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Abstract: In this work, we consider an impulsive neutral integro-differential equa-
tion of Sobolev type with infinite delay in an arbitrary Banach space X. The existence
of mild solution is obtained by using resolvent operator and Hausdorff measure of non-
compactness. We give an example based on the theory and provide the conclusion at
the end of the paper.
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1 Introduction

In our recent work [19], we have studied the impulsive neutral integro-differential equation
with infinite delay in a Banach space (X,| - ||),

¢
%[u(t)—F(t,ut)] = / f(t—s)u(s)ds] + G(t, ut,/o E(t,s,us)ds),
teJ=[0,T0), t #tp, k=1,2,-- ,m, (1)
u = ¢E€B, (2)
Au(t;y) = ILi(uy), i1=1,2,--- ,m, (3)

where 0 < Ty < oo, A is a closed linear operator defined on a Banach space
(X5 - |]) with dense domain D(A) C X; f(¢t),t € [0,To] is a bounded lin-
ear operator. The functions F : [0,Tp] x B — X, G : [0,Tp) x B x X — X,
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E:10,T) x [0,T)) xB —- X, I; : X - X, i =1,---,m are appropriate functions
and 0 < &1 < to < -+ < ty, < tme1 = Tp are pre-fixed numbers. The symbol
Au(t) = u(tt) — u(t™) denotes the jump of the function u at ¢ i.e., u(t~) and wu(th)
denotes the end limits of the w(t) at t. The history u; : (—00,0] — X is a continuous
function defined as us(s) = u(t + s),s < 0 belongs to the abstract phase space B and
B is the phase space defined axiomatically later in Section 2. We have established the
existence results by using Hausdorff measure of noncompactness and Darbo fixed point
theorem with the assumption that A generates an analytic resolvent operator and G
satisfies the Caratheodary condition.

In [20], the authors have discussed the regularity of solutions of the semilinear integro-
differential equations of Sobolev type in Banach space which is illustrated as

d

S By(0)

Ay(t) + / £t — $)y(s)ds] + F(t, y(1)). (4)
y(0) = o, t€10,Tp], 0<Tp < oo, (5)

where F and A are considered as closed linear operators such that the domains contained
in Banach space X and ranges contained in Banach space Y, f(¢),t € [0, Tp] is a bounded
linear operator such that Y is continuously and densely embedded in X. The nonlinear
function F : [0,Tp] x X — Y is a continuous function. The authors have obtained the
results by using Banach fixed point theorem and resolvent operator.

As in the above mentioned work, our aim in this paper is to investigate the existence of
mild solution of the following impulsive Sobolev type neutral integro-differential equation
with infinite delay in a Banach space (X, - ||),

G0+ (e [ at.s.)ds) = Ayo)+ [ 7= 9)u(s)as

t
—i—G(t,ut,/ E(t, 5,us)ds), t € J = [0, Ty, t £ ts, (6)

0
Ug = ¢ S %7 (7)
Au(ti)zll(utl)a 2:1527 ,m, (8)

where F and A are the same operators as defined in equation (). The functions
F:0T)xBxX —=>Y,G:[0T)xBxX =Y, E:[0,T] x[0,Tp] xB — X,
I : X - X, i=1,---,m are appropriate functions satisfying some suitable conditions
to be mentioned in Section 3.

Recently, impulsive differential equations have been rising as an important area of
study due to their wide applicability in sciences and engineering such as physics, control
theory, biology, population dynamics, medical domain and many others, and hence they
have earned considerable attention of researchers. The process or phenomena subject
to short-term external influences can be modeled by the impulsive differential equations
which allow for discontinuities in the evolution of the state. For more study of such
differential equations and their applications, we refer to the monographs [12], [24] and
papers. Moreover, Sobolev type semilinear integrodifferential equation can be used to
describe the flow of fluid through fissured rocks [2], thermodynamics and shear in second
order fluids and many others. For wide study of Sobolev type differential equation, we



274 ALKA CHADHA

refer to papers [20] — [23]. A lot of natural phenomena emerging from numerous areas,
for example, fluid dynamics, electronics and kinetics, can be modeled in the form of
the integro-differential equation. Integro-differential equation of neutral type with delay
describe the system of rigid heat conduction with finite wave spaces.

The organization of the paper is as follows: Section 2 provides some basic facts,
lemmas and theorems which will be used for establishing the result. Section 3 focuses
on the existence of a mild solution by means of Hausdorff measure of noncompactness
and analytic semigroup. Section 4 provides an example based on the obtained abstract
theory. The last section of the paper is devoted to providing conclusion.

