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Abstract: Certain classes of switched mechanical systems with nonlinear poten-
tial and dissipative forces are studied. By the use of the differential inequalities
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1 Introduction

Stability of switched systems has attracted an increasing attention during last decades,
mainly due to the numerous applications of these systems in engineering, technological
processes, mechanics, population dynamics, chemistry and economics, see, e.g., [1, 7, 9,
10, 12, 16, 17, 20] and the references cited therein. A switched system is a particular
kind of hybrid dynamical system that consists of a family of subsystems and a switching
law determining at each time instant which subsystem is active.

There are two principal approaches to the stability analysis of switched systems. The
first one is based on the constructing of a common Lyapunov function for the family of
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subsystems corresponding to a switched system [6, 12, 13, 19]. The existence of a such
function guarantees the stability of the considered system for any admissible switching
law. In the situations where we cannot prove the existence of a common Lyapunov
function, the stability of a switched system can be provided by means of additional
restrictions on the switching law (dwell-time approach) [8, 9, 13, 19, 21]. It is known
that, under the suitable assumptions on the system investigated, the stability is ensured if
the intervals between consecutive switching times are sufficiently large [13, 19]. However,
it should be noted that these approaches are well-developed mostly for linear switched
systems.

The problem of stability analysis of hybrid systems is especially difficult for mechan-
ical systems with switched force fields. In numerous applications, mechanical systems
are described by nonlinear differential equations of the second order. This results in
the appearance of certain special properties of motions and essentially complicates the
investigation of systems dynamics [2, 3, 9, 16]. In particular, well-known approaches
developed for switched systems of general form might be inefficient or even inapplicable
for mechanical systems, see [3].

In the present paper, certain classes of switched mechanical systems with nonlinear
potential and dissipative forces are studied. By the use of the differential inequalities
method and multiple Lyapunov functions, conditions on switching law guaranteeing the
asymptotic stability of the trivial equilibrium position of the considered systems are
obtained.

2 Statement of the Problem

Let the family of systems

5&+DS(X)X+M:O, s=1,...,N, (1)
ox
be given. Here x € R"; II;(x) are continuously differentiable for x € R™ homogeneous of
the order p+ 1 functions, u > 1; entries of the matrices D(x) are continuous for x € R™
homogeneous of the order v functions, v > 0. Systems from the family (1) are vector type
Lienard equations, see [18]. They can be used for the modelling of mechanical systems
with potential and essentially nonlinear velocity forces.
Switched system generated by the family (1) and a switching law o is

. O, (x)
D, (x)x + 2% _ g, 2
s+ D, (5 + 2! @)
Here 0 = o(t) : [0,+00) = {1,..., N} is a piecewise constant function. Without loss of

generality, consider the only case where the interval (0, +00) contains the infinite number
of switching instants. Let 0;, 7 = 1,2, ..., be the switching times, 0 < 0; < 6 < ..., and
0o = 0. Assume that the function o(t) is right-continuous, and the sequence {6;}2, is a
minimal one (o(0;) # 0(0i+1), i = 0,1,...). Hereinafter, we consider non Zeno sequences
[12, 13], i.e., sequences that switch at most a finite number of times in any finite time
interval. This kind of switching law is called admissible one.

Systems (1) and system (2) admit the trivial equilibrium position x = x = 0. Assume
that, for every system from the family (1), the equilibrium position is asymptotically
stable. Let us determine conditions under which the equilibrium position x = x = 0 of
switched system (2) is also asymptotically stable.
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The problem of the construction of a common Lyapunov function for the family of
systems of the form (1) was studied in [5, 15]. As it was mentioned in the Introduction, the
existence of a such function guarantees the asymptotic stability of (2) for any admissible
switching law.

In this paper, it is assumed that we failed to prove the existence of a common Lya-
punov function for (1). We will look for conditions on switching law guaranteeing asymp-
totic stability of the equilibrium position.

It should be noted that such conditions were obtained in [4] for system (2) with

constant matrices Dq,...,Dy. The goal of the present paper is extension of the results
of [4] to the case of essentially nonlinear velocity forces. We will assume that the forces
F(x,%x) = —Ds(x)%, s = 1,..., N, are dissipative ones and consider two types of such

forces. It is worth mentioning that asymptotic stability conditions will depend not only
on the type of the dissipative forces but also on the information available on the switching
law.

