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Abstract: In this paper we study the approximate controllability of semilinear
stochastic control system with nonlocal conditions in a Hilbert space. Nonlocal ini-
tial condition is a generalization of the classical initial condition and is motivated
by physical phenomena. The results are obtained by using Sadovskii’s fixed point
theorem. At the end, an example is given to show the effectiveness of the result.
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1 Introduction

Controllability concepts play a vital role in deterministic control theory. It is well known
that controllability of deterministic equation is widely used in many fields of science and
technology. Kalman [23] introduced the concept of controllability for finite dimensional
deterministic linear control systems. The basic concepts of control theory in finite and
infinite dimensional spaces have been introduced in [31] and [24] respectively. However,
in many cases, some kind of randomness can appear in the problem, so that the system
should be modelled by a stochastic form. Only few authors have studied the extensions
of deterministic controllability concepts to stochastic control systems. Klamka et al. [I1]-
[12] studied the controllability of linear stochastic systems in finite dimensional spaces
with delay and without delay in control as well as in state using Rank theorem. In [I7]-
[22], Mahmudov et al. established results for controllability of linear and semilinear
stochastic systems in Hilbert space. Instead of this, Sakthivel, Balachandran, Dauer and
Bashirov et al. studied the approximate controllability of nonlinear stochastic systems
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in [25], [14], [13] and [I]. Shen and Sun [16] studied the controllability of stochastic first
order nonlinear systems with delay in control in finite dimensional as well as in infinite
dimensional spaces. In [26], Sakthivel et al. studied the approximate controllability of
second order stochastic system with impulsive effects using Banach fixed point theorem.
In [2]- [5] Anurag et al. obtained some sufficient conditions for controllability of integer
and fractional order stochastic systems with delay in control and state term using different
fixed point theorems.

On the other hand, Byszewski et al. [I5] introduced nonlocal conditions into the
initial value problems and argued that the corresponding models more accurately describe
the phenomena since more information was taken into account at the oneset of the
experiment, thereby reducing the ill effects incurred by a single initial measurement.
Also, it has a better effect on the solution and is more precise for physical measurements
than classical condition 2(0) = o alone. In [32], Y.K.Chang et al. obtained sufficient
conditions for controllability of semilinear differential systems with nonlocal conditions
in Banach spaces using Sadovskii fixed-point theorem.

Kumar [28]- [29] studied on the controllability of second order and fractional or-
der systems with delays in Banach spaces using Sadovskii’s Fixed point theorem. Also
Farahi et al. [30] studied on the approximate controllability of fractional neutral stochas-
tic evolution equations with nonlocal conditions using Sadovskii’s fixed point theorem.
Sanjukta [27] studied approximate controllability of a functional differential equation
with deviated argument using fixed point theory.

Up to now, to the best of our knowledge , there are no results on the approximate
controllability of semilinear stochastic control systems with nonlocal conditions using
Sadovskii’s fixed point theorem in the literature. So, the present paper is devoted to the
study of approximate controllability of the semilinear stochastic control systems with
nonlocal conditions using Sadovskii’s fixed point theorem.

2 Problem Formulation and Preliminaries

Let (22, S, P) be a complete space equipped with a normal filtration Sy, t € J = [0,b]. Let
H,U and F be the separable Hilbert spaces and w be a Q-Weiner process on (€2, 3y, P)
with the covariance operator ) such that trQ) < oco. We assume that there exists a
complete orthonormal system e, in F, a bounded sequence of nonnegative real numbers
An such that Qe, = A\e,, n = 1,2,--- and a sequence 3, of independent Brownian

motions such that -
w(t) = Z V Anﬂn(t)ena teJ
n=1

and §; = ¢, where 3;“ is the o-algebra generated by w. Let Ly" = Lo(QY?E; H)
be the space of all Hilbert-Schmidt operators from Q'/?E to H with the norm [[¢[|3 =
tryQy*]. Let L3(J, H) be the space of all 3-adapted, H-valued measurable square
integrable processes on J x .Let C([0,b]; L?(3, H)) be the Banach space of continuous
maps from [0, 5] into L?(J, H) satisfying the condition sup E||z(#)||* < oo.