2 Preliminaries and Assumptions

In this section, we provide some fundamental definition, lemmas and theorems which will
be utilized all around this paper.

Let X be a Banach space. The symbol C([a,b]; X), (a,b € R) stands for the Banach
space of all the continuous functions from [a, b] into X equipped with the norm || z(¢)||c =
SUPseiap || ()| x and LP((a,b); X) stands for Banach space of all Bochner-measurable
functions from (a, b) to X with the norm

Felr = (1 =(s)lFeds) .

)

For the differential equation with infinite delay, Kato and Hale [9] have proposed the
phase space B satisfying certain fundamental axioms.

Definition 2.1 The linear space of all functions from (—oo, 0] into Banach space X
with a seminorm || - ||» is known as phase space 8. The fundamental axioms on B are
the following:

(A) If y : (—o0,d+ Tp] — X, Tp > 0 is a continuous function on [d,d + Tp] such that
ya € B and y|(g,a4+1,) € B € PC([d,d + Tp]; X), then for every t € [d,d + Tp), the
following conditions hold:

(i) y: € B,
(i) H| yells > [l y(@)l,

(iii) [| yells < N(t+ d)|| yalls + K (t —d) sup{|| y(s)|| : d < s < t},
where H is a positive constant; N, K : [0,00) — [1,00), N is locally bounded, K
is continuous and K, H, N are independent of y(+).

(A1) For the function y in (A1), y; is a B-valued continuous function for ¢ € [d, d + Tp].
(B) The space B is complete.

Consider the following integro-differential equation

d

SE0) = Ao+ [ re= s )

To prove the result, we impose the following data on operators A and E. The following
conditions are fulfilled by operators A: D(A)C X - Y and E: D(E)C X — Y=
(E1) A and E are closed linear operators,
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(E2) ( ) C D(A) and F is bijective,
(E3) E-':Y — D(E) is continuous operator and E~'B = BE~1,
(E4) AE~ 1 :Y — Y is the infinitesimal generator of uniformly continuous semigroup of
bounded linear operators in X.

To set the structure for our primary existence results, we have to introduce the
following definitions.

Definition 2.2 A family {R(t)}c[0,7,) of bounded linear operators is said to be a
resolvent operator for equation (@) if the following conditions are satisfied

(i) R(0) = I, where I is the identity operator on X.
(ii) R(t) is strongly continuous for ¢ € [0, Tp).

(iii) R(t) € B(Z), t € [0,Tp]. For z € Z and R(-)z € C([0,Tp]; Z) N CL([0,Tp); Z), we
have

%R(t)z = z+/ f(t = s)R(s)zds], (10)

= R(tAE™! /0 R(t — s)AE™'f(s)zds, t €[0,To].  (11)

Here B(Z) denotes the space of bounded linear operators defined on Z and Z is a
Banach space formed from D(A) with the graph norm.

Throughout the work, the resolvent operator {R(t)}+>0 is assumed to be analytic in
Banach space X and there exist positive constants Ny and Na such that || R(t)|| < Ny
and || f(¢)|| < Ny for each t € [0, Tp].

To consider the mild solution for the impulsive problem, we propose the set
PC([0,To); X) = {y : [0,To] — X : y is continuous at t # t; and left continuous

at t = t; and y(t]) exists, for all i = 1,--- ,m}. Clearly, PC(]0, Tp]; X) is a Banach space
endowed with the norm || ullpc = supycpo 1) | u(s)||. For a function y € PC([0, To]; X)
and i € {0,1,---,m}, we define the function g; € C([t;,t;+1], X) such that

- N y(t), fOI‘ t e (ti, ti+1],
ilt) = {y(t:r), for t =t;. (12)

For W C PC([0,To]; X) and i € {0,1,--- ,m}, we have W; = {§; : y € W} and the
following Accoli-Arzela type criteria.

Lemma 2.1 [7]. A set W C PC([0,To]; X) is relatively compact if and only if each
set W; C C([ti,tix1], X) (i =0,1--- ;m) is relatively compact.

Now, we discuss some basic definition of measure of noncompactness (MNC).

Definition 2.3 [10] The Hausdorft’s measure of noncompactness (H'MNC) xy is
defined as

Xy (U) = inf{e > 0: U can be covered by a finite number of balls with radius e}, (13)

for the bounded set U C Y, where Y is a Banach space.



