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Abstract: In this paper, we study the existence of even homoclinic solutions for a
dynamical system

#(t) + Az (t) + V' (t, 2(t)) = 0,
where A is a skew-symmetric constant matrix, t € R, z € RY and V € C*'(RxR"™,R),
V(t,z) = =K (t,z) + W(t,x). We assume that W(t,z) does not satisfy the global
Ambrosetti-Rabinowitz condition and that the norm of A is sufficiently small. For
the proof we use the mountain pass theorem.
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1 Introduction

The purpose of this work is to study the existence of even homoclinic solutions for the
following system
E(t) + Az(t) + V' (t,z(t)) = 0, (DS)

where A is a skew-symmetric constant matrix, V€ C1(R x RV, R), V'(t,z) = %—‘;(t,x)
and x = (21, ...,xn). We say that a solution z(¢) of dynamical system (DS) is homoclinic
if z(t) — 0 as t — +oo. In addition, z is called nontrivial if  # 0. The theory of
dynamical systems is a vast subject that can be studied from many different viewpoints.
Particularly the existence of homoclinic solutions for DS is among the very important
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problems which have been intensively studied. When A = 0, (DS) is just the following
second order non-autonomous Hamiltonian system:

(t) +V'(t,x(t)) = 0. (HS)

If the potential V' (¢, x) is of type
1
V(t,z) = —§L(t)x.x + W(t, ), (1)

where L € C(R,RY 2) is a symmetric matrix depending continuously on t and W €
CH(R x RN R), then the existence of homoclinic solutions of (HS) has been intensively
studied by many mathematicians, see ( [I], [6], [7], [I1], [12], [14], [15], [22]) and the
references therein. Assuming that L(t) and W (¢, z) are T-periodicin ¢, T > 0, Rabinowitz
[17] showed the existence of homoclinic solutions as a limit of 2kT-periodic solutions
of (HS). By the same method many authors have studied the existence of homoclinic
solutions for the system (HS) via critical point theory and variational methods, see
( [6], [9], [I0], 11, [19]) and the references therein. In 2005, Izydorek and Janczewska [10]
introduced a new type of potential V(¢,x) with which they studied the existence of
homoclinic solutions for the system (HS), the potential V (¢, ) is T-periodic in ¢ and of
the form:

Vt,z) = —K(t,z) + W(t,x), (2)

where K, W € C'(R x R R), which has been extended in the recent paper [19]. They
have proved the existence of homoclinic solutions as a limit of 2kT-periodic solutions of
(HS). If K(t,x) and W(t, x) are neither autonomous nor periodic in ¢, the problem of the
existence of homoclinic solutions of (HS) is quite different from the ones just described,
because of the lack of compactness of Sobolev embedding. In 2013, Benhassine and
Timoumi [5] studied the existence of even homoclinic orbits of the system (HS) when the
potential V (¢, x) is of the form () and satisfies a kind of new superquadratic conditions,
in particular

(1) W(t,x).x > 2W (t,x) > 0 for all (¢,x) € R x (RV\ {0}),
W(t,x) == sW'(t,x).x — W(t,z) = +00 as |z| — 400 uniformly in t € R.
(ii

) there exist constants b; > 0 such that
K(t,x) > by|z|*.

When the potential V(¢,z) is of type (2], the existence of even homoclinic solutions of
(DS) has not been studied. Motivated by the papers ( [I], [3]- [11], [14]- [19], [21]), we
prove the existence of even homoclinic solutions for (DS), as the limit of solutions of
a sequence of boundary-value problems which are obtained by the minimax methods.
Here and in the following .y denotes the inner product of z,y € RY and |.| denotes the
associated norm.

Our basic hypotheses on K and W are the following:
(Hy) For all (t,z) € R x RN, V'(t,z) — 0 as |z| — 0 uniformly in ¢ € R,
(H3) There exists a constant by > 0 such that

K(t,z) > b|z?, K(t,z) < K'(t,z).x <2K(t,x)

for all (t,z) € R x RV,
(Hs) W'(t,z) = o(]z|) as || — 0 uniformly in ¢ € R and there exists some constant Cj
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such that W < Cy for all (t,x) € R x RV,
(Hy) W(t,x).x > 2W (t,x) > 0 for all (t,z) € R x (RN \ {0}),

W(t,z) == AW'(t,z).x — W(t,z) — 400 as |z| — +oo uniformly in t € R and for any

W (t
fixed 0 < 11 < 79, (’f) £0,
teR,r <|z|<r2 |£C|

(Hs) There exists constant & > 0 such that

W (t 212 + Th
lim inf ( ,21') > T 22 180
|lz|—>+oo || &8

+ M,

uniformly in ¢ € [—&p, ], where My = sup K(t,x), by = min{1,2b;} and b; is
te[—&o,80],|2]|=1

defined in (Hy).