3 The First Type of Dissipative Forces

3.1 Stability analysis via multiple Lyapunov functions

First, consider the case when the switching instants 6;, ¢ = 1,2, ..., are given, while the
order of switching between the systems from (1) might be unknown.
Let us impose additional restrictions on the functions IT; (x), ..., Iy (x) and the ma-

trices Dy (x), ..., Dy (x).
Assumption 3.1 Functions II; (x),...,IIy(x) are positive definite.

Assumption 3.2 For any fixed x # 0, the matrices Ds(x) + DI (x), s =1,..., N,
are positive definite.

Remark 3.1 Taking into account homogeneity of Dj(x), ..., Dx(x), we obtain, see
[22], that Assumption 3.2 implies that the estimates

z' Dy (x)z > ¢ |x]|"]2]?, s=1,...,N,

hold for all x,z € R™. Here cy,...,cy are positive constants, and ||-| denotes the
Euclidean norm of a vector.

Remark 3.2 It is known, see [18, 22], that if Assumptions 3.1 and 3.2 are fulfilled,
then, for any system from the family (1), the equilibrium position x = x = 0 is asymp-
totically stable.

For every s in {1,..., N}, choose a Lyapunov function for the s-th system from (1)
in the form

. 1.7. 1B . _ .
Va6, 5) = 1, () 5575 — 1 5755 X T (3)

where y15 > 0, 725 > 0, 8 > 1, k > 1. Differentiating function (3) with respect to the
s-th system, we obtain

Vol (oy= =2 (1 + D[] L, (%) = 7% = %Dy (x)%
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d (|Ix[°~'%) [ ol(x) .
=k ( P DS(X)X)

X — 'ygs||x||k_1xTDs(x)5c.

—V1sX

0 (IIx[*'x)

725X Ox

Hence, the estimates
ars (|57 + 1)1F1) = (rslIxlIN +asllx]* 1)) < Vi(x, %)
< ags (507 + 1ell#+) + (as Il +es ] 1)
Valgy) < —as (vasllFH# a8+ 1] 51%)

as (sl FHI T A a1l I s 51?4 sl P %)

hold for x,x € R™. Here ays, ..., a4s are positive constants.
By the use of generalized homogeneous functions properties [22], it is easy to verify
that, if
2w 2k—1)
k =max{y—v; v+ 1}, =14 max ; , 4
i LB {2 e @)
then there exist positive numbers v11,...,v1N, V21, ---,72N, b1, b2,  and H such that
the inequalities
bir(x,%) < Vi(x,x) < bar(x, %), s=1,...,N, (5)
Vil € —aVi T (x,%),  s=1,....N, (6)
are valid for r(x,x) < H. Here r(x,x) = ||x[|? + [|x||*T!, and € = (k — 1)/(p + 1).
Find w > 1, such that
Vs(x,x)ngl(x,x), S,lil,,N, (7)

for r(x,%x) < H.
Denote h = w™s; 73 = 60; — 0,1, i = 1,2,..; ¥(m,1) = 0, and (m,p) =
Zf;ll TmpihP i forp=2,3,..., m=1,2,....

Theorem 3.1 Let Assumptions 3.1 and 3.2 be fulfilled, and for family (1) the Lya-
punov functions Vi(x,x),...,VN(x,%) be constructed satisfying the estimates (5), (6)
and (7). If

P(m,p) = 400 as p— o0 (8)

for any positive integer m, then the equilibrium position x = x = 0 of system (2) is
asymptotically stable. In the case when the tendency (8) is uniform with respect to m =
1,2,..., the equilibrium position is uniformly asymptotically stable.

Proof. By the use of the partial Lyapunov functions Vi (x, %), ..., Vy(x, %), construct
the multiple Lyapunov function V) (x,%) corresponding to the switching law o(t).

Choose € € (0, H) and to > 0. Consider a solution x(t) of (2) with initial conditions
satisfying the inequalities 0 < r(x(t9), %(to)) < &. Find the positive integer m such that
tg € [9m_1,9m).
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Assume that 7(x(t),%x(t)) < € for t € [to,t]. If to < < 6,, then, integrating the
corresponding differential inequality from (6), we obtain that the estimate

Voo o (x(@0),%(0) > ag(i —to) + V5 (x(to), X(to)) 9)

is valid.