276 ALKA CHADHA

Lemma 2.2 [I0] For any bounded set U, V. C Y, whereY is a Banach space. Then
the following conditions are fulfilled:

(i) xy(U) =0 if and only if U is pre-compact;

(ii) xv (U) = xy (conv U) = xy(U), where conv U and U denote the convexr hull and
closure of U respectively;

(1ii) xy(U) C xy(V), when U C V;

() xy (U + V) < xy(U) + xy(V), where U+ V = {u+v:ueU, veV};
(v) xy (U UV) <max{xy (U), xy(V)};

(vi) xy(NU) = X xy(U), for any A € R;

(vii) If the map P : D(P) CY — Z is continuous and satisfy the Lipschitsz condition
with constant K, then we have that xz(PU) < kxy(U) for any bounded subset
U C D(P), whereY and Z are Banach spaces.

Definition 2.4 [10] A bounded and continuous map P : D C Z — Z is a xz-
contraction if there exists a constant 0 < x < 1 such that xz(P(U)) < kxz(U), for any
bounded closed subset U C D, where Z is a Banach space.

Lemma 2.3 [16] Let D C Z be closed, conver with 0 € D and the continuous map
P : D — D be a xz-contraction. If the set {u € D : u = APu, for 0 < XA < 1} is
bounded, then the map P has a fixed point in D.

Lemma 2.4 (Darbo-Sadovskii) [I0]. Let D C Z be bounded, closed and convez. If
the continuous map P : D — D is a xz-contraction, then the map P has a fized point in
D.

In this paper, we consider that x denotes the Hausdorff’s measure of noncompactness
(H'MNC)in X, x¢ denotes the Hausdorff’s measure of noncompactness in C([0, Tp]; X)
and ypc denotes the Hausdorfl’s measure of noncompactness in PC([0, Tp]; X).

Lemma 2.5 ( [10]. If U is bounded subset of C(]0,To]; X), then we have that
x(U@®) < xc(U), V t € [0,Ty], where U(t) = {u(t);u € U} C X. Furthermore, if
U is equicontinuous on [0,Ty], then x(U(t)) is continuous on the interval [0,Ty] and

xc(U) = tes[lolg ]{X(U(t))}- (14)

Lemma 2.6 [10] If U C C([0,T]; X) is bounded and equicontinuous, then x(U(t))
s continuous and

X(/O U(s)ds)g/o XU (s))ds, ¥ t € [0, T, (15)

where fo dsf{fo s)ds,u € U}.

Lemma 2.7 [T]]
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(1) If U C PC([0,Tp]; X) is bounded, then x(U(t)) < xpc(U), V t € [0,Ty], where
Ut)={u(t):ueU}CX;

(2) If U is piecewise equicontinuous on [0, To], then x(U(t)) is piecewise continuous for
t € [0,To] and

xpe(U) = sup{x(U(?)) : t € [0, To]}; (16)

(3) If U C PC([0,To); X) is bounded and equicontinuous, then x(U(t)) is piecewise

continuous for t € [0,Tp] and

X / U(s)ds) < / X(U(s))ds,¥ t € [0,T), (17)

where fo s)ds = {fo s)ds:u e U}.

Now, we present the definition of mild solution for the system (@))-(&]).

Definition 2.5 A piecewise continuous function y : [—o00,Tp] is said to be a mild
solution for the system (@)-(@) if yo = ¢, y(-)lo,r,) € PC and the following integral
equation

y(t) = E-R()ESO) + E-R()F(0,6,0) — B~ F(t,y, /O alt, 5, y5)ds)
o / R(t — s)AE"F(s, ys,/S a(s, T, y,)dr)ds
—E~ / R(t — s)AE~ / f(s=7)F ryT,/ a(7, &, ye)dE)drds

+E- /Rtfs Sys,/ESTdeTd
0 0

+ Y ET'R(E—t)Li(w,), t€ (0T, (18)
0<t; <t

is verified.

3 Main Results

We assume the following conditions which will be required to establish the result.

(E5) The function F : [0,Tp] x B x X — X is a continuous function and there exist
positive constants Lp, and L, such that

| F(t1, w1, 21) — F(ta, w2, 22) ||
HAF(t?wlazl) - AF(tan)ZQ)”

L ([th —to] + [[w1 — w2l + [l21 — 22 x],

<
< Lp(llwr —walls + |21 — 22 x], (19)

for all t1,t2,t € [0, 0], w1, w2 € B and 21,22 € X with Ly = sup,¢(o 1) [ £(¢,0,0) ],
Ly = SUDP;e0,T0) HAF(t’ 0, O)H

(E6) (1). The function a(t,s,-) : B — X is continuous for each (¢, s) € [0,Tp] x [0, To]
and a(-,-,w), E(-,-,w) : [0,To] x [0, Tp] — X are strongly measurable for all w € B.
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(E8)

