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Abstract: Existence of coupled lower and upper solutions for nonlinear differential
equations guarantees the existence as well as interval of existence of the solution. In
this work, a methodology has been developed to compute coupled lower and upper
solutions using natural lower and upper solutions by iterative methods. Further, using
the computed lower and upper solutions, sequences are developed which converge
uniformly and monotonically to the unique solution. In addition, it has been shown
that the convergence of these sequences is superlinear. Further the convergence of the
sequences is accelerated by Gauss-Seidel method. Finally, some numerical examples
are presented.
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1 Introduction

It is well-known that qualitative and quantitative properties of fractional differential
equations are very useful in applications. In addition, fractional differential equations
in several situations have proved to be better and more economical models than their
counterpart with integer derivatives. For details see [BLOL[TT] and the references therein.
In the past thirty years there has been a rapid development in the qualitative study
of fractional differential equation such as existence, uniqueness and stability results due
to its applications. In particular, it has been very useful in biological sciences such
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as population models. However, most of the existence and uniqueness results for frac-
tional differential equations are obtained by some type of fixed point theorem approach.
See [TL2I17]. Unfortunately, these methods do not provide the interval of existence of the
solution as well as a methodology to compute solutions. The method of lower and upper
solutions and the method of coupled lower and upper solutions which guarantees the
interval of existence, and is well-known for ordinary differential equations have now been
extended to Riemann-Liouville and Caputo fractional differential equations in [41[13].
Monotone method combined with lower and upper solutions provides both theoretical
and constructive method of existence of the minimal and maximal solution or the unique
solution if the uniqueness conditions are satisfied. See [6] for details. Monotone method
works only when the nonlinear function is either increasing or could be made increasing
by adding a linear term. Monotone method yields alternating sequences when the non-
linear function is decreasing with an additional assumption. In [I8] and the references
therein they have developed generalized monotone method for scalar first order ordinary
differential equations. Generalized monotone method uses coupled lower and upper so-
lutions and the method is very convenient to use when the nonlinear function is the sum
of an increasing and decreasing functions. Furthermore, we do not need an additional
assumption which we need when the nonlinear function is decreasing when we use an
appropriate type of coupled lower and upper solutions, namely of type I. Generalized
monotone method has been extended to scalar and system of Caputo fractional differen-
tial equations in [I0,[16]. Generalized monotone method with coupled lower and upper
solutions has an added advantage for fractional differential equations, since it avoids the
computation of Mittag-Leffler function. The disadvantage of the generalized monotone
method is the computation of coupled lower and upper solutions of type I on the inter-
val of existence. The computation of coupled lower and upper solution is not a trivial
matter. Using the generalized monotone method as a tool, both the theoretical and
the numerical results for computing coupled lower and upper solutions for scalar and
system of ordinary differential equations can be found in [I5]. Computation of coupled
lower and upper solution to any desired interval using generalized monotone method as a
tool and the corresponding numerical results for scalar and system of Caputo fractional
differential equations are developed in [I1] and [I4] respectively. However, the rate of
convergence of the sequences is linear. In [I3] generalized quasilinearization method was
developed using coupled lower and upper solutions when the nonlinear function is the
sum of a convex and a concave function. The method of generalized quasilinearization
yields sequences which converge uniformly to the unique solution and the rate of con-
vergence is quadratic. The complexity of this method is that the sequences are solutions
of two systems of coupled linear equations. The solutions of these two systems are dif-
ficult even with constant coefficients for fractional differential equations. To overcome
this difficulty, in this work we have taken the nonlinear function as the sum of a convex
function and a non-increasing function. We have combined the method of generalized
quasilinearization for the convex function and generalized monotone method for the non-
increasing function. We compute the sequences as two systems of Caputo fractional
differential equations which are decoupled. The method yields superlinear convergence.
See [13] for details. In this work, we provide a methodology to compute coupled lower
and upper solutions of type I, to any desired interval by using the mixed generalized
quasilinearization method and generalized monotone method. The convergence is su-
perlinear. Further we can accelerate the convergence by using Gauss-Seidel accelerated
convergence. We have applied our theoretical results to the logistic equation. The first
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set of iterates is in terms of the Mittag-Leffler function. Computation of further iterates
has led to interesting open problems, since it requires the exponential formula related
to Mittag-Leffler function. The exponential properties of the Mittag-Leffler function are
yet to be established. This has been addressed in our conclusion.