(He) [|All < 3b1.

Now we state our main results.

Theorem 1.1 Assume that (Hy)—(Hg) hold, then the system (DS) has at least one
even homoclinic solution v € HY(R,RN) such that #(t) — 0 as |t| — +oo.

Remark 1.1 From (Hs), we see that there exist a1 > 0 and R > 0 such that
W(t, ) o 212 + Zhi&o + an

>~ £

+M15

for all |z| > R and t € [—&o, &o]. Let M3 = max W (t,z); we have
t€[—&o,o];|z|<R
212 4+ Zhi&o +
Wit,z) 2 (0 g R~ g ®)

5
for all z € RN and t € [—&, &)

Moreover, W'(t,z) = o(|x|) as |x| — 0 uniformly in ¢ € R, which implies that for any
€ > 0 there exists pp > 0 such that

W' (t,z)| < elz|, for (t,z) e R x RN, |z| < po. (4)

Now let us consider the following assumption:
(H7) There exist xo € RY and & > 0 such that

/50 (K (£, 20) — W (. 20))dt < 0.
)

Our second result deals with the case of periodicity.

Theorem 1.2 Assume that V is T-periodic in t, T > 0 and (H1)-(H4), (Hg) and
(Hz7) hold, then the system (DS) has at least one even homoclinic solution x € H*(R,RY)
such that &(t) — 0 as |t| — +oo.

Example 1.1 Consider the functions

o ; e of, 1

K(t,x) = |z|” +|z|2, W(t,z)=(e"" +2m)|z| (1 (e 1 T2) |x|)) .
A straightforward computation shows that W and K satisfy the assumptions of Theorem
[T, but W does not satisfy the global Ambrosetti-Rabinowitz condition, and K cannot
be written in the form 1(L(t)z,x) and does not satisfy the corresponding results in

([, 31, [6]- [0, [12], [14], [I7], 09, 211, [22]).
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2 Proof of the Main Results.

By the idea of [11], we approximate an even homoclinic solution of (DS) by a solution of
the following problem:

{ Z(t) + Az(t) — K'(t,z(t)) + W'(t,z(t)) =0 for t €] — & €], (5)
x(—t) = x(t) fort €] - &, 2(=§) = z(§) =0,

where £ is a positive constant. The set

[ x:[=¢&,€& — RY /v is absolutely continuous,
a-e )= S o e }

is a Hilbert space with the norm

13
=] = (/_£(|:c(t)|2 + |9'c(t)|2)dt>

and the associated inner product

1
2

§
(@) = [ @O0+ 0.5(0)i

—£
Consider the functional I : H}([—¢,€]) — R defined by

3
Ie(z) = /_5 B|y’c(t)|2 + %(Ax(t).:b(t)) + K(t,z(t)) — W(t,z(t))| dt.

It is easy to check that Iz € C'(HJ([—&,€]),R) and by using the skew-symmetry of A,
we have

3
I(z)y = /_5 [(@(2)-9(t) — (A2 (t)-y (1) + K'(t,2(t)).y(t) = W't x(t)).y(t)] dt. (6)
Moreover, the critical points of I in H}([—¢,£]) are the classical solutions of (DS) in

—£,£] satisfying x(§) = z(—£) = 0. We will obtain a critical point of I by using the
3
Mountain Pass Theorem:

Lemma 2.1 ( [16]) Let H be a real Banach space and I € C*(H,R) satisfying the
Palais-Smale condition. If I satisfies the following conditions:

(1) 1(0) = 0,
(ii) there exist constants p, a > 0 such that I jpp,0) > @,
(iii) there exists e € H\B,(0) such that I(e) < 0.