(E9)
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The function a : J x J x B — X is a continuous function and there exists constant
a1 > 0 such that

II/O[a(t,s,w)*a(tvsvz)]dSII < arfjw =zl (20)

for each (t,s) € J x J and z,w € B.
(2). There exist functions mq, me : [0, Tp] x [0, Tp] — [0, +00) such that m,, me are
differentiable, a.e., with respect to the first variable and fot mq(t, s)ds, fot me(t,s)ds,

fot a’m”(t’S)gf me(t:3)] 45 are bounded on [0, Tp] and ag? >0, forae,0<s<t<Ty

such that

lla(t, s, w)]
1E(E, s, w)]|

ma(t, s)Wa((Jw]|s),
me(t, s)We ([wlls), (21)

IN N

for each 0 < s <t < Ty, w € B and W,, We : [0,00) — (0,00) are continuous
nondecreasing functions.

G :]0,Tp] x B x X — X is a nonlinear function such that

(1) For each y : (—o0,Tp] — X, yo = ¢ € B, G(t,-,-) is continuous a.e. for
t € [0,Tp] and function ¢ — G(t,yt,fgé’(t,s,ys)ds) is strongly measurable for
y € PC((0, Ty]; X).

(2) There are integrable functions «, 5 : J — [0, 00) and continuously differentiable
increasing functions €2, 9 : Ry — Ry such that

I G(ryw, 2)|| < a(m)Q(|| wlls) + BT 2[1), ™ € [0,Tol, (w,2) € B xX. (22)

(3) There is an integrable function £ : J — [0, co) such that for any bounded subsets
Hy C PC((—00,0]; X), Hy C X, we have that

X(R(G(r Hy H) < §({ sw_ X(H1(0) + ()}, (29)

a.e. for ¢t € [0,Tp]. Where Hq(6) = {u(f) : w € Hy}.

(1) The functions I; : B — X, ¢ = 1,2,--- ,m are continuous and there are con-
stants L; > 0 (i = 1,2,--- ,m) such that

| fi(z) = L(y)|| < Lil| @ — yll», V 2,y € B. (24)
(2) There exist positive constants K} and K2,(i = 1,--- ,m) such that

I Ii(2)]| = Ki || 2]l + K7, = € B. (25)
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where
1
bi(t) = ﬁ[(NTOALFl + A2NiToLp, + A>NoNi\TELg, ) (ma(t,t)
—C2
t
Ima(t, s)
—17d
+ [ Feag)
N1, ANip(t 0 t
bo(t) = Toilp(), bs(t) = me(t,t) / | —=—= m‘g ) l|ds,
1-0Co
C
p(t) = max{a(t),B(t)} b(t) = max{b1(t),b2(t),b3(t)} d = 17—1(32’
Ci = Np[ANy(Lp,To+ Li) + ALy + A*N1ToLo(1 + NoTp) + Ny + Z K2
o<t; <t
+[N1 L, Ny + (Np AN Ny H + K)) [ 6] s,
Cy = NTO[ALF1 + A2N1TQLF2 +A2N2N1T02LF2 + AN, Z Kzl] <1,
o<t; <t
e = QHQd)+2(d) /mgts)ds<L0,

)y is arbitrary positive constant.

We consider the function z : (—oo, Tp] — X defined by 2o = ¢ and z(t) = E~'R(t) E¢(0)
on [0,Tp]. It is easy to see that |z < [Np,AA N1H + Krg,]||¢||s, where Np, =
supeo, 1) N (), K1, = sup,ejop) K(t) and A = [E7H[, A = || E]|.

Theorem 3.1 If the assumptions (E1) — (E9) are fulfilled and

NTO [A(l + al)(Lpl + ANlToLF2 + AN1N2T02LF2) + AN1 Z Lz]

o<t; <t

FA(L + Loy /tg(s)ds <1 (27)
0

Then, there exists at least one solution for the system (8)-(38).