2 Preliminary and Auxiliary Results

In this section, we recall known results, some definitions which are needed for our main
results.

Definition 2.1 Caputo fractional derivative of order ¢ is given by:

1

¢ Du(t) = m/o (t —s)" 9/ (s)ds,

where 0 < ¢ < 1 and I'(g) is the Gamma function.

Although in this work, we study Caputo fractional differential equations, our compar-
ison results follow from the relation between Riemann-Liouville derivative and Caputo
fractional derivative. Hence the next definition is for the Riemann-Liouville derivative.

Definition 2.2 Riemann-Liouville fractional derivative of order ¢ with respect to ¢
is defined by:

1 am

Dult) = o i /O (t — $)"=9=1 f(s)ds,

where m — 1 < g <m.
In particular, if 0 < ¢ < 1, then

Du(t) = ﬁ%/o (t—s)"2f(s)ds.

Here, and throughout this work, we will consider fractional differential equations of order
q, where, 0 < ¢ < 1.

Consider the nonlinear Caputo fractional differential equation with initial condition
of the form:

‘Dlu(t) = f(t,ult)), u(0) = uo, (1)
where f € C[J x R,R] and J = [0,T]. The integral representation of (Il is given by:

1 t o1
ult) =+ 7 / (t — 517 (s, u(s))ds. (2)

The sequences we develop are always solutions of linear Caputo fractional differential
equation. In order to compute the solution of the linear fractional differential equation
with constant coefficients we need Mittag-Leffler function.

Definition 2.3 Mittag-Leffler function of two parameters ¢, r is given by
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where g, > 0. Also, for to =0 and r = 1, we get

E, (A7) =
k=0

(At1)*
I(gk+1)’

where ¢ > 0.
Also, consider linear Caputo fractional differential equation
Diu(t) = Mu(t) + f(t), u(0)=wug, on J, (3)

where J = [0,T], A is a constant and f(¢t) € C[J,R]. The solution of [B]) exists and is
unique. The explicit solution of (@) is given by:

¢
u(t) = ugEq,1 (M) + / (t —8)1 B, ;A\t — 5)9) f(s)ds. (4)
0
See [7] for details. In particular, if A = 0, the solution u(t) is given by:
1 [t "
ut:u+—/ t—s)T7" f(s)ds. 5
(t) = uo I /. (t—s)""f(s) (5)

Also we recall known results related to scalar Caputo nonlinear fractional differential
equations of the following form

Diu(t) = f(t,u)+ g(t,u), u(0)=wug on J=1[0,T], (6)

where 0 < ¢ < 1. Results when ¢ =1 is proved in [I8]. Here f,g € C(J xR,R), f(t, u)
is non-decreasing in u on J and ¢(t,u) is non-increasing in u on J.

In order to prove the comparison result relative to coupled lower and upper solutions
of (@) we recall a basic lemma relative to the Riemann-Liouville fractional derivative.

Lemma 2.1 Let m(t) € C,[J,R] (where J = [0,T]) be such that for some t, € (0,T],
m(t1) =0 and m(t) <0, on (0,T]. Then DIm(t;) > 0.

Proof. See [A[T] for details. Note that the above result has been proved in [4] without
using the Holder continuity assumption of m(t). O

The above lemma is true for Caputo derivative also, using the relation D%z(t) =
D9(z(t) — z(0)) between the Caputo derivative and the Riemann-Liouville derivative.
This is the version we will be using to prove our comparison results.

We recall the following known definitions which are needed for our main results.

Definition 2.4 The functions g, B9 € C(J,R) are called natural lower and upper
solutions of (@) if :

chao(t) S f(t, ao) + g(t, ao), 040(0) S uo,
“DBo(t) > f(t,Bo) +9(t,B0), Bo(0) > uo.