teJ

Let Hy = C5([0,b]; H). Now H is the closed subspace of C ([0, b]; L*(S, H)) consisting
of measurable and ; - adapted H valued processes ¢ € C([0,b]; L*(S, H)) endowed with
the norm

1/2
o], = <sup EIIW)II%) :
te[0,b]
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In this paper, we consider a mathematical model given by the following nonlinear
second order stochastic differential equations with variable delay in control and with
nonlocal conditions of the form

dx(t) [Az(t) + Bu(t) + f(t,z(t))]dt + o(t, z(t))dw(t), te€J } (1)

where A : D(A) C H — H is a closed, linear and densely defined operator on H which
generates a compact semigroup {S(¢) : ¢ € J} on H. B is a bounded linear operator
from the Hilbert space U into H. The control u € L([0,b],U); f : Jx H — H;
o :J x H — LY are nonlinear suitable functions; xo is $¢ measurable H valued random
variable independent of w; g is continuous function from C(J, H) — H.

For simplicity of considerations, we generally assume that the set of admissible con-
trols is U,d = LA(J,U).

Definition 2.1 A stochastic process © € Hs is a mild solution of () if for each
u € L4([0,0],U), it satisfies the following integral equation:

() = S(t)(xo +g(x) + / S(t — 8)[Bu(s) + f(s, 2(s)))ds

+/0 S(t — s)o(s,x(s))dw(s).

Let us introduce the following operators and sets (see [15])
Ly € &(L3(J x Q,U), Ly(Q, Sy, H)) is defined by

b
Lyu = /0 S(b — s)Bu(s)ds,

where £(X,Y) denotes the set of bounded linear operators from X to Y.
Then its adjoint operator L; : La(Q, Sy, H) — L35 (J x Q,U) is given by

Liz = B*S*(b— t)E{2|3,}.

The set of all states reachable in time b from initial state z(0) = xg € L2(€2, So, X ), using
admissible controls is defined as

Rb(Uad) = { (b Zo, U )GLQQ Sp, ) uEUad}

x(b;xo,u) = SO)(xo+ gz /Sb—sBu ds+/Sb—s (s,2(s))ds,

+/0 S(T — s)o(s,x(s)dw(s).

Let us introduce  the linear controllability =~ operator H8 €
L(La(Q, Sp, H), La(Q, Sy, H)) as follows:
{} = Lu(Ly)*{}

_ /bS(b—t)BB*S*(b—t)IE{.Bt}dt.
0
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The corresponding controllability operator for deterministic model is:

Iy Ly(s) Ly (s)

/b S(b—t)BB*S*(b— t)dt.

Definition 2.2 The stochastic system (I]) is approximately controllable on [0, b] if
R(b) = Lo(Q, I, H), where R(b) = {z(b;u) : u € La(Q,Sy, H) : u € U,d} and
L3([0,b],U) is the closed subspace of L%([0,b] x ©,U), consisting of all §; adapted,
U valued stochastic processes.

Lemma 2.1 [6] Let G : J x Q — LY be a strongly measurable mapping such that
b
/ E[|G(t)[|", < c0. Then
0 2

| [ cants|| < 2a [ GO

for allt € J and p > 2, where Lg is the constant involving p and b.

Lemma 2.2 (Sadovskii’s fixed point theorem [7]). Suppose that M is a nonempty,
closed, bounded and convex subset of a Banach space X and T’ : M C X — X is a
condensing operator. Then the operator I' has a fized point in M.

To prove our main results, we list the following basic assumptions of this paper:
(i) A is the infinitesimal generator of a compact semigroup {S(¢) : ¢ > 0} on H.

