—o Dlak+p5) 2w /X AN — 2z or af -
where x is a contour that starts and ends at —oo and encircles the disc |\ < |2/
counterclockwise.
Replacing A by —A, we rewrite S(t) as
1

Atya—1 «
= — AYTTR(AY, A)d
o [, e e A

S(t)

where B, denotes the Bromwich path. Moreover, if A is a sectorial operator of type w
then A is the generator of a solution operator given by

1
= —/ MATI A — A)Thd),
2m Jy

Sa(t)

where T is suitable path lying on Xg . For more details, we refer the reader to [36,15]
16123, 27H29).
We consider the following Cauchy problem

CDMu(t) + ®(t)] = Au(t) + JLf(t), 0<a< 1,}

u(0) =up € X, 5)

where f :[0,00) = X and A is a sectorial operator. The solution of (H) is given by the
following theorem.

Theorem 2.1 If f and ® satisfy the uniform Hélder condition with exponent B €
(0,1] and A is a sectorial operator, then the unique solution of the Cauchy problem (f)
s given by

u(t) = Sa(t)[uo+ ®(0)] — d(t) — /0 To(t — 8)P(s)ds —l—/o Sa(t — 8)f(s)ds,

1 1
5alt) = 5 [ @NTIROC AN, Talt) = 5 [ VRO, A)an

211 T

for a suitable path I' lying on X .
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Proof. Applying the Riemann-Liouville fractional integral operator J;* to both sides
of equation ({]), we get

TP DY) + @(1)] = JFAu(t) + J; f (D).

Using () and @), we get
u(t)+@(t) = [uo+ P0)]+ % /0 (t —s)* ' Au(s)ds + /0 f(s)ds

= w0+ SO+ 5 [ (0= 9" Au) + 0(s)ds
1 t
.y

(t — )" 1®(s)ds + /0 f(s)ds. (6)

Applying the Laplace transform to equation (@), we get

L

(£0u-+ ®))(N) = 5o + BO0)] + 35 AL+ B)(N) — 30

1
: N (LB)N) + 5 (LHN).

Since (A1 — A)~1! exists, i.e., A\* € p(A), we obtain
(Llu+@))(A) = (AT — A)~! [/\a_l(uO +@(0)) = (L2)(A) +A*THLHN)|-

Applying the inverse Laplace transform, we get

u(t) = Sa(t)[up + ®(0)] — (t) — /0 T, (t — s)®(s)ds + /0 Sa(t —8)f(s)ds.

We define the set PC(X) for the solution space as follows

PC(X) = {u:[0,To) — X :u(-) is continuous at t # t;,u(t;) = u(ty), u(ty)
exists for all i =1,2,--- N}

We note that PC(X) is a Banach space endowed with the supremum norm

[ullpe == sup |lu(t)
t€[0,To]

Now, we define the functions @; € C([t;, ti+1]; X) given by

~ N U ﬁ), for t € (tiati-',-l];
uilt) = { u(t]), for t = ;.

2

For a ball B, C PC(X), we define
B; = {u; : u € B,}.
The following Arzela-Ascoli type lemma will be used to establish the main result.

Lemma 2.2 [I0, Lemma 1.1] A set B, C PC(X) is relatively compact in PC(X) if
and only if B; is relatively compact in C([t;,ti+1]; X]) for every i =0,1,2,--- /| N.
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Definition 2.4 A function v € PC(X) is said to be a mild solution of the problem
@ if w(0) = wo, u(t) = g;(t,u(t)) for all t € (¢;,s;] and each i =1,---, N, and

u(t) = Salt)lto + (0, u0)] — o(t,u(t)) - / To(t — 8)p(s, u(s))ds
+ /t So(t — 8)f(s,u(s))ds, for all t e [0,4],
0
and

() = Salt — 5:)gi(s0,u(s:)) — ot u(t)) — / To(t — s)p(s, u(s))ds

i

t
+ /Sa(t—s)f(s,u(s))ds,for all ¢ € [sitisa] i=1,,N.

3 The Main Results

In this section, we prove the existence of solution to problem (II). The idea of the proof
is based on [10,23]. We need the following hypothesis on f, ¢ and g;. Let V be an open
subset of X. For each v € V, there is a ball B(v,r) such that B(v,r) C V for r > 0.

(H1) There exist constants Ly > 0, L, > 0 such that the nonlinear maps f, ¢ : [0, Tp] x
V — X, will satisfy the following conditions,

1f(t,u) = f(Eu)ll < Lyllu—wal], (1)

[p(t, u) — (t, )]l < Ly|lu — ual], (2)
for all u,uq € V and t > 0.