Definition 2.5 The functions g, By € C*(J,R) are called coupled lower and upper
solutions of (@) of type I if :

Cano(t) S f(tv O[()) + g(ta /30)7 OZO(O) S Uo,
> f(tvﬂo) =+ g(ta 050)7 BO(O) > ug-
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See [I0] for other types of coupled lower and upper solutions relative to ().
Denoting F'(t,u) = f(t,u) + g(t,u), we state the next comparison result.

Theorem 2.1 Let «, 8 be natural lower and upper solutions of (@), respectively. Sup-
pose that F(t,B) — F(t,a) < L(8 — «) whenever > «, where L is a constant such that
L > 0, then a(0) < B(0) implies that o(t) < B(t) , t € J.

Proof. See [7] for details. O
Also, see [10J[16] for comparison result for coupled lower and upper solution of type
I. Next, we recall a corollary of Theorem [2.] which is useful in our main result.

Corollary 2.1 Let p € C'[J,R]. <Dp(t) < Lp(t), where L > 0 and p(0) < 0. Then
p(t) <0 on J.

We define the following sector €2 for convenience. That is,
Q= [(t,u) : a(t) < ult) < A1), ¢ € J].

Theorem 2.2 Suppose o, 3 € C*[J,R] are coupled lower and upper solutions of type
I of [@) such that a(t) < B(t) on J and F € C(Q,R). Further, if g(t,u) is decreasing
in u, on J, then there exists a solution u(t) of (@) such that a(t) < u(t) < B(t) on J,
provided a(0) < uy < 5(0).

Proof. The proof follows from the scalar version of the result of [I3]. O

Note that from the hypotheses of the above theorem, it follows that coupled lower
and upper solution of type I are also natural lower and upper solutions.

The next results give the uniqueness theorem.

Theorem 2.3 Let , 3 € C'[J,R], where a, B are coupled lower and upper solutions
of [@) of type I, with a(t) < B(t) on J. If f(t,u) is convex in u and g(t,u) is decreasing
in u, the hypotheses of Theorem [21] are satisfied. Then, (@) has a unique solution.

The next result is useful in proving the equicontinuity of the sequences we develop in
the next two theorems.

Theorem 2.4 Let o, (t) be a family of continuous functions on [0,T), for each n > 0,
where “Diay, (t) = f(t, an(t)), an(0) = ug and |f(t,an(t))] < M for 0 <t <T. Then,
the family {a,(t)} is equicontinuous on [0,T].

Proof. See [1l[13] for details. O

Next, we provide two results relative to ([B) where in the first result we assume f is
convex in u and g is concave in u, and in the second result we assume f is convex in
u and ¢ is non-increasing in u. The first result we provide is related to the generalized
quasilinearization method of (@) using coupled lower and upper solutions of type I.

Theorem 2.5 Assume that

(i) o, Bo € C[J,R] are coupled lower solutions of type I, for (@) with ag < Bo on J,

(i) f,g9 € C[UR], fu, Gu, fuu, and gu. exist, are continuous and satisfy fu.(t,u) >
0, g (t.10) < 0 for () & S,

(#3) gu(t,u) <0 on Q.

Then there exit monotone sequences {an(t},{Bn(t)} which converge uniformly and
monotonically to the unique solution of (@) and the convergence is quadratic.
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Proof. See [13] for details. O

The next theorem is proved under the weaker assumption on g(¢,u). Also, this result
mixes generalized quasilinearization method relative to the convex function f(t,u) and
generalized monotone method relative to the nonincreasing function g(t,u) for t € J.

Theorem 2.6 Assume that

(i) o, Bo € CHJ,R] are coupled lower and upper solutions of type I, for (@) with
ag < fo on J,

(i) f,g € CIUR], fu, Gu, and fu., exist, are continuous and satisfy fu.(t,u) >0 for
(t,u) € Q,

(i) gu(t,u) <0 on Q.

Then there exit monotone sequences {cu, ()}, {Bn(t)} which converge uniformly to the
unique solution of (@) and the convergence is superlinear.