Then I possesses a critical value ¢ > a given by

= inf 1
°= jeb gy 1),
where B,(0) is the open ball in H centered in 0, with radius p, 0B,(0) as its boundary
and

I'={g€C(0,1], H) : g(0) = 0,9(1) = e}.
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For a fixed £ > 0, consider the subspace E¢ of Hi([—¢,£]) defined by
Ee = {z € Hy([-& &)la(-t) = 2(t), a.e.t €] €[}
We will proceed by successive lemmas.

Lemma 2.2 The critical points of ¢ on E¢ are exactly the solutions of problem (3,
where ®¢ is the restriction of I¢ on F.

Proof. Let
Fe = {z € Hy([-€ &) /z(~t) = —x(t), ae. t €] = &€}

For every z € H}([—¢,€]), set

(z(t) +2(=1)), =2() =

y(t) =

N | —

then y € Fe, z € Fy and @ = y + 2. So Hj([¢,€]) = E¢ + Fe. Furthermore, for all
y € B¢, z € Fy we have

13 —£
(0, 2) = / (y(t).2(1) + §()-2(0))dt = /g (y(—1)-2(=1) + (1) (~1))d(~t)

—£

3
= [ WO (=) + (90200 =~
which implies that (y,z) = 0 and then F¢ Ll Fe. Hence H}([—¢,€]) = Ee @ Fe. If x is
a critical point of ®¢, for every z € Ee C C%([—¢,&],RY) (The space of continuous
functions z on [—¢, €] such that z(t) — 0 as [t| — +00), then by (@) we have

13 13
/ [E(t).5(t) — Ad(t).2()]dt = / (& (t) + Az(t)).2(t)dt

—£ —£

€
—/é (K'(t,z(t)) — W'(t,z(t))).z(t))dt

which implies that K'(¢,2(t)) — W'(t,z(t)) is the weak derivative of @(t) + Ax(t). Since
K,W e CYRxRM R) and Ee C CO([—¢, ], RY), we see that i(t) + Ax(t) is continuous,
which yields that @(t) is continuous and z(t) € C?(R,RY); i.e z € E¢ is a classical
solutions of (B if and only if it is a critical point of ®¢ on Hi([—¢,£]). The proof of
Lemma 2.2]is complete.

Lemma 2.3 Assume that (Hz) holds. Then, for everyt € [—&o,&] and x € RN the
following inequality holds:

K(t,$)§M1|ZE|2+Mg, (7)

where My is defined in (Hs) and My = sup K(t,x).
t€[—&o,80],|z|<1
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Proof. To prove this lemma it suffices to show that for every z € RY and
t € [=&o,&o] the function (0, +00) — R, s — K(t,s'xz)s? is nondecreasing; which is an
immediate consequence of (Hz). The proof of Lemma 23] is complete.
By Sobolev’s embedding theorem, H' (R, R") is continuously embedded into LP(R, RY)
for p € [2, +00]. Thus there exists v, > 0 such that

llzll r ey < Vplloll gy, Vo€ [2,+00,Va e HY(R,RY).

Since € H([—¢,€]) can be regarded as belonging to H!(R,RY) if one extends it by
zero in R\[—¢, £], then we have

2]l Lo (-1 -y < Wollzll, Vo€ [2,400], Yz € Hy([—£,€)), (8)
where 7, is independent of £ > 0.

Proposition 2.1 Suppose that the conditions (Hy) - (Hg) or (Hy) - (Hy), (Hs) and
(H7) are satisfied, then for all & > &y, the problem (&) possesses a nontrivial solution.

Proof. Step 1. It is clear that ®¢(0) = 0. As shown in [2], a deformation lemma
can be proved with condition (C) replacing the usual (PS) condition, and it turns out
that the Mountain Pass Theorem in [16] holds true under condition (C), i.e., for every
sequence (y;) C Ee¢, (y;) has a convergent subsequence if ®¢(y;) is bounded and (1 +

ly;l) H‘I)Ig(yj)HE* — 0 as j — +oo, where E* is the dual space of E. Let (y;) C E¢ be
¢
such that ®¢(y;) is bounded and (1 + ||y;||) HCI)’é(yj)HE — 0 as j — 400. Observe that
¢

for j large, it follows from (Hz) and (Hy) that there exists a constant M such that