(H2) The functions g; : [t;, s;] x X — X are continuous and there are positive constants
L, such that

lgi(t, ) = gi(t, )| < Lg,[lz = yll,
for all x,y € X, ¢ € [t;,s;] and each i =0,1,---, N.

(H3) The solution operators Sq, Ty : Ry — L(X) are bounded i.e., there exist constants
My and My such that

||Sa(t)||L(X) < My, ||Ta(t)||L(X) < My for t>0.

And the operators (S (t))i>0, (Ta(t))i>0 are compact, where (T, (t)) = t'=T,(t).

Theorem 3.1 Let ug € X. Also let the assumptions (H1)-(H2) hold such that
L= max{ My (Lg, + Ly To) + Ly(1 + MoTp), Ly, : i=1,--- N} <1.  (3)

Then there exists a unique mild solution u € PC(X) of the problem ().



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 16 (1) (2016) [73HS5I 79

Proof. We define a map F : PC(X) — PC(X), given by Fu(0) = ugp, Fu(t) =
gi(t,u(t)) for each t € (t;,8;], i=1,---,N and

Fu®) = Sa(t)uo + ¢(0,uo)] — p(t, u(t) — /0 Ta(t = 5)p(s, u(s))ds

+ /t St — 8)f(s,u(s))ds, for all t e [0,t1],
0

Fu(t) = Sa(t—s:)gi(si,u(si)) — @(t,u(t)) — / To(t — 8)e(s,u(s))ds

i

t
+/ So(t — 8)f(s,u(s))ds, forall te€ [s;,t;iy1] and i=1,--- N.

Then F is well defined. Next we show that F is a contraction map on PC(X). For
u,v € PC(X), i=1,---,N and ¢ € [s;,t;4+1], we have

[Fu®) = Fo@ll < [1Sa(t = si)ll lgi(sis ulsi)) = gi(sis v(si))l
+llo(t, u(t)) — ot @)

/ 1Ta(t = )| (s, u(s)) = @(s,v(s))l|ds

+/_ 1St = $)II 1f (s, u(s)) = f(s,0(s))llds
[Ml(Lgi + LfTo) + Lw(l + MQT())]H’LL - UHPC(X)-

IN

Thus we obtain
1Fu=Follogs, tnx) < Mi(Lg, + Ly To) + Lo (1 + MTo)][lu = vllpex). (4)

Similarly, we obtain

[Fu—Folloqo;x)y < (MiLyTo+ Le(1 4+ MoTo)llu — vllpex),  (5)
IFu—Follog,s)x) < Lgllu—vlpexy i=1,2,3,...N. (6)

It follows from (@)-(@) that
[Fu—Folpex) < Llju—vllpex).- (7)

By the assumption (B]), the map F (:) is a contraction and hence there exists a
unique mild solution of (). ]

By a ball B, with center at 0 and radius r, we mean the set B,.(0,PC(X)) = {u €
PC(X) : ||lu|lpc < r}. We define

Ny= sup £ (s, v(s)l Ny = sup (s, v(s))]l-
s€[si,tit1],v€BR(0,PC(X)) s€[si,tit1],v€B(0,PC(X))

Theorem [3T]can be proved with a weaker assumptions on f. We prove the theorem
for the existence of mild solution to problem (Il) with the following hypothesis.
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(H1) * There exists constant L, > 0 such that the nonlinear maps ¢ : [0, Tp] x V' —
X, will satisfy

ot u) — @t ur)|| < Lollu — uall, (8)

for all u,u; € V and t > 0.
Theorem 3.2 Let f: [0,Tp] x X — X be a continuous function that maps a bounded
set into bounded set and ¢(-,0), g;(-,0) are bounded for each uy € X. Letr > 1 and

0 <6 <1 be two numbers such that

Millfuo + (0, uo)llf + (1 + M) max[lgi(-, 0)] < (1 —d)r, 9)

ax Ny + Ly, (1 + M) [ullpe + (Mo, + My Nj)To

i=1
+(1+ M) gi(t, 0} < o1, (10)
(M s )M s (s o) )T < on
s€[0,t1],v€ B, (0,PC(X)) s€[0,t1],v€ B, (0,PC(X))
(11)
Also, we assume that
(14+M1)Ly, + Lo (1 + MoTp) < 1. (12)

If assumptions (H1) °, (H2) and (H3) hold, then there exists a mild solution u € PC(X)
to problem ().