In the case when t > 0,,, there exists a positive integer p such that 0,,4p—1 <
t < Omyp. It should be noted that p — oo as £ — +oo. Integrating successively
the corresponding differential inequalities from family (6) on the intervals [f.,4p—1,1],
[Omtp—2, Om+p—1], - - - [to, Om] and taking into account inequalities (7), we obtain

7(Omtp—1)

(x(f),x(f)) > g (ff 9m+p71) + V(;(g )(X(9m+p,1),k(9m+p,1))
>0V 6 & Omtp-1) % (Omip1)) + € (= Omip1) > ... (10)

> WV G (x(t0) k(1) + € (T = Omap—1) + ¥ (m,p) + BP (6 — L)) -

m4p—1

From (5), (9) and (10) it follows that

—1
3

(), %(D) < b7 (b3 S (x(to), X(t0)) + a& (T to) )
for ¢ € [to,0), and

r(x(D),x(0)) < by (Wb S (x(to), (1))

=

FOE( (T = Buepmr) +16(m,p) + 17 (B~ 10)) )

for t € [Omip—1,0m+p), P> 1.
With the usage of these estimates the subsequent proof is similar to that of Theorem
1in [4]. O

Corollary 3.1 Let Assumptions 8.1 and 3.2 be fulfilled. If 7, — +00 as i — oo, then
the equilibrium position x = X = 0 of system (2) is uniformly asymptotically stable.

Remark 3.3 It is a fairly well-known fact, see [13, 19], that for any family consisting
of a finite number of linear time invariant asymptotically stable systems there exists
a number L > 0 (dwell time), such that the corresponding switched system is also
asymptotically stable providing that the intervals between consecutive switching times
are not less than L. Theorem 3.1 does not permit to obtain a similar result for the family

of nonlinear systems (1). If 7, = L = const > 0, i = 1,2,..., then condition (8) is not
fulfilled for any choice of L. However, for nonlinear switched system (2), a positive lower
bound for the values of 71, 79,... can be found guaranteeing the practical stability [11]

of the equilibrium position.

Corollary 3.2 Let Assumptions 3.1 and 3.2 be fulfilled. Then there exists a positive
number A, such that for any € > 0 one can choose L1 > 0 and Lo > 0 satisfying the
following condition: if 7; > L1, i =1,2,..., and for a solution x(t) of (2) the inequalities
to >0, r(x(to),%x(t0)) < A are valid, then r(x(t),%x(t)) < e for all t > to+ Ls.
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3.2 Asymptotic stability conditions in the case of complete information on
the switching law

Assume now that we know not only the switching instants 6;, i = 1,2, ..., but also the
order of switching between the systems. Then another approach for the stability analysis
can be used [4, 14]. Choose a system from family (1) and determine relationship between
this system activity intervals and those of the remained systems under which it is possible
to guarantee the asymptotic stability of the equilibrium position x = x = 0 of switched
system (2).

Let (for definiteness) the first system from (1) be chosen. In the present subsection,
instead of Assumption 3.1, we will use a weaker assumption.

Assumption 3.3 Function II; (x) is positive definite.

Consider the Lyapunov function
. 1.r. 18— . _ .
Vi (36, %) = T () + 5375 =y [[5]) 7715 + an [lxe]|*1%,

where 11 > 0, 721 > 0, and the values of the parameters 5 and k are defined by the
formulae (4).

Denote by Vl‘ ) the derivative of V;(x,%) with respect to the s-th system from (1),
s=1,...,N. We obtain

Vil =~ G+ DxlF L () — ]+ — 7D, ()%

Q) (LD )

Th) (TR

—Y11X

9 (|x/I*~1x)
T . k—1,T .
A Mg D, s\
i T DL+ (P o
Let again r(x,%) = [|x||? + [|x||**, € = (k —1)/(u + 1). Tt is easy to verify that if
1> 2v+1, Assumptions 3.2 and 3.3 are fulfilled, and values of v1; and 7,1 are sufficiently
small, then there exists a number H > 0 such that the estimates

bir(x,%) < Vi(x, %) S bor(x,%),  Vi| < eV " (x,%), s=1...,N,  (11)
hold for r(x,%) < H. Here by, ba, a1,...,ay are constants with by > 0, bs > 0, a7 < 0.
For given switching law o(t), define the auxiliary piecewise constant function 7(t) by

the formula 7(t) = —ay) for t > 0.