Proof. See [13] for details. O

3 Main Results

In this section we will provide a method to compute coupled lower and upper solutions
on any desired interval when we have the natural lower and upper solutions. Natural
lower and upper solutions are relatively easy to compute. For example, equilibrium
solutions are natural solutions. In the next result we use the superlinear convergence
scheme as in Theorem [2.6] using natural lower and upper solutions. However, when we
use natural lower and upper solutions, the results of Theorem are true only when
ap < ag and By > B1. This, in general, will not be true on the interval J, namely, the
interval of existence of the solution. In the next result, monotone sequences constructed
will converge to coupled minimal and maximal solutions as well as they are coupled lower
and upper solutions on the interval of existence J.

Theorem 3.1 Assume that

(i) oo, Bo € CJ,R], ag and By are natural lower and upper solutions of (@) on J
with ag < By on J,

(i) f,g € CIQUR], fu, gu,andfy, exist, are continuous and satisfy fu.(t,u) > 0 for
(t,u) € Q,

(#3) gu(t,u) <0 on Q.

Then there exit monotone sequences {an(t)}, {Bn(t)} which converge uniformly to the
coupled lower and upper solution of (@). Here the sequences {a,(t)} and {B,(t)} are
computed using the following iterative scheme

CDqO‘n-{-l = f(t, an) + fu(ta an)(an-i-l - an) + g(t, Bn)a an—i—l(o) = Uop, (7)

chﬂnJrl = f(t, ﬂn) =+ fu(tv O‘n)(ﬂnJrl - ﬂn) =+ g(tﬂ an)v ﬂnJrl(O) = UQ- (8>

Proof. From the first iteration we will have ag(t) < aq(t) on [0, 1] and B1(t) < Bo(t)
on [0,%; |. If t; > T, and #; > T there is nothing to prove, since one can use Theorem
to compute coupled minimal and maximal solutions. If not, certainly ¢t; < T and
t; <T. Also ay(t1) = ap(t1). and B1(t1) = Bo(t1). We will now redefine avy (t), and 5 (¢)
on [0,T] as follows:

‘Dl (t) = f(t a0) + fult, a0)(o1 — o) + g(t, Bo), a1(0) =wug on [0,t1],
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DB (t) = f(t, Bo) + fult,a0)(Br — Bo) + g(t, ), B1(0) =ug on [0,%; ],
and
a1 (t) = ap(t) on [t1,T],

ﬁl(ﬁ) Zﬁo(ﬁ) on [El,T].

Proceeding in this manner, we will have ay,(t,) = ag(tn), and B, (t,) = Bo(tn). Now
we can redefine «,, (3,, as follows.

Cann(t) = f(ﬁ, an—l) + fu(t; an—l)(an - an—l) + g(t, Bn—l)a Un(o) =Up on [O,tn],
an(t) = ap(t) on  [tn,T].
Similarly,

chﬂn(t) = f(tvﬂnfl) + fu(t7 Ofnfl)(ﬂn - ﬂnfl) + g(t; anfl); ﬂn(o) = Up on [Ovtn];
Bu(t) = Bo(t) on [y, T,

where o, B, intersect oy and Sy at t,, t, respectively. If ¢, > T, and t,, > T we can
stop the process. Certainly «,, < 8, and «, and 3,, are coupled minimum and maximum
solutions of (@) respectively.

Now we can show that the sequences {a,(t)} and {f8,(t)} constructed above are
equicontinuous and uniformly bounded on J. Hence by Arzela-Ascoli theorem, a subse-
quence converges uniformly and monotonically. Since the sequences are monotone, the
entire sequence converges uniformly and monotonically to a and [ respectively.