(ii) The function f : J x H — H and o : J x H — L satisfy linear growth and
Lipschitz conditions, i.e, there exist positive constants N1, No, K1 and K5 such that

1f(t ) = fFEI* < Nallz —yll?, [1£ (L 2)|* < Na(1+ [J2]),
lo(t.2) — ot yllig < Killz =yl [lo(t2)l[7g < Kol + ||

(iii) The function g is continuous function and there exists some positive constants
M, such that

llg(@) = gWII* < Myllz —yl*,  llg(@)I* < My(1 +[]2]*)

for all x,y € C(J, H).
(iv) For each 0 < t < b, the operator a(al + I'?)~1 — 0 in the strong operator
topology as a — 0%, where

b
e = / S(b— s)BB*S*(b— s)ds
t
is the controllability Grammian. Observe that the linear deterministic system corre-
sponding to ()

(2)

da'(t) = [Ax(t) + Bu(t))dt, teJ}
z(0) = a9

is approximately controllable on [t,b] iff the operator a(al + I'?)~! — 0 strongly as
a— 0T,
For simplicity, let us take Mp = max{||B||}.
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3 Main Result

Let us recall two lemmas concerning approximate controllability, which will be used in
the proof.
The following lemma is required to define the control function.

Lemma 3.1 [T9] For any x, € La(Q, Sy, H), there exists ¢ € L3 (J, LY) such that
b
xp = Eap —|—/ @(s)dw(s).
0

Now for any a > 0 and x, € L2(Q, 3y, H), we define the control function in the
following form

u(t,z) = B*S*(b—t)[(ad + ¥h) " (Eay, — S(b) (20 + g()))
t «Q "Y=lo(s)dw(s
+ [ a1+ 9 o))
—B*S*(b—t)/ (I +T0)71S(b — ) f(s,2(s))ds,
0
—B*S*(bft)/ (al +U2)71S(b — s)a (s, 2(s))dw(s).
0

Lemma 3.2 There exists a positive constant M,, such that for all x,y € Hs, we have

[} [e7 Mu
Elju® (t,2) — u(t,y)|[2 < [z — ol (3)
@ Mu
Ellu (t )| < =5 (1+ lal ). (4)

Proof. Let x,y € Hy. From Holder’s inequality, Lemma 2.1l and the assumptions on
the data, we obtain

Ellu® (¢, 2) — u(t,y)] > < 3E\ \B*S*(b (el + %) S®) o) — 9(v)

2

#3855 0 0) [ (@l + W00 - 91 (0(6) ~ S5 0(6)]ds

+3E‘ ’B*S*(b - t)/o (ol + U718 (b — s)[o(s,2(s)) — (s, y(s))]dw(s)

3 t t
< Zargar [Mlle— vl +0 [ NiBlle(o)~u(o) s + L [ KuBa(o) (o) s

3
< SMpM* {Mg +0N1b sup Ellz(s) — y(s)|[F + LaKib sup Ellz(s) — y(s)ll?{}
« s€[0,b] s€[0,b]

3 M,
< SIMEMAM, + 5N + LoKablle — yllh, = St lle — il
where M, = 3M%M*[M, + b>N; + LgK1b] and p, q are conjugate indices.
The proof of the second inequality can be verified in a similar manner by putting
u®(t,y) = 0. So, the proof of the lemma is completed.



326 A. SHUKLA, N. SUKAVANAM, D.N. PANDEY

For any a > 0, define the operator P, : H, — Hs by
t
(Poz)(t) = S(t)(xo+ g(x)) —|—/ S(t — s)[Bu®(s,x) + f(s,x(s))]ds
0

o [ Ste = ote ot

To prove the approximate controllability, we first prove in Theorem Bl the existence
of a fixed point of the operator P, defined above, using the Sadovskii’s fixed point
theorem. Second, in Theorem B.2] we show that under certain assumptions the approx-
imate controllability of system (2) is implied by the approximate controllability of the
corresponding deterministic linear system.

Theorem 3.1 Assume hypothesis (i) — (iv) are satisfied. Then the system () has a
mild solution on [0,b] provided that

M2b2M.