1
M > @¢(y;) — s Pe(y;)y; =

2
3 13
/_5(%W’(t,yj)-yj —W(t,yj))dtJr/_g(K(t,yj) - %K'(t,yj)-yj)dt
13
w y Yj dt. 9
z/g (t, ()t (9)

By negation, if (y;) is not bounded, passing to a subsequence if necessary we may assume
that [|y;|| — +oo as j — +00. Set 2; = 5, then ||2;|| = 1 and by () one has
J

l2ill Lo ((—e.e1.2v) < pllzill = v, VP € [2,+00]. (10)
By (Hs), (Hy) and (Hg) we have

3 3 3
20 > 20c()) = | LORE / (A35(0) 35 (0)a +2 / K 0)
o [ W@ 2 Bl 1A~ [ W)
e yYj = 01]|Y; Y; » » Yj -Yj

o~ b [ Wty (0) (D) )
N by — — — dt |,
I35 ( /. :

Y

7l



304 K. KHACHNAOUI

where b; = min{1,2b;} > 0. Thus implies that

!
lim / Wy (8)-95 ) g 3, (11)
oo ||yy|| 4

Set
f(r) :==inf {W(t,2)| t € [-¢,&] and x € RY with |x| > r}

for r > 0. By (H,4) one has
f(r) = +o0 asr — +oo.
For 0 <a <blet
Qj(a,b) ={t € [¢,&] | a <y;(t) < b}

and

cy :inf{W(t’x),t €& & anda < |x] < b}.

|z[?
Obviously, we have
W(t,y;(t) > Cly; (D)2, for allt € Q;(a,b). (12)

By (@) and (I2) it follows

& _ _ _
M > / W(t,y;)dt = / W(t,y;)dt + / W(t,;)dt + / (¢, (1)) dt
£ Q;(0,a) Qj(a,b) Q; (b,00)

> / TW(t,;)dt + Cf / lyy Pdt + F(bymeas(Q; (b, 00)), (13)
Q;(0,a) Q;(a,b)
which implies that

M
meas(2;(b,0)) < — — 0 as b — +oo uniformly in j. (14)

f(0)
For any fixed 0 < a < b and by (®), (I0) and (I4]) we have

L o il < 2 g ymeas( (000 (15)

< ’yzomeas(Qj(b, o)) =0

as b — +oo uniformly in j. Moreover, by (I3)) we obtain

1 M
|z;|2dt = —/ ly;[dt < — -0 (16)
/szj(a,b) ! lyill? Jo, @ Citlly;112

as j — +o0o. Let 0 < e <bh L by (Hs) there exist a. > 0 such that

W' (t, )] < %m for all |z] < a..
2
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Consequently,

/ t . 12
/ |W ( 7yj)||'z]| dt |Zj|2dt S c. (17)
Q;(0,ac) |yj| 72 Q;(0,ae)

By (I3 we can take b large such that

|22t < =~
/Qjavs,oo) C

Hence, by (Hs) we obtain
W' (t, ;)2
/ Mdt < |2;[2dt < e. (18)
Q; (be ,00) 7 Q; (be;00)
By (@) there is jo such that
W' (t.vy. |2
/ Mdt < CO/ |zj|2dt <e, (19)
Q; (ac,be) 7 Qj (ac,be)
for all j > jo. Therefore, combining (I7)-([I9) we have

/ W'(t,y;) yjdt< |W'(t, yy)||zj|

1
||y-7|| [ EVE]\{tG[ EvE]/'yj(t)‘—O} |y]|

which contradicts (I1). Hence, (y;) is bounded in E¢. Going if necessary to a subsequence,
we can assume that there exists y € E¢ such that y; — y as j — 400 in F¢, which implies
that y; — y as j — oo uniformly on [-¢,§]. Hence (®;(y;) — ®:(y))(y; —y) — 0,

3

lly; — y||L2([_£7£],RN) — 0 and / (V'(t,y;(8) = V' (t, y(t) (y;(¢) — y(t))dt — 0 and by
—&

the Holder inequality, we have

< 1 Allg; = 9llz=lly; — yllzz =0

3
(A0 = 4306 ) i)

as j — +o0o. On the other hand, an easy computation shows that

(Pe(y;) = Pe(¥)(y; —v)
3
= 5 = 9l -e ) — | (A0t0) = 4500, ~ w0

3
/g(V'(t,yj(t))) = V(£ y(1)))-(y; () — y(t))dt.
and so [|jj; — ¥l 2((—¢,e,rv) — 0. Consequently, |y; — y|| — 0 as j — +oc. Hence, ®¢
satisfies condition (C).