geeey

Theorem 3.2 Let y > 2v + 1, Assumptions 3.2 and 3.8 be fulfilled, and for family
(1) the Lyapunov function Vi (x,%X) be constructed satisfying the estimates (11). If

t
/ n(r)dr — 400 as t— +oo, (12)
0

then the equilibrium position x = x = 0 of system (2) is asymptotically stable. In the
case when
to+t
/ n(r)dr — 400 as t— 400 (13)
to
uniformly with respect to tg > 0, the equilibrium position x = X = 0 of system (2) is
uniformly asymptotically stable.
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Proof. For given switching law o (t), construct the function 7(t). Let the numbers
e > 0 and £y > 0 be chosen. Without loss of generality, assume that ¢ < H.

If (12) holds, then there exists a constant pg, such that fti n(7)dr > po for all t > t.
Choose § > 0 satisfying the condition

(b20) "% +€po > (bre)~*.

Consider a solution x(t) of system (2), such that 0 < r(x(tp),%x(t0)) < 6. If
r(x(t),x(t)) < e for t € [tg,t), then the differential inequality

Vi(x(t), %(1)) < —n()V}' " (x(t), %(t)) (14)

is valid for t € [to, ?].
With the aid of estimate (14), it is easy to show that

(brr(xe(D), % (D)) ™ = Vi S(x(D), x()) > Vi (x(to), %(t0)) +§/t n(r)dr

;
> (bar(x(to), X(t0)) "¢ +& [ n(r)dr = (020)" + Epo > (bre) ™"
to
Hence, r(x(t),%x(t)) < e for all t > tg, and r(x(t),%(t)) — 0 as t — +o0.
If the tendency (13) is uniform with respect to to > 0, then the number ¢ can be
chosen independent of tg, and r(x(t),%(t)) — 0 as t — tg — +oo uniformly with respect
totg > 0. O

Remark 3.4 In the proof of Theorem 3.2, we did not use the positive definiteness

property of functions Ils(x),...,IIy(x). Hence, this theorem remains valid also in the
case when the equilibrium position x = x = 0 is not asymptotically stable either for a
part of systems numbered 2, ..., N, or for all of these systems.

4 The Second Type of Dissipative Forces

Next, we will assume that in system (2) potential forces are switched, whereas dissipative

forces are nonswitched, i.e., Ds(x) = D(x), s = 1,..., N, where entries of the matrix

D(x) are continuous for x € R™ homogeneous of the order v functions, v > 0.
Moreover, we will impose an additional restriction on the structure of the matrix

D(x).

Assumption 4.1 The matrix D(x) is represented in the form D(x) = 0G(x)/0x,
where components of the vector G(x) are continuously differentiable for x € R™ homo-
geneous of the order v + 1 functions, v > 0.

Then family (1) can be rewritten as follows

x =y — G(x), y:fa%y, s=1,...,N. (15)
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4.1 Stability analysis via multiple Lyapunov functions

As in the previous section, consider first the case when the switching instants 6;, i =
1,2,..., are given, while the order of switching between the systems from (15) might be
unknown.

Assumption 4.2 The functions (911,(x)/9x)" G(x), s = 1,..., N, are positive def-
inite.

Remark 4.1 The class of matrices D(x) defined by Assumption 3.2 differs from that
defined by Assumptions 4.1 and 4.2.

Example 4.1 Let TI;(x) = ags)x’fﬂ + ...+ agf)xg“, s =1,...,N. Here x =
(w1,...,2,)T, p > 11is a rational with the odd numerator and denominator, and al(s) are
positive coefficients, i = 1,...,n; s = 1,..., N. The functions II;(x),...,Iy(x) satisfy
Assumption 3.1.

On the one hand, if D(x) = ||x||”A, where v > 0, and A is a constant matrix such
that the matrix A + A7 is positive definite, then Assumption 3.2 is fulfilled, whereas
Assumption 4.1 is not fulfilled.

On the other hand, choose the matrix D(x) in the form D(x) = diag {b12Y, ..., byz%},
where v is a positive rational with the even numerator and the odd denominator, and
b; are positive constants, s = 1,...,n. In this case Assumptions 4.1 and 4.2 are fulfilled

(here G(x) = (b1} ™, ... ,bnz;’ﬁl)T /(v + 1)), whereas Assumption 3.2 is not fulfilled.