Proof. Let S(Ty) = {y : (=00, To] = X : yo = &, yljo,1) € PC} with the supremum
norm (|| - ||1,) be the space. Now, we consider the operator II : S(Tp) — S(Tp) defined
by
0, t € (—00,0],

E71R()F(0,¢,0) — E71F(t,y; + 2, fo a(t,s,ys + zs)ds)

—Ep1 fot R(t — 8)AE=1F(s,ys + 2s, fo a(s, T,yr + z;)d7)ds

—E1 fg R(t —s)AE™1 fos f(s=1)F(1,yr + 2r, fOT a(T, &, ye + z¢)d€)drds
FE [T R(t — 8)G(8,ys + 25, [y E(5, 7, Yr + 27 )dT)ds

+20<ti<t E_lR(t_ti)Ii(yti +zti)’ te [OaTO]

My(t) =

Clearly, we have |y + 2|l < [NTOAA/NlH + Krp)llolls + Nz llylle, where |yl =

SUPsefo, [¥(s)[|- From the axioms A, our assumptions and the strong continuity of R(t),
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we can see that Iy € PC. For y € S(Tp), we get
|R(t — s)AE" F(s,ys + 2, /0S a(s, 7,yr + 2:)d7)|| < AN1[Lg, (|lys + 25|
/ mats sIWa(llys + 2ll)) + Lal,
and
15 = TVAE" (e + 27 [ alr,6ove + 2)dS)arl) < NaAlLils + 2
/ ma(t, s)Wa(llys + 2slls)) + La].

Thus, from the Bocher theorem it takes after that AR(t—s)F (s, ys+ 2s, foé a(s, T, yr +
z;)dr) is integrable. So, we deduce that IT is well defined on S(Tp). Next, we give the
demonstration of Theorem [3.I] in numerous steps.

Step 1. The set {y € PC([0,Tp], X) : y(t) = Mly(t), for 0 < A < 1} is bounded.

For A € (0,1), let yx be a solution for y = AlIy. We obtain

Il yne + 2ell < [N AN NUH + Koy ][0l + N [[yalle (29)

Let ux(t) = [Np, AN N H + K1]||6lls + Nz [[yall¢ for each t € [0, Tp) and X € (0,1).
lya@ = [ATya(B)]] < [Tya (@)

¢
< EROFO,0.0)] + 1B Pl + 21, | altos,n, +2)ds)]
0
t s
+||E71/ R(tfs)AEle(s,yAerzs,/ a(s, T, Y, + zr)d7)ds||
0 0
t s T
+||E—1/ R(t—s)AE—l/ f(S—T)F(T,y,\T—I—ZT,/ a7, & Yae + 2¢)d€)drds||
0 0 0

t s
+||/ R(t*S)E”G(s,yxﬁzs,/ E(s, T, yar + zr)dT)ds||
0

+ D IETIR( — ) Ly, + 22l

0<t; <t
< ANI(LFl(TO'f'H(bH‘B +L1)+ALF1 ’u,,\ / ma t S (S))d8)+L1]
+A2N1TQ LF2 ’U/A / ma f S (S))dS) + L2]
+A Ny N TE L, (un(s / M (t, $)Wa(ux(s))ds) + La)

+AN1/0 a(5)Qux(s)) + B(s) / me (s, T)We (ux(7))dT)ds

+AN Y (Kua(t) + K7),

o<t; <t
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which gives that
lyx(@®)l

< AN{(Lp,To+ L1) 4+ ALy + A>N Ty Lo(1 4+ NoTp) + Ny Z K2+ N\Lp, ||¢|ls

o<t; <t

+H[ALR, + AN ToLp, + A*NoNiT5 L, + ANy Y K ua(t)

o<t; <t

t
+[ALp, + AN\ ToLp, + A*NoN,TE L, ] / me(t, ) Wa(ux(s))ds
0

—|—AN1/O a(8)(ux(s)) —I—B(S)QB(/OS me (s, 7)We(ux(7))dr)ds.

Thus, we estimate

C1 n NTU
1-C  1-0Co

U)\(t) < [ALFl + A2N1TQLF2
¢
+A2N2N1T02LF2]/ ma(t, $)Wa(ux(s))ds
0

+ﬁ/0 a(s)Q(ux(s)) —l—ﬁ(s)ﬂﬂ(/o me (s, 7)We(ux(7))dr)ds.

N t
ur(t) < d+ —2 [ALFI+A2N1T0LF2+A2N2N1T02LF2]/ Ma(t, 8)Wa(ux(s))ds
0

Np, ANy [* s
+ﬁ/0 a(S)Q(UA(S)Hﬂ(S)Qﬁ(/O me(s, T)We (ux(7))dr)ds.  (30)
Let
ux(t) = d+1]XT22[ALF1+A2N1T0LF2+A2N2N1T02LF2]/O ma(t, )W (ux(s))ds
Nr, ANy [* s
2t [ a0 ) + B[ me(s. Wetun()aras, (1)

then, we get ux(0) = d and uy(t) < py for each t € [0,Tp]. Thus, we get

, N
mt) < 5 Té [ALp, + A2N1ToLp, + A2NoN\T2 L]
— L2

(a0 (t, )W (ux (1)) + / 00ty (1))

Nrp, AN,

Toc, ®Ru®) + ﬂ(t)ﬂﬂ(/o me (t, 5)We (ux(s))ds)].