Step 2. Now, let us show that @, satisfies assumption (ii) of Lemma 21l By (Hz3)
there exists a constant pg > 0 such that

[W'(t,z)| < |:I:| VteR, V|z| < po.
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It follows that

1 1
/ W'(t, sx).zds| < / |W'(t, sz).x|ds
0 0

(Wt z)| =

by /1 2 51 2
< — r|“sds = —|z|*,Vt € R, V |z| < pg. 20)
2 0|| 47§|| || (

Let p = £ and S = {z € E¢/||z|| = p}. By @), we have [z ((-¢¢rv) < po, for all
x € S, which together with (20)), (Hz) and (Hg) implies that

1 /¢ 1
De(r) = §/£|g'c(t)|2dt—§/ (Az(t) dt+/ K(t,x(t))dt — /Wtac

by b b b
<_1_1_1> ||;L'H2:§1p2::a,V:L'€S.

Step 3. It remains to prove that ®, satisfies assumption(iii) of Lemma 211 If (Hj)
holds, let
e(t) = { m|_51n(w’f)|€1aif t € [=o, &l
0,if t € [=& &\[—&o. &ol,
where w = 25— =(1,0,...,0) and m € R\ {0}. By the Holder inequality, (Hg), Remark
[[1 and Lemma 2.3 we have

13 13 3 3
e (e) %/g |é(t>|2dt+%/E(Ae(t).é(t))dw/gK(t,e(t))dt/gW(t,e(t))dt

1 &o 1 o
= §m2w2/ |cos(wt)|2dt+§m2w/ (Al sin(wt)|ey.| cos(wt)|ey)dt
—&o —&o

o €o
+ K (t,m|sin(wt)|ey)dt — W (t, m|sin(wt)|ey)dt
—&o —&o

1
2m2w2/ | cos(wt)|2dt +m2w ||Al|& + Mim? / | sin(wt)|2dt + 260 Mo
o

_ (271'2—}—%[)160—}—@1
&
212 4+ Thi€g +a
+ 250 (RQ( P} 2160 1
£
7Tb1 2(11

22+ IThi&o +a
< w2 (M2+R2( UL
2 & &

as m — oo. If (Hy) holds, set g(s) = s™2W (¢, sxq) for s > 0. Then it follows from (Hj)
that

IN

+ Mp)m? / | sin(wt)|*dt
—&o

+M1)+M3)

+M1)+M3> — —0O0

g'(s) = s 3[=2W (t, sz0) + W'(t, s20).570] >0, forte R, s> 0.

Integrating the above from 1 to A > 1, we obtain

W (t, Axo) > NW (t,x0), fort € R, A > 1. (21)
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By (Hz2), it is easy to show that
K(t, \xg) < N K(t,z0), for t €R, A > 1. (22)
From 2I) and (22) we have

13
e (Azo) = [ 8 o) =W 1 o)

<\ (/_i K(t,xq)dt — /_Z W(t,xo)dt> . (23)

Choose o > 1 such that |ozg|v/2& > p and let

{ oxg,if t € [0, &0,
e(t) =
0,if t € [=& E\[0, &ol-

By @23) and (H7) we have
§

De(e) = / (K (1, e(t)) — W(t, e(t)))dt

—£

/ K (towo) — Wt 0m0))dt
—&o

o

< 02/ (K (t,w0) — W(t,20))dt < 0.
—$o

All the assumptions of Lemma 2] are satisfied, so for all £ > &y, ®¢ possesses a critical

value c¢ > o > 0 defined by

ce = inf max e (9(s)),

where
Ie = {g(t) € C([0, 1], E¢)/9(0) = 0,9(1) = e} .
Hence, for every £ > 0, there exists ¢ € E¢ such that

De(we) = ce, Pg(xe) = 0.

Since ¢¢ > 0, ¢ is nontrivial. The proof of Proposition 2.1]is complete.
Take a sequence (&, )nen with & < & < & < ... — 0o and consider problem (&) on
Egn, i.e.