SM>M, + 4M2< " “ 4+ b* Ny + LgK2b> <1, (5)

3M2M2bM,

v +3M?bN; + 3M?L¢ < 1.

Proof. The proof of this theorem is divided into several steps.
Step 1. For any = € Hy, P, (2)(¢) is continuous on J in the L? sense.

Proof of Step 1: Let 0 < t; <ty < b. Then for any fixed x € Ho, it follows from
Holder’s inequality, Lemma [Z.I] and assumptions of the theorem that

E||(Paz)(t2) — (Paz) ()|l

< 7|EII(S(t2) - St2)) @0 + 9@ + E} [ 00— 9) = (01— 9.l

ta 2

+E S(ta — 8)f(s,2(s))ds /0 1 [S(ta —s) — S(t1 — 9)]o(s, z(s))dw(s)

+E|

t1

/ : S(ta — s)o(s,z(s))dw(s)

ty

+E

g EH /Otl[S(tQ — 8) = S(t1 — 8)|Bu®(s, x)ds
]

< 7[2 (EII(S(tz) —S(t))olP + EI|(S(t2) — s<t1>>g<sc>||2)

to
—|—EH/ S(ta — s)Bu®(s,z)ds
t1

t1

+t /0 1 E|[[S(ta — s) — S(t1 — s]) f (s, z(s))|[*ds + M?(t2 — tl)/ 2 E||f (s, z(s))|[*ds

+LG/O 1 E[|(S(ts — s) — S(t1 — 5))o(s,2(s))||*ds + M2LG/ 2 Ello (s, (s))|[*ds

t1
2]

ty
+t1/ E||[S(t2fs)—S(tl75])Bua(s,x)||2ds+||B||2M2(t2—t1)/ El|u®(s, z)|[*ds
0

ty
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Hence using Lebesgue’s dominated convergence theorem, we conclude that the right hand
side of the above inequality tends to zero as ta —t; — 0. Thus we conclude P, (z)(t) is
continuous from the right in [0,b). A similar argument shows that it is also continuous
from the left in (0,b]. Thus Py (z)(t) is continuous on J in the LP sense.

Step 2: For each positive integer ¢, let B, = {z € Hs : E||z(t)||% < q}, then the
set B, is clearly a bounded, closed and convex set in Hs. From Lemma 2.1, Holder’s
inequality and assumption (i), we derive that

t 2 t 2
]EH/ S(t— 8)f(s,x(s))ds|| < ]E(/ ||S(t—s)f(s,:z:(s))||Hds)
0 H 0
‘ 2
M’E d
< ( [ 16l )
< % / || (s, ()3 ds
0
M2b/ No(1 + E|jx(s)]|3;)ds
0
t
< M2N, / (1+ sup E||n(s)|[3)ds
0 s€[0,b]
< M?bNab(1+ [|=(13,)
< M**Ny(1+||z|[3,),

which deduces that S(t — s)f(s,z(s)) is integrable on J, by Bochner’s theorem, P, is
well defined on B,.

Similarly from (i%), we derive that

2

| [ St s)ols,atsNdu(s)]| < L / "BIIS(— 8)o(s, 2()|yds

t
< e / El|o(s, 2(s))] 2 ds
O 2
t
< LM / Ko(1 + Eja(s)||)ds
0
t
< LUM2K2/ (1+ sup E||z(s)|[7)ds
0 s€[0,b]
< LeM2Eob(1+||z||%,)
< LeM2Eob(1+||2|[3,).

Now, we claim that there exists a positive number ¢ such that P, (B,) C By.