Proof. We decompose F as
F=Fi1+Fo,

WhereFlzzi]\LOF}, ngzi]\;OFfande:PC(X)—)PC(X), 1=0,1,---,N, k=
1,2. The map [ ¥ is given by

gi(t,u(t)), for t e (t;,si], i >1,

Sa(ltf = si)gi(si, u(s:)) — o(t, u(t))
— [ Ta(t — s)p(s,u(s))ds, for t e (s tit1], 1> 1,

Si

(Fiu)(t) =
0, for ¢t §é (ti;ti—i-l]a ) > O,
Sa(t)[o + (0, o)) — (t, u(t))
— Jo Ta(t — s)(s,u(s))ds, for t€0,t1], i =0,
I1 Sa(t—s)f(s,u(s))ds, for t€ [sitiq1],i >0,
(Fiu)(t) =

0, for ¢ ¢ [Si,ﬁi+1],’i > 0.

The proof is divided into four steps.
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Step 1. We begin by showing F B,(0,PC(X)) C B.(0,PC(X)). Let u €
B,(0,PC(X)). For i > 1 and t € (¢;,t;+1], we have

[(F1w) (@) + (F2w) @)
< llgi(t, u(®)) = gi (&, O) | + llgs(t, 0)I + [l u(®)]]
+ 1Sa(t = si)ll llgi(si, ulsi)) = gi(si, )l + [|Sa(t — si)llllgi(si, )l
+/_ [Ta(t = s)|| ||<P(87U(S))||d8+/_ [Sa(t = s)II (s, u(s))llds

< Ny + L [u@®)| + [|gi(t, 0)[| + MLy, [lu(t) || + Mallg:(t, 0)]
+ MaNy(t — si) + MaNs(t — s;)

< Ny + Lg, (1 4+ My)lJullpe + (1 + Mi)llgi(t, 0)]|
+ (M2 Ny, + M N¢)Th,

It follows from assumption (I0) that
|Fiu+ Frullpe <r Vi>1.
Similarly, for each ¢ € [0, 1], we have

1(F1uw) (@) + (F2u) @)

< [Sa) luo + ¢ (0, uo) || +/O ITa(t = s)llll(s, u(s))lds

t
+ /O [Sa(t = s)IIII.f (s, u(s))llds + lle(E, u(@)]]
< Ng + Millfuo + ¢(0, uo)ll| + (M2 Ny + MyNj)To.
Using (@) and (I0), we can conclude that
IFiu+ Faullpc <.

Thus, we have F1u + F ou € B,(0,PC(X)).
Step 2. In this step, we prove that f 1 = ZZJ.V:O F} is a contraction on B,.(0, PC(X)).
Let t € (ti,ti+1] and u,v € B, (0,PC(X)). Fori=1,--- , N, we have

1P 1)@ = (FRo) O < [(1+ M) Ly, + Lo (L 4+ MoTo) |l = Vo 1,0

Thus
N N
Sortu-Yrl| < {(1 + MLy, + Lo(1+ MQTO)} l[u — v]|pe.
=0 i=0 PC

It is clear from (I2) that F; is a contraction on B, (0, PC(X)).

Step 3. We prove that the set {Fau : u € B,} is relatively compact i.e., the set
{(Fau)(t) : uw € B} is uniformly bounded, equicontinuous and for any t € [0, Tp].

The continuity of f implies that f? is continuous for each i = 0,1,--- , N and t €
[siytit1]. Thus Fo = Zfio F 2 is continuous and we have the following estimates

I|(F 2u)(t)|| < MyNsTy, fori=0,1,--- N
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for any u € B,-(0, PC(X)). Therefore, {F qu : u € B, } is uniformly bounded on B,. Next,
we prove that the set |J F ?B,.(0, PC(X))(t) for t € [s;,ti41], i =0,1,---, N, is relatively
compact in X, where

FiBr(0,PC(X))(t) = {(FFu)(t) : B (0, PC(X))}.

Applying mean value theorem for Bochner integral [I7] and Young inequality, we have
t1+a

(Fau)(t) C co{Sa(t — 8)f(s,u(s)) : s € [0,t1],u € B}

Similarly, for t € (s;,t;11], ¢ =1, -+, N, we obtain

=) =9/ (s u(s) 5 € s fardu € B, ).

It follows from assumption (H3) that {(F ?u)(t)} is a compact subset of X, fort € I, u €
B,.. So, F 2 is compact.