{ E(t) + Ax(t) — K'(t,2(t)) + W'(t,z(t)) =0, for t €] — &, &l
x(—t) = x(t), for t €] —&n, Enl, x(—&n) = (&) = 0.

Then by Proposition 2] for each n € N, ([24) possesses a nontrivial solution z,,. Let
C? (R,RY) (p € N) denote the space of CP functions under the topology of almost uni-

formly convergence of functions and all derivatives up to order p. We have the following
result.

(24)
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Lemma 2.4 The sequence (x,) possesses a subsequence also denoted by (x,) which

converges to a C? function z in C? _(R,RY).

Proof. Let q > k, as any function in E¢, can be regarded as belonging to E¢, if one
extends it by zero in [—&,, £g]\[—&k, &), we have I'g, C I'¢, which implies c¢, < cg,. Thus
ce, < cg, for any n € N.

As @¢, (x,) < cgy and (14 [|2y]|) Hq)'n(:nn)H = 0, just as in the proof of condition (C)

in Proposition 2] it is easy to prove that (x,) is bounded uniformly in n. Therefore,
there is a constant C; > 0 such that:

lznl < Ci,¥n € N. (25)

Arguing as in Theorem 2.1 in [I1], we conclude from the fact

(n(ta) — 2n(t1)] < /tz ()| dE < (ts — 11)1/? (/tt |:'c(t)|2dt)1/2

t1

that the sequence () is equicontinuous on every interval [—&,, ,]. By 8) and Arzela-
Ascoli theorem, the sequence (x,) has a uniformly convergent subsequence on each
[_g’m €n] .

Let (27, ) be a subsequence of (2,,) that converges on [—£1,&]. Then (x;,, ) is equicon-
tinuous and uniformly bounded on [—&,&s]. So we can choose a subsequence (z7 ) of
(z}%) that converges uniformly on [—&2,&2]. Repeat this procedure for all n and take
the diagonal sequence (z% ). It is obvious that (zf ), is a subsequence of (zf, ) for any
1 < < k. Hence, it converges uniformly to a function x(¢) on any bounded interval.
In the following, for simplicity, we denote the subsequence (2% ) also by (). As (zy)
satisfies

() + Adn() + V' (1, 20 (£)) = 0, (26)

we conclude that the sequence (Z,) and then also (i) converge uniformly on any
bounded intervals. It is easy to see that

walt) = [ (= s)ia(s)is,

_gn

then z € C?(R,RY) and &,, — & uniformly on any bounded intervals. Hence, by passing
to the limit in (28] we conclude that = solves (DS). As z,, is even, the same is true for
their limit z. The proof of Lemma [2.4] is complete.

Proof of Theorem [I.Tl We have shown that = satisfies (DS). It remains to prove
that z is nontrivial and homoclinic to 0.

Step 1. Let us show that x is nontrivial. Consider the function ¥ defined by ¥(0) =0
and for s > 0 ,

U(s) = max Wiit,z).x
teR,0<|x|<s  |x|?

Then ¥ is a continuous, nondecreasing function and ¥(s) > 0 for s > 0. The definition
of ¥ implies that

&n
. W (t, 20 (t)).n (t)dt < W(||2nll oo (=g 601250 1201 (27)
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for every n € N. Since & (2,).2, = 0, we have

Wt (1)) o ()l =
—&n
En En &n
/ (i (£) 20t — / (A (@)t + [ K (). (1), (28)
7£n 7£n *En

From (21), 28), (Hz) and (Hg), we obtain

En &n
U(|2n e e ez el > / RS / (b))
gn
+ K'(t,z,(t)).zn(t)dt
—&n
& 2 & 2 2
> / o (8) Pt + by / (2 (8) Pt — | Al 2]
7£n *fn
> (min{1,b1} — [|A])l|za.

Since ||z, | > 0, it follows that
Y(llznll Lo~ 601 ) = (min{L, b} — [l A]) > 0.