If it is not true, then for each positive number ¢, there is a function z,(.) € B, but
P,z does not belong to By, that is E||Pyxy(t)||3 > g for some t € J.
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On the other hand, from assumptions (ii), (iii) and Lemma 3.2, we have

¢ < El|Pary (I = H o+ (e + [ 00— B (5,2) + 29l

/St—s (s, a(s ))dw()

< 4AMZEl[zo + g(x)|]* + 4M2M3b2 5 (1 +[][,)
+AM?V’ No(1 + ||z||7;,) + 4M°L, K2 (1+ ||z||H2)

< 4AMP2E||zo* + 2E|g ()] ]+41\42J\4Bb2 5 (14 |l f,)

+ AMPYNy(1+ ||z||3,) + 4AMPL,Kob(1 + ||x||H2)

< AMP2E||zol? 4+ 2My (1 + [[z|[7,)] + 4M2M3b2 - (1+ ||2(1%,)
+AM?Y’ No(1 + ||z||7;,) + 4M? Lo Kob(1 + ||z||H2)

< AM?2E||zo|]? + 2M,(1 + q)] + 41\421\431)2 “(1+9q)
+4M?b*No(1 + q) + 4AM* Ly Kob(1 + q)

- 4AM?MEb> M,

<8M2E||$0||2 +8M*M, + 2

Q
+ AMZ?b®>Ny + 4M2L0K2b)

AM2M2b2 M,
75’ £ AM22N, + 4M2L0K2b) q.

_|_

«

(8M2Mg +

Dividing both sides by ¢ and taking the limit as ¢ — oo, we get

b2
SM>M, + 4M2( B + 0’ Ny + L KQb)
e’
This contradicts condition (5). Hence for some positive number ¢, P,B, C By.

Step 3. Now, we define operators P,, and P,, as

(Pa,2)(t) = S)[zo+ g()],
(Pa,2)(t) = /O S(t— 8)[Bu®(s,2) + f(s,2(s))]ds + /O S(t = )0 (s, 2(s))de(s)

fort € J. Here, we will prove that P,, is completely continuous, while P,, is a contraction
operator.

By assumption (iii), it is clear that P,, is a completely continuous operator. Next we
show that P,, is the contraction operator. For this, let x,y € B, then for each ¢t € J,
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we have from assumptions (i7),(47)

El[(Pay)(t) — (Pry) D)l < SEH [ st 9B1(s.0) = el

H
2

as| [ 506 — 917 (s.0(6) — s aloles

H
2

+3E‘ /0 S(t— s)[o(s,z(s)) —a(s,y(s))]dw(s)

H

IN

3M2 M2 / "l (5,2) — u (s, y)|[2ds
0
t
Y / E||f(s,(s)) — f(s,y(s))|*ds
0

e / Ello(s, 2(s)) — o(s, y(s))| Pdu(s)

IN

M,
BMMpb— [z — ylITz, + 3MZ*bN1[|z — yl[7,

+ 3M*Lellz — yll%,

3M2MZbM,
a2

+ 3M2bN; + 3M2La) |z — yl|%,

therefore ||(Pa,) — (Payy)||3, < Lollz — yll3;,, where

<3M2M]23bMu
Ly=Z—&2—*

2 + 3M?bN; + 3M2LG) < 1.

Thus P,, is a contraction mapping.

Now we have P, = P,, + P,, is a condensing map on B, so Sadovskii’s fixed point
theorem is satisfied. Hence we conclude that there exists a fixed point z(.) for P, on By,
which is the mild solution of ().

Theorem 3.2 Assume assumptions (i) — (iv) are satisfied and if f and o are uni-
formly bounded, then the system ([) is approzimately controllable on [0, b].

Proof. Let x, be a fixed point of P, in Hs. By using the stochastic Fubini theorem,
it is easy to see that

o) = xp—alad +T4)7? (E:cb —S(b)(xo + g(x)))
b
+a/0 (@l +TY)1S(b — ) f(s, za(s))ds
b
+a/0 (ol +T5)71S(b— 5)o (s, 2a(s)) — ¢(s)]dw(s).