It is easy to observe that

Cann(t) = f(t, O‘nfl) + fu(t7 Olnfl)(an - Oénfl) + g(t; ﬂnfl); an(o) =Uup on [Oytn];

an(t) =ap(t) on  [tn-1,T], such that ay(tn—1) = ao(ts),

and

CDqﬂn(t) = f(tvﬂnfl) + fu(t7 O‘nfl)(ﬂn - ﬂnfl) + g(t; anfl); ﬂn(o) = Ugp on [Oytn];

Bu(t) = Bo(t) on [tn-1,T], such that B,(tn) = Bo(tn-1),
for all n > 1.
Asn — 00, ty, by — T, an(t) — a(t), and B, (t) — B(t), uniformly and monotonically.
Further,
‘Dia(t) = f(t,a) +g(t,B), a(0)=up on J,
and
‘DIB(t) = f(t,8) + g(t,a), B(0)=ug on J.

Hence «, 3 are coupled lower and upper solutions of (@) such that o < 8 on J. This
concludes the proof. O

Theorem 3.2 Assume that

(i) a0, B0 € C[J,R], ag and Bo are natural lower and upper solutions of (6) on J
with ag < Py on J,

(i) f,g € CIQUR], fu, gu, fuu exist, are continuous and satisfy fu.(t,u) > 0 for
(t,u) € 9,

(#3) gu(t,u) <0 on Q.

Then there exit monotone sequences {an(t)}, {Bn(t)} which converge uniformly to the
unique solution of (B) and the convergence is superlinear.
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Proof. Theorem B proves that, there exit monotone sequences {a,(t)}, {B8.(t)}
such that {a,(t)} — «a(t) and {8, (t)} — B(t) uniformly and monotonically and («, 3)
are coupled lower and upper solutions of type I for (@) respectively on J. However, it
is easy to observe that each pair of a,(t), 5,(t) computed are also coupled lower and
upper solutions of (@) on the common interval of [0, ¢,] and [0, #,]. Suppose that for some
n = k both t; and t; are > T, then the computation of ay41(t), Br+1(t) will no longer
need ag(t), Bo(t). Then it is easy to observe that ay41(¢), Br+1(t) will be coupled lower
and upper solutions of type I for (@) respectively on J. Also this sequence will converge
uniformly and monotonically to «, 8 using Theorem Bl This implies that o < 8 on
J. By hypotheses and using Theorem 2.3 it can be shown that o = 8 = u, where
u is the unique solution of (@) on J. In order to prove superlinear convergence we let
Pn(t) = u(t) — an(t) and g, (t) = Bn(t) —u(t). It is easy to see that p,(0) =0, ¢,(0) = 0.
Using Gronwall type of Lemma and the estimate on f,, and g, on J, we can prove
that In}lX|pn +qn| < m}xx(|(pn,1 + qn-1)]* + |(Pn_1 + gn_1)|) which proves superlinear

convergence. See [I3]for details. O

Note that if g(¢,u) is non-increasing in v on J, then «, 8 constructed above are also
natural lower and upper solutions. By the existence theorem, there exists a solution of
@) on J such that oo < u < 8 provided, a(0) < ug < 5(0).

Remark 3.1 Note that Theorem [3.I] provides coupled lower and upper solutions of
@) on J. Now we can develop sequences {a,} and {f,} using Theorem These
sequences converge uniformly and monotonically to coupled minimal and maximal solu-
tions. Further if uniqueness condition is satisfied, the sequences converge to the unique
solution of (@). Further we can apply Gauss-Seidel method such that the sequences
converge faster. This is what we have proved in the next result.

Theorem 3.3 Let all the hypotheses of Theorem hold with the iterative scheme
given by

‘Dlog 1 = [t oq) + fult,an) (g0 — o) +9(E 8,), 05,14 (0) = wo, 9)
CDqﬁr*erl = f(t,ﬁ,*l) + fu(t’ a:erl)(B:;Jrl - 6:;) + g(ta O‘;)’ﬁr*wrl(o) = Uo- (10)
starting with of = aq on J. Then there exist monotone sequences {an} and {B,},

which converge uniformly to the unique solution of (@) and the convergence is faster than
superlinear.

Proof. We provide a brief proof. Initially compute ay using D%y = f(t, ) +
Ju(t, o) (o1 — ) +g(t, Bo), @1(0) = up. Relabel a3 = afj. Now compute 81 using Soand
af. That is °DIBy = f(t, Bo) + fu(t, ad)(B1 — Bo) + g(t, o), $1(0) = ug. One can easily
see that ag(t) < a1(t) on J. Now it is enough if we prove that 55 < 8.