Let 9(t) be such that

Q) = 2jur) + (| me (1) We (1)) (32)
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We also have ¢ > u). We differentiate the above equation and get
’ ’ ’ t
Q@) = @ iy 2 ([ melt, 9 Weua)ds)
0

. [/0 %(t’ $)We(ur)ds +me(t, t)We (ua)],

IN

Q (9)0 Q’(ﬁ)[lN Tg (ALp, + A*N1\TyLp, + A2NoNyT2 L))
— L2
t
X Wa(9)(ao(t, t) + / M“ai(tt’s)ds)

0

AN 20) + 2 (We(0) | me(ts)is)

ng(ﬂ)[/O H%(m s)|lds +me(t,1)] (33)

Furthermore, from the hypotheses on 2, we get

Q'(0) > Q' () > Qpa(0)) > Q(AAN [|¢]|5) > 0.

Thus, we get
9 < — [Ny ALp + A2N TyLp + A2No Ny T2 Lg,) x Wo(9)(ao(t,t
1— C2 0 1 2 0
L Oma(t, We(9) . t
+ / %dSHNTOANlp(t)Q(ﬂ)H Qf(ig))gn(wg(ﬂ) / me (L, 5)ds)
0 0
t
B}
<[ 1% lds + me. )] (3)
0

By the assumption (E9), we estimate

J < [blwawnbgnww—bggquf)m’@wgw))],
< HOUVL) + O0) + W (LW (D) (35)

Thus, for ¢ € [0, Tp]

o) Ws(ﬂ) ! -1
/19 o Wal0) +9209) 4 g ra (LWe(9)] ™ ds

To
< / b(s)ds,
0

+OO !
< / (Wa(9) + Q) + W (LWe (9))]~Lds, (36)

it implies that the function ¥(¢) is bounded function on [0, Tp]. Thus, we obtain that the
function wuy (¢) is bounded on [0, Tp]. Hence, yx(+) is bounded on [0, Tp).



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 15 (3) (2015) 283

Step 2. I1 is a y-contraction.
Now, we introduce the decomposition of II = II; + II, defined by

t
Hly(t) = EilR(t)F(Oa ¢a O) - EilF(ta Yt + Zta/ a(ta S, Ys + Zs)ds)
0
t s
. / R(t — s)AE™'F(s,ys + zs,/ a(s, T,yr + 2z, )d7)ds
0 0

t S T
_p-1 —VAE™! _
E /0 R(t — s)AFE /0 f(s—7)F(7,y, + zT,/O a(t, &, ye + z¢)d§)drds

+ Z E_lR(t - ti)Ii(yti + Zti)’ (37)
o<t; <t
t s
oy(t) = E1 / R(t —s)G(s,ys + zs,/ E(s,T,yr + z7)d7)ds. (38)
0 0

Now, we firstly show that II is Lipschitz continuous with Lipschitz constant ;. Let
y1, y2 € S(Tp). Then, we obtain

Ty () — Hyya(t)]| <

t

t
||E71F(t7y1t + Ztv/ a’(ta S, Y1, + Zs)ds) - EilF(ta Y2 + Zta/ a(tv S, Y25 + Zs)ds)”
0 0

t S
+HIETY / |R(t — s)AE[F(s,y1, + zs,/ a(s, T, y1, + 2-)dr)
0 0
s+ | (s, +2)dr)]lds
0
t S T
+||E*1|| / |R(t — S)AE*1 / f(s=7)F(r,y1, + z,,_,/ a(r,&, Yie + Zg)d&)
0 0 0

_F(rys, + 2, / o, €, yag + 2z¢)d€)|dr|ds
0

+ D0 IETR(E =) Lilyae, + 2e) = Lilyar, + 2],

o<t; <t

< ALp (14 an)|lye — yoells + AN ToLp, (1 + a1) ||y, — youll»
HAPNINL TS Ly (1+ a)llyy — y2lls + ANy Y Lillys, — y2y s,
0<t; <t
< Np[A(1+a1)(Lr, + AN ToLE, + ANiN2T3Lg,) + ANy Y Li]
0<t; <t
X|lyr = y2llm, (39)

which implies that II; is Lipschitz continuous with Lipschitz constant K; =
Nr,[A(1 + a1)(Lp, + AN\ToLE, + AN1NoTZ L) + ANy 20<ti<t L] <1