By the assumption that f and o are uniformly bounded, there exists D > 0 such that

1f(s;2a(s))II* + [lo(s, za(s))I]* < D
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in [0,0] x Q. Then there is a subsequence denoted by {f(s,za(5)), (s, za(s))} weakly

converging to say {f(s,w),o(s,w)} in H x LY. Now, the compactness of S(t) implies

that S(b—8)f(s,za(s)) = S(b—3)f(s) and S(b—s)o(s,za(s)) = S(b—s)o(s) in J x Q.
Now, from the above equation, we get

2
Ellza(b) — x| < 6

alad +TH7! [Exb — S(b)[zo + g(z))]}

+6E(/Ob lla(al +Ff;)1¢<s)lligds)
<
(
<

b
+6E / lla(al + T2~ [15(b — )[o (s, 2a(s)) o(sm@gds)

b 2
+6E /0 lla(al +T2)71| IIS(bS)[f(S,:ca(S))f(S)]||d8>

b 2
+6E /0||a(a1+rg)-15(b—s)f(s)||ds)

+6E(/Ob lla(al +T) 'S — s)a(s)nigdsﬂ .

Since by assumption (iv), for all 0 < s < b the operator a(al +I'?)~! — 0 strongly as
a — 0% and moreover ||a(al+T%)~t|| < 1. Thus by the Lebesgue dominated convergence
theorem, we obtain E||z, (b) — zp||*> — 0. This gives the approximate controllability.

4 Example
Consider the stochastic control system:

diz(t,0) = [z09 + Bu(t,0) + p(t, z(t))]dt + k(t, z(t))dw(t),
z2(t,0) =z(t,m) =0, 0<t<T, 0<O<m,

2(0,0) + i a;z(t,0) = 20(0) t € J,

i=1

(6)

where B is a bounded linear operator from a Hilbert space U into X; p:J x X — X,
k:Jx X — LY are all continuous and uniformly bounded, u(t) is a feedback control and
w is a Q-Wiener process.

Let X = L]0, 7], and let A: D(A) C X — X be an operator defined by

Az = 200
with domain
D(A) = {z(.) € X|z, zg are absolutely continuous , zgg € X, 2(0) = z(7) = 0}.

Furthermore, A has discrete spectrum, the eigenvalues are —n?,n = 1,2,--- with the
corresponding normalized characteristic vectors e, (s) = (2/7)'/2sinns, then

o0
Az:Z—n2<z,en>en, z e X.

n=1
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It is known that A generates a compact semigroup S(t),¢ > 0 in X and is given by

S(t)z = Z e < 2 e, > en(0), zeX.

n=1

Let f:J x X — X be defined by

[t x()(0) = p(t, 2())(0),  (t,2:) € J x X, 0 € [0,7].

Let o0 : J x X — LY be defined by

o(t,z(t))(0) = k(t,z(¢))(9)), (t,a) € JxX,0€]0,7].

The function g : C(J, X) — X is defined as

for 0 <t; <T and 6 € [0,7].

331

With this choice of A, B, f,o and g, (1) is the abstract formulation of (6) such that

the conditions in (z) and (i7) are satisfied.

Now define an infinite-dimensional space

U= {u:u: iunen(e) |§:u% < oo}
n=2 n=2

with the norm defined by

o 1/2
ully = (Zu>

n=2

and a linear continuous mapping B from U — X as follows:

Bu = 2uger (0) + > un(t)en(0).
n=2
It is obvious that for u(t, 6, w) = Z U (t,w)en(0) € L3 (J,U)
n=2

Bu(t) = 2us(t)er(0) + > un(t)en(0) € L3 (J, X).

Moreover,

B*v = (2u1 + v2)e2(0) + Z vnen(0),
n=3

B*S*(t)z = (2217 + e M)ea(0) + > zne ™" ten(0),
n=3
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for v = Z vnen(f) and z = Z Znen(0).
=1 n=1

Let ||B*S*(t)z]| =0, t € [0,T], it follows that

[e ]
122167 + 20e 2+ 3 [lzne ™ P =0, tel0,T]

n=3

=2,=0, n=1,2,---=2z=0.

Thus by Theorem 4.1.7 of [23], the deterministic linear system corresponding to (6) is

approximate controllable on [0,7]. Therefore the system (6) is approximate controllable
provided that f,o and g satisfy the assumptions (¢) and (ii).
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