Remark 4.2 Tt is known, see [18, 22], that under Assumptions 3.1 and 4.2 any
system from the family (15) admits the asymptotically stable zero solution.

For every s € {1,..., N}, construct a Lyapunov function for the s-th system from
(15) by the formula

1 . _
Va(x,y) = L(x) + 5y"y = 3sly P %"y,

where 45 > 0, A > 1. We obtain

_ Oll4(x) T N A1
vl = (P52 oo -yl

rO(lyI*'y) Ol (x)
dy 0x

Hence, under Assumptions 3.1 and 4.2 the estimates

Hslly Iy Gx) + Asx

ars (" + Iy 1) = 3=y 1Y < Vil y) < dos (I + 1y 12) + 3sllxlH 1,

Vel < = s x4+ Ay IA1) + aass (Il Iy I+ [l ly 2)

hold for x,y € R™. Here a4, ..., 045 are positive constants.
It is easy to verify, see [22], that if

2v I
A= 1 : 16
nmx{-+ﬂ+1,y+1}, (16)
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then there exist positive numbers 41, ..., 9N, 131, 52, & and H such that the inequalities
E)lr(xay) < ‘A/S(va) < BQT(va)v ‘A/S|(s) < 76&‘751+£(X,y), 5= 17"'5Na (17>

are valid for r(x,y) < H. Here £ = (A —1)/2, and r(x,y) = ||x[|** + ||y||2.
Find @ > 1, such that

‘/\/S(X,y)éa‘/kl(x7y)7 S7l:17"',N, (18)
for r(x,y) < H. )

Denote h = &~¢; ¢(m,1) = 0, and ¢(m,p) = Zf;ll TmaihP~% for p = 2,3,...,
m=12,....

Theorem 4.1 Let Assumptions 3.1, 4.1 and 4.2 be fulfilled, and for family (15) the
Lyapunov functions Vi (x,y), .. .,VN(x,y) be constructed satisfying the estimates (17)
and (18). If

Y(m,p) = +00 as p— oo (19)
for any positive integer m, then the equilibrium position x = x = 0 of system (2) is
asymptotically stable. In the case when the tendency (19) is uniform with respect to
m=1,2,..., the equilibrium position is uniformly asymptotically stable.

The proof of the theorem is similar to that of Theorem 3.1.

Remark 4.3 For Theorem 4.1, corollaries similar to Corollaries 3.1 and 3.2 can be
formulated.

4.2 Asymptotic stability conditions in the case of complete information on
the switching law

Assume now that we know not only the switching instants 6;, i = 1,2, ..., but also the
order of switching between the systems. Then for finding asymptotic stability conditions
we can apply the approach considered in Subsection 3.2.

Choose the first system from the family (15). Instead of Assumption 4.2, we will use
a weaker assumption.

Assumption 4.3 The function (911, (x)/0x)" G(x) is positive definite.

Let

1
2
Here 47 > 0, and the value of the parameter A is defined by the formula (16). Then

Vix,y) =IL(x) + 5y7y — Ayl 'xTy.

& A1l (x)

T
Ol <T> G(x) = Alyl* + Ayl Ty Gx)

POy y) ML), (L0 (oML
dy ox ox ox
If w > 2v +1, Assumptions 3.3 and 4.3 are fulfilled, and the value of 4 is sufficiently
small, then there exists a number H > 0 such that the estimates

+1x

l;lr(xay) S Vl(xa Y) S BQT(Xa y)a ‘71’ S dsV11+£(Xay)a s = 17 c 'aNa (20)

(s)
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hold for r(x,y) < H. Here by, b, a1, ..., 4N are constants with by > 0, by > 0, d; < 0,
and £ = (A —1)/2.

For given switching law o(t), define the auxiliary piecewise constant function 7(t) by
the formula 7)(t) = —dy) for t > 0.

Theorem 4.2 Let > 2v + 1, Assumptions 3.5, 4.1 and 4.3 be fulfilled, and for
family (15) the Lyapunov function Vi (x,y) be constructed satisfying the estimates (20).

If
¢
/ n(r)dr — 400 as t— 4oo,
0

then the equilibrium position x = x = 0 of system (2) is asymptotically stable. In the
case when

to+t
/ n(r)dr = 400 as t— 400
to

uniformly with respect to to > 0, the equilibrium position x = x = 0 of system (2) is
uniformly asymptotically stable.