Let B be an arbitrary subset of S(Tp). Besides, R(t) is equicontinuous resolvent
operator. Therefore, from the assumption (HG) and the strong continuity of R(t), we
have that R(t — s)G(s,xs + ys, fos E(s, T,z + y,)dr) is piecewise equicontinuous. Then,
by Lemma 2.6 we have
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V(TIa(B(1))
< (B /Rt—s)G(sB —l—zé,/ESTB 4 2,)dr)ds),
< / (s _Oililg<ox(B(s+9)+z(s+9))+x(/0 E(s,1,B; + z;)dr))ds,
< A [ eo)_sup_ [X(Bls+0)+3(s+ 0) + Lox(WelBls +0) + (s + )l
< / €(s) s (x(B()) + Lox(We (B(r))))ds.
< A xreB1+ k] [ €6, [ xWe(B) < Qn(BO) (40)

for every bounded set B C PC. Here §2; is constant and fot me(t, s)ds < Ly.

Now we can see that for any bounded subset B € PC

xrc(Il(B))

xpc(IliB + 1, B),
< xpc(Ili B) + xpc(Il2B),

t
< (A0 L) [ E)nne(B) (41)

0
from the above inequality we obtain that II is y-contraction. Hence IT has at least one
fixed point in B by Darbo fixed point theorem. Let y be the fixed point of the map II

on S(Tp). Thus v = y + z is a mild solution for the problem (@)-(). Therefore, this
completes the proof of the theorem.

Theorem 3.2 Let us assume that the hypotheses (E1)-(E4) and (E5)-(E9) are sat-
isfied and

Np[ALp, + A*NiTyLp, + A*NiNo TG Ly, + NA Y K]

o<t; <t
2 2 2 o Wa(T)
+(ALp, + A°N1ToLp, + A°N1NoT5 Ly,) x/ mq(To, s) lim sup ———=ds

To Q
—|—AN1/ [a(s) lim supﬂ + A(s) lim sup ()
0 T—>00 T T—00 T

lds < 1. (42)

Then, there exists at least one mild solution for Sobolev type equation (@)-(8).

Proof. The proof of the theorem is similar to the proof of the previous Theorem 3.1.
We consider the operator II defined by the equation (28)). Next, we show that there exist
a positive constant k such that II(By) C By, here By, denotes the closed and convex ball
with center at the origin and radius k i.e.,By = {y € S(Tv) : ||y|lT, < k}. To show the
claim, we assume that for any k > 0, there exists yr € By and t; € [0,Tp] such that
k < || Oyg(tx)||- For yx € By and ty € [0, Tp], we get
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k< || Ty (t)||

<

IN

IN

ANy (L7, To + La)l|0lls + ALLr (1Y, + 21l

/ Mt )Wa(l5ks, + 20, 5)ds) + Li]

tk
AN N[ L, (ke + 26ells + [ ma(te, Y Walllyry + 2|8 )dr) + Lo]
0

123
FAP NN TG L, ([[yns + 2olls +/ ma(te, T)Wa(llykr + 2r[l8)d7) + Lo]

ty
+AN1/O a($)Q|yks + 2sl[) + B(s) / me(s, T)We ([yrr + 2|l )dr)ds

ANA DY (K Y, + 21,18 + K7),

0<t; <t
Ny(LpTo + L)l|¢lls + ALy + A°N1ToLy + AN N TG Ly + MA Y K7
0<t; <t
[ALF1 +A NlToLF2 +A NlNQTOLFz + N1A Z >< ”yktk +Ztk||%

0<t; <t

23
H(ALp, + A2NiTyLs, + ANy NoT2L,) / (s ) Walllyis, + 200 1) ds

+AN1/Ok[ a(5)2 ks + 2l + B(5) / me (5,7 We (ks + 2| )dr)]ds

Ny(LpTo + L)l|¢lls + ALy + A°N1ToLy + AN N TG Ly + MA Y K7
0<t; <t
+[ALF, + A’NiToLp, + A°NiNTo L, + NiA Y K}
0<t; <t

285

X[(Ngy AN Ny H + K7)||6lls + Niyk] + (ALp, + A2N1ToLg, + ANy NoTE L)

/ Ma(th, $)Wa((NT, AN N H + K7,)||6]| s + Nrk)ds
LAN, / [(8)Q(Ny AN Ny H + Koy )]s + Ny k)
0