Let p(t) = 85 — f1, p(0) =0.
“Dip(t) = “DBo* — D
= f(t,Bo) + fult, a1)(B1 — Bo) + g(t,01) — (f (£, Bo) + fult, a0)(B1 — Bo) + g(t, 0))
= (fu(ta 041) - fu(tv O‘O))(ﬂl - 50) =+ g(ta 041) - g(ta O‘O)

<0, since ay(t) > ap(t) on J.

This implies p(t) < 0 on J, using Corollary 211 That is 5§ < 1 on J. Continuing
the process, we can show that that the sequences {«} and {8} converge faster than
the sequences {«,} and {8,} which are computed using Theorem Bl
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4 Numerical Results

In this section, we provide a numerical example as an application of our main results.
We take a simple logistic equation and apply Theorem Bl In order to apply Theorem
B we assume that o7 and 7 should satisfy g < a1, f1 < Sp on [0,T]. If ¢ = 1, the
solution of the logistic equation can be computed explicitly. However, if 0 < ¢ < 1, we
cannot compute the solution explicitly. Method of lower and upper solution guarantees
the interval of existence. The equilibrium solutions play the role of lower and upper
solutions.

Consider the example

“Dlu(t) = u — u?, u(O):%, tel0,T], T>1. (11)

It is easy to observe that ag(t) = 0 and Sy(t) = 1 are natural lower and upper solutions
respectively of ([[I)) such that ag < By on [0, T]. Here f(t,u) = u and g(t,u) = —u>.

Using the iterative schemes as in Theorem [B.I] we obtain

¢Diayi(t) =a1 — 2 and °DiBi(t) = B — al.
Solving for a; and (1, we arrive at

o1 =1—21E,1(t7) and By = 3E,1(t7)

Similarly, the next iteration gives rise to

¢Diag(t) = ag — 7 and °D935(t) = B2 — a2
“Dlay(t) = ag — (5 Eq1(t7))% and “D15(t) = B2 — (1 — 5B, (7))

In order to compute oo and Sz, we use @) with A = 1, and f(t) as —(3F,1(t7))* and
—(1—1FE,,1(t7))? respectively. Here, we have computed (3 Eq1(t7))? and (1—1E, ;(¢9))?
using the product formula. The product formula is given by

Eus Ot = 10)7) 5 Byt — 0)) = > S 0y

k=0

where i
B Nt (gk + 1)

A+ g = ; T(gl+ DI (g(k—1) + 1)’

which is the generalized binomial formula. Further we need to multiply this by E, 4((t —
$)9) as in formula (@) to compute ag and 3. Computing as and B2, we arrive at

02 = § g, (1%) = g1 and By = 1 = §E,1(t9) — fs1 + 5o,

where

iii ey
= T(lg+ DI'(kq — lg+ DI'(q+jq + kg + 1)
tat+iatkq

SQ:Z;F(q+]q+kq+1)

The graphs of a1, f1 and as, f2 have been drawn in Figure [[l where ¢ = %, to = 0.
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Figure 1: Coupled Lower and Upper Solutions of (1)) with ¢ = 1/2 using Theorem [B11

5 Conclusion

In this work we have mixed generalized quasilinearization method and generalized mono-
tone method to compute the coupled lower and upper solution of type I on the desired
interval. In addition, the method also provides the unique solution of the nonlinear prob-
lem. This mixed method yields superlinear convergence. Computation of the solution of
the coupled lower and upper solutions numerically involves the generalized Mittag-Leffler
function which involves the generalized binomial coefficients. In Figure[Il we can see that
to % t1, since the evaluation of 35 is not accurate. This is due to the lack of knowledge of
product of Mittag-LefHler function and its accurate computation. We plan to develop the
necessary properties of the Mittag-Leffler function in our future work and obtain better
estimates for the sequences {a,,} and {5,}.