Step 4. In this step, we prove that the set of functions [F?B,(0, PC(X))];, i =
0,1,---, N is an equicontinuous subset of C([t;, t;41], X).

Clearly, [F 2B,(0,PC(X))]; is equicontinuous on [t;,s;], for each i =0,1,--- , N. Let
ti,t2 € (Si,ti+1], 1= 0, 1, cee ,N, with ¢ <t and u € BT(O,PC(X)), we get

(Fiu)(t) C

1F7utt) ~ Frue)l < [ ISalta = 9] 175 ul)]ds

t1

[ 1Salta = 5) = Salts = )15 uls) s

i

(13)
For the first term on the right hand side of ([I3]), we have
2}
/ [Sa(ts = 8)lll¢(s, uls))llds < MiNgs(ts —t). (14)
t1

For t; = s;, it is easy to see that the second term on the right hand side of (I3]) will be
zero. If t1 > s; and v > 0 be sufficiently small, we have

/ - I[Sa(tz = s) = Salts = s)II[|f (s, u(s))l|ds

[ lSalta = 5) = Saltr = s u(sDlds
< Ny sup ||Sa(ta —8) — Salts — s)||(t1 — V) + 2M 1 Ny (15)

sE€[s4,t1—V]

It follows from (I4)) and (&) that

F3ults) — F Fu(t)||
tends to zero as ta — t; and v — 0 for any v € B,.(0,PC(X)). This means that

[F2B,.(0,PC(X))]; is equicontinuous. Thus [F ?B,.(0, PC(X))]; is an equicontinuous sub-
set of C([tz, ti+1]7 X)

By Ascoli-Arzela theorem, {fou : v € B,} is relatively compact. Hence f 2 is a
completely continuous operator. So by Krasnoselskii’s fixed point theorem [1], F has a
fixed point. This completes the proof of the existence of a mild solution. O
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4 Application

We discuss the following problem to illustrate the results. We consider the following

system with noninstantaneous impulse for fractional partial differential equations in
L([0, 7)),

CD?[u(taz) +8IG(t,:c,u(t,z))] = axgu(taz)
+ﬁ /0 (t—s)"“F(s,x,u(s,x))ds,
(.9 Ul o] x 0, o
u(t,0) = wu(t,m)= t € [0,To],
U(O,SC) = UO(:C S (Ovﬂ)a
u(tax) = Z(ta au( ))’ T e (Oaﬂ-)at € (tiasi]a

where 0 =ty = 5o < t1 < 51 < -+ <ty < sy < tnyy1 = Tp. Here T is a fixed real
number, ug € X, F € ([0,Tp] x [0,7] x R,R) and H; € C((;,s;] x [0,7] x R,R) for all
i=1,---,N.

Let X = L?([0,7]) and Au = 2u with

ou 0%u
oz’ B2
Then the operator A : D(A) C X — X is the infinitesimal generator of a solution
operator {Sq(t)}:>0 [3, see Theorem 3.1].

The system () can be formulated in the abstract form (), where u(t) = u(t,.), i.e.,
u(t)(z) = u(t,z) and the functions f : [0,Tp] x X — X and ¢; : (¢;,8] X X — X are
given by

D(A)={ue X: € X, u(0) = u(r) = 0}.

f(t,u(t))(z) = F(tvxvu(taz))a
(P(tau(t))(x) = GZG(t,.T,U(f,x)),
git,u(®))(z) = H;(t,z,u(t,x)).
For t € [0,Tp], u € X, = € (0,7), we define f as
Fltult)(z) = 2¢ult, )| a> 1,

(a+2et)(1 + 2Ju(t,z)])’

Then f:[0,Tp] x X — X is continuous function and satisfies

||f(tau1) - f(t7u2)H < Lf Hul - ’LL2||,

for ui,us € X and Lf = a—+2
If we define g; as follows

() (@) — L]

t € [tiysi], ueX, ze(0,n),

then g; : [t;, s;] x X — X is continuous function and satisfies

Hg’b(t7 ul) - gl(ta u?)” S Lgi
for uy,uz € X and Ly, = 1. Hence the assumptions in Theorem [B.] are satisfied [27].

Thus we have the following theorem for the existence.

uy — uall,
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Theorem 4.1 If ¢ is chosen such that

and

lp(t,u) = @t o)l < Lgllu—vll, €0, To], w,veX

2
L= max{Mi(1/2+ ——= To) + Ly(1 + MsTp), 1/2: i =1,++ N} < 1,

then problem () has a unique piecewise continuous mild solution.
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