Jrﬂ(s)ﬂﬁ(/o mg(S,T)Wg(NTUAA/NlH + K1,)||9|ls + N, k)dr)]ds

Dividing the above inequality by k and taking k& — oo, we conclude

1 < Ng[ALp + A*NToLp, + A°NiNoTGLp, + NiA Y K]
0<t; <t
+(ALp, + A*NiToLp, + A*NiNoTZ L)
o Wa((No, AN Ny H + Kr) |9l + N k)

a(To,s) li
><O m(os)kirgosup 3

T /

’ Q((Ng, AN N1 H + K Nop k

+AN1/ [a(s) lim sup (N, 1H + K1) ||$lls + N1y k)
0

k—o0 k

ds

(43)
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W7 me (To, 7)We (Np, AN N H + Ky |6l + Nrk)dr)

+4(s) kl;rr;o sup ’ |ds
< Np[ALp, + A’NiToLp, + A*NiNo T3 Ly, + NiA Y K

o<t; <t

— 00

Ty W
+(ALp, + A2N1TOLF2 + A2N1N2T02LF2) X / ma(Ty, s) lim sup a(T) ds
0 T T

+AN1/O O[Q(s) lim sup@ + 3(s) Tli_{r;o sup QBT(T)]dS (44)

T—00

which gives a contradiction with the inequality (@2]). Hence, we obtain that II(By) C By.
As in the proof of Theorem 3.1, we conclude that there exists at least one mild solution

for the system (@))-(8).

4 Application

Consider the following first order impulsive Sobolev type integro-differential equation
with unbounded delay in a Banach space (X, || - ||)

%[x(t,u) + zyu(t,u) — F(t,z(t — k, u),/o g1(t, s, x(s — k,u))ds)]

= %[m(t,u) +/0 f(t—s,u)z(s,u)ds]

+/0 a(t,u,s — t)G(x(s,u),/O E(s,7,z.)dr)ds, t€[0,To], ue[0,n], (45)
z(t,0) = z(t,7) =0, te€]l0,Tol, (46)
z(r,u) = ¢(r,u), 7<0,0<u<m, (47)
Ax(t;)(u) = [ ci(t; — s)x(s, u)ds, (48)

where ¢ € Cy x L?(h, X) (B-Phase space) and 0 < t; < ty < -+ < tp, < b are fixed
numbers.
The functions f,a, G, E, ¢;, F satisfy the following conditions:

(A1) The operator f(t),¢ > 0 is bounded and || f(¢t,u)|| < Na;

(A2) a(t,u,7) is continuous function on [0, Tp] x [0, 7] x (—o0, 0] with f_ooo a(t,u,)dr =
n(t,u) < oo;

(A3) G is a continuous function, satisfying G(z1,x2) < Q1(|| z1|) + Q2(]| z2||), where
Q1(+) and Q(+) are continuous, increasing and positive functions on [0, c0);

(A4) The function E(-) is a continuous function, satisfying 0 < FE(t,s,u) <
mp(t,s)w(]] wu|), where w is a positive increasing continuous function on
[0,00) and mp is differentiable a.e., with respect to the first variable with

fot me(t,s)ds, Ot amgit’S) ds are bounded on [0, Tp] and 197711;757575) > 0;

(A5) The functions ¢; € C([0,0);R) and K? = (f_ooo %ds)l/2 <0,Vi=1,---,m;
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(A6) F is an appropriate Lipschitz continuous function satisfying assumption (E5).
We define the operators A : D(A) C X — X and F: D(E) C X — X such that
Az = 2", Ex=zx+2",

where D(A) and D(B) are defined by

{z € X : z, x, are absolutely continuous, z,, € X, z(0) = x(r) = 0}. (49)
Then, we get
Az = Zn <X,y > Tpn, x € D(A),
Ez = ZlJrn <X, Ty > Ty, T € D(E), (50)

with z,(u) = \/2/7sin(nu), n=1,---,is the orthogonal set of vectors of A.
Moreover, x € X, we get

E~ 12

o0

Z <xn,x>xn,
o0

AEY = Z

o0

R(t)x = Z ) < Tp, T > Tp. (51)

5 < Tn,T > Tn,

Clearly, AE~! is the infinitesimal generator of a strongly continuous resolvent operator
R(t) onY. Applying Theorem 3.1, we conclude that there exists at least one mild solution

for the system ([@5])-([@8]).

5 Conclusion

The existence of mild solution for an impulsive neutral integro-differential equation of
Sobolev type was investigated. The sufficient condition for ensuring the existence of mild
solution was provided by using Darbo-Sadovskii fixed point theorem, analytic semigroup
and Hausdorff measure of noncompactness without assuming Lipschitz continuity of non-
linear part G and compactness of semigroup. An example was studied for explaining the
feasibility of the discussed results.
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