The proof of the theorem is similar to that of Theorem 3.2.

Remark 4.4 As well as Theorem 3.2, Theorem 4.2 remains valid in the case when
the zero solution is not asymptotically stable either for a part of systems from the family
(15) numbered 2, ..., N, or for all of these systems.

5 A Numerical Example

Let family (1) consist of two systems

F1+ /2% + 23 (21 + asdz2) + csxd =0,
Fo + /2% + 22 (—i1 + bsin) + ds23 = 0, s=1,2,

where as, b, cs, ds are constant coefficients. Thus, we have n = 2, x = (21, 22)T, N = 2,
v=1, u=3,1l(x) = (csz! + dsx3) /4, and

Di(x) = /22 + 23 (11 ZS), s=1,2.

The results of a numerical simulation are presented in Figs. 1-4, where for solutions
of switched systems generated by the family (21) and four types of switching law the
dependence of the coordinate x; on time is shown. The initial conditions of solutions are
determined by the formulae

(21)

to=0, 1(0)=—0.03, 25(0)=0.05, &1(0)=0.02, i2(0)=0.04.

First, the following values of coefficients were chosen: a; = 0.9, by = 0.3, ¢ = 1,
diy = 10, ag = 0.8, by = 0.1, ca = 10, do = 1. In this case Assumptions 3.1 and
3.2 are fulfilled, and both systems admit the asymptotically stable equilibrium position
x=x=0.

Fig. 1 corresponds to a switching law satisfying the conditions of Theorem 3.1. Here
Toi1 = 5, To; = 5°, and the first system from the family (21) is active on the intervals
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0.15

0.1p

I
200 400 600 800 1000 1200

Figure 1: Switching between two asymptotically stable systems (asymptotically stable equilib-
rium position).

03

02r- . : 4

011 4

—02F 4

i i i i i i i i
0 100 200 300 400 500 600 700 800 900
t

Figure 2: Switching between two asymptotically stable systems (unstable equilibrium position).

[02;—1,02;), whereas the second one is active on the intervals [02;_2,02,-1), i = 1,2,....
For such switching law the equilibrium position is asymptotically stable.

Fig. 2 demonstrates that there exist switching laws for which the equilibrium position
is unstable. Here switching from the first system to the second one occurs when &2 =0
and @1 # 0, whereas switching from the second system to the first one occurs when
41 = 0. Moreover, in order to avoid Zeno type switching signal, the following additional
restriction is imposed: 7, > 4,1 =1,2,... .
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03

0 50 100 150 200 250 300

Figure 3: Switching between asymptotically stable and unstable systems (unstable equilibrium
position).

04 I I I I I
0 50 100 150 200 250 300
t

Figure 4: Switching between asymptotically stable and unstable systems (asymptotically stable
equilibrium position).

Next, consider the case when a; = 0.9, by = 0.3, ¢; =1, d; = 10, a2 = 0.8, by = 0.1,
ca = —10, da = —1. Then the equilibrium position of the first system from the family (21)
is asymptotically stable, and the equilibrium position of the second system is unstable.
For such values of coefficients Assumptions 3.2 and 3.3 are fulfilled.

Let 79,1 = 2x, T2; = 2, where x is a positive parameter, the first system from the
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family (21) be active on the intervals [f2;_2,62;—1), and the second one be active on the
intervals [02;_1,62;), 4 = 1,2,.... The results of numerical simulation show that if y = 4,
then the equilibrium position of the corresponding switched system is unstable (see Fig.
3), whereas if x = 7, then the equilibrium position is asymptotically stable (see Fig. 4).

6 Conclusion

In the present paper, certain classes of switched mechanical systems with nonlinear dis-
sipative and potential forces are studied. By the application of the multiple Lyapunov
functions approach and the dwell time approach, we found the restrictions on the switch-
ing law guaranteeing the asymptotic stability of the trivial equilibrium position.

The obtained results can be used for the design of switched controllers providing
the asymptotic stability and the practical stability of equilibrium positions for nonlinear
mechanical systems.

The interesting direction for further research is the extension of the obtained results
to the case when switched nonlinear dissipative forces depend on velocities and are inde-
pendent of coordinates. Moreover, the impact of gyroscopis and nonconservative forces
on the considered systems may be studied.
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