If |75 || Lo ((—¢,,60],RY) — 0 as n — oo, we would have ¥(0) > (min{1,b;} — [[A]]) >0, a
contradiction. Passing to a subsequence of (z,) if necessary, there is a constant C3 > 0
such that

lZnll oo (=€ 0] RN) = C3 (29)

for every n € N. Now, suppose x = 0 and let z,, be the function defined in Lemma [Z.4]
extended by 0 in R\ [-&,,&,]. For A > 0 we have

[ENM

&n
| o + ot P

n

/ (i () + [ (t) )t
R

A
/ (| (8) % + |:vn(t)|2)dt+/ (Jan (&) + |2, (t)|?)dt — 0 as A,;n — .
—A R\[—A,A]

which is in contradiction with (29]). Hence z is nontrivial.
Step 2. We prove that z(t) — 0 as |t| = +00. By the argument of Lemma 24 for
each 7 € N there is n; € N such that for all n > n; we have

i
[ (@ + )01 < e <
Letting n — 400, we obtain

&i
| e + sty < c2.

&i
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As i — +o00, we have
+oo
/ (e(®) + [#(6)2)dt < C2.

Hence, we get
/ ()2 + [#(8)[2)dt = 0 as r — +oc. (30)
[t|=>r

By Corollary 2.2 in [19], we have

t+1
()] S/t (le(s)]* + | (s)[*)ds (31)

—1
for every t € R. By (30) and (31]) we conclude that
x(t) = 0 as |t| = oco.

Step 3. We have to show that () — 0 as |t| — oco. By Corollary 2.2 in [I9] we

have
t+1

t+1
BOF < [ (e + i@ P+ [ fi)Pds

t—1

for every t € R. Since x € H'(R,RY), we get
t+1
/ (Jz(s)|* + |£(s)[*)ds — 0 as [t| — oo.
t—1
Hence, it suffices to prove that
t+1
/ 13(s)[2ds — 0 as 1] — oo, (32)
t—1
By (DS), we have
t+1 t+1
[ laerds = [ 1)+ V(o) Pds
t t

—1 —1

t+1
AP [ () Pds +
t—1 -1

ot ([ ocoras) ([ waea)

t4+1
Since / |©(s)|?ds — 0 as |t| — oo, 2(t) — 0 as [t| — co and V'(t,x) — 0 as |z| — 0
t—1
uniformly in ¢ € R, then ([32) follows. The proof of Theorem [[.Tlis complete.
Proof of Theorem Let
H!(R,RY) ={z:R = RN, 2nT — periodic, x, & € L*([-nT,nT],RY) and
z(—nT) = z(nT) = 0}. Consider the family of functionals (®,,),>1 defined on E,r by

t4+1
|V'(t, 2(s))|>ds

IN
= r\

_|_

D, (x) = /—:T B|:ic(t)|2 + %(Ax(t).:b(t)) + K(t,x(t) — W(t,z(t))| dt, (33)
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where
Eur = {z € Hip(R,RY) /x(—t) = z(t), a.et € R}.

Arguing as in the proof of Theorem [[LT] we prove that assumptions (Hi)-(Hy), (Hs) and
(H7) imply that for every positive integer n, the problem
() + Az(t) — K'(t,x(t)) + W/(t,z(t)) =0, forte] —nT,nT], (34)
z(—t) = z(t), for t €] = nT, nT[,z(—nT) = x(nT) = 0,

possesses a solution x,,. Moreover, the sequence (z,,) converges uniformly on any bounded
interval to a homoclinic solution x € H(R,RY) satisfying #(t) — 0 as [t| — +oo. It
remains to prove that z(¢) # 0. In the same way as in the proof of Theorem [[T]it is easy
to prove that there is a constant Cy > 0 such that

25| oo ((—nTnT) RY) = Ca (35)

for every n € N. Moreover, for all j € N, ¢ + 7 (t) = x,(t + jT) is also a 2nT-periodic
solution of problem (34). Hence, if the maximum of |z,| occurs in 6,, € [-nT,nT] then
the maximum of |27 | occurs in 77 = 6,, — jT. Then there exists a j, € Z such that
rin € [T, T]. Consequently,

28 || Lo (=TT RY) = A |22 (2)).

Suppose contrary to our claim, that £ = 0. Then

ngl" HLOC([—nT,nT],]RN) = tef[ri?LT)fT] |9U%" (t)] =0,

which contradicts [B3)). Then the proof of Theorem [[2]is complete.
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