Acknowledgment

This research is partially supported by PFUND grant number LEQSF-EPS(2013)-
PFUND-340. This material is based upon work supported by, or in part by, the US
Army Research Laboratory and the U.S. Army Research office under contract/grant
numbers W 911 NF-11-1-0047.

References

[1] Ahmad, B. and Nieto, J.J. Existence Results for Nonlinear Boundary Value Problems
of Fractional Integrodifferential Equations with Integral Boundary Conditions. Hindawi
Publishing Corporation 10 (2009) 576-587.

[2] Baleanu, D., Agarwal, R. P., Mohammadi, H. and Rezapour, S. Some Existence Results for
a Nonlinear Fractional Differential Equation on Partially Ordered Banach Spaces. Springer
1 (2013) 112-120.

[3] Caputo, M. Linear models of dissipation whose Q is almost independent. Geophysical Jour-
nal of the Royal Astronomical Society 13 (1967) 529-539.

[4] Denton, Z., Ng, P. W. and Vatsala, A. S. Quasilinearization Method Via Lower and Upper
Solutions for Riemann-Liouville Fractional Differential Equations. Nonlinear Dynamics and
Systems Theory 11 (2011) 239-251.



208
5]
6]
7]
8]
9]

[10]

11]

12]

13]

[14]

[15]

[16]

[17]

18]

M. SOWMYA AND A.S. VATSALA

Kilbas, A. A., Srivatsava, H. M. and Trujillo, J. J. Theory and Applications of Fractional
Differential Equations. Elsevier, Amsterdam, 2006.

Ladde, G. S., Lakshmikantham, V. and Vatsala, A. S. Monotone Iterative Techniques for
Nonlinear Differential Equations. Pitman, 1985.

Lakshmikantham, V., Leela, S. and Vasundhara Devi, D. J. Theory of fractional dynamic
systems. Cambridge Scientific Publishers, 2009.

Lakshmikantham, V. and Vatsala, A. S. Generalized Quasilinearization for Nonlinear Prob-
lems. Kluwer Academic Publishers, Dordrecht, Boston, London, 1998.

Oldham, B. and Spanier, J. The Fractional Calculus. Academic Press, New York, London,
1974.

Pham, TH. T., Ramirez, J. D. and, Vatsala, A. S. Generalized Monotone Method for
Caputo Fractional Differential Equation with Applications to Population Models. Neural,
Parallel and Scientific Computations 20 (2012) 119-132.

Podlubny, I. Fractional Differential Equations. Academics Press, San Diego, 1999.

Sowmya, M. and Vatsala, A. S. Numerical Approach via Generalized Monotone Method
for Scalar Caputo Fractional Differential Equations. Neural, Parallel, and Scientific Com-
putations 21 (2013) 19-30.

Sowmya, M. and Vatsala, A. S. Superlinear convergence for Caputo fractional differential
equations with applications. Dynamic Systems and Applications 22 (2013) 479-492.

Sowmya, M. and Vatsala, A. S. Numerical Approach via Generalized Monotone Method
for System of Caputo Fractional Differential Equations. Neural, Parallel, and Scientific
Computations 21 (2013) 347-360.

Sowmya, M., Vatsala, A. S., Noel, C., Sheila, H., Zenia, N., Dayonna, P. and Jasmine, W.
Numerical Application Of Generalized Monotone Method for Population Models. Neural,
Parallel, and Scientific Computations 20 (2012) 359-372.

Stutson, D. and Vatsala, A. S. Generalized Monotone Method for Caputo Fractional Differ-
ential Systems via Coupled Lower and Upper Solutions. Dynamic Systems and Applications
20 (4) (2011) 7777 — 7777.

Sudsutad, W. and Tariboon, J. Existence results of Fractional Integrodifferential Equations
with m-point multi-term Fractional Order Integral Boundary Conditions. Springer 10
(2012) 94-105.

West, 1. H. and Vatsala, A. S. Generalized Monotone Iterative Method for Initial Value
Problems. Appl. Math Lett 17 (2004) 1231-1237.



	Introduction
	Preliminary and Auxiliary Results
	Main Results
	Numerical Results
	Conclusion

