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1 Introduction

In recent few decades, researchers have developed great interest in fractional calculus
due to its wide applicability in science and engineering. Tools of fractional calculus
have been available and applicable to deal with many physical and real world problems
such as anomalous diffusion process, traffic flow, nonlinear oscillation of earthquake, real
system characterized by power laws, critical phenomena, scale free process, description
of viscoelastic materials and many others. For more details about fractional calculus we
refer to [3H5L[7,T0L M2, 13L[T6LT8].

In the present paper, we study the convergence of the Faedo-Galerkin approximations
of solutions to the nonlinear fractional order Sobolev type evolution equation

dq

() + gt u®)] + Au(t) = f(ut), 0<t<T <00, 0<g<1,

u(©) = ¢, (1)
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in a separable Hilbert space (H,| - ||,(-,-)), where A is a closed linear operator
defined on D(A) which is dense in H. We assume that linear operator —A is
the infinitesimal generator of analytic semigroup {S(¢); ¢ > 0} in H. The functions
f and g are continuous functions and satisfy certain assumptions stated later in Section 2.

The Feado-Galerkin approximations of solutions of the particular case of (Il) in which
g = 0, have been established by Muslim [9]. Author in [9] has discussed the convergence
of Feado-Galerkin approximation of the solution to the equation

B
j?u(t)—i—Au(t) — f(tu(t), te[0,T], 8 € (0,1), @)

u(0) = ¢ (3)

under the assumption that —A generates an analytic semigroup of bounded linear oper-
ators defined on a Banach space H and f satisfies certain conditions.

The existence and uniqueness of solution and approximation of solution of functional
differential equation

Slu(t) + gt u)] = —Ault) + f(tu(t), >0,
uw(0) = ¢, (4)

have been discussed by D. Bahuguna and Reeta in [2] with the assumption that —A
generates an analytic semigroup and f and ¢ satisfy the conditions such that f and A%g
satisfy the Lipschitz condition on C([0,T] x D(A%); H).

This paper is organized as follows: we present some basic definitions, lemmas, the-
orems and assumptions required to establish the convergence result as preliminaries in
Section 2. The existence and uniqueness of the approximate solutions are proved using
semigroup theory and fixed point theorem in Section 3. In Section 4, we prove the con-
vergence of the solution to each of the approximate integral equations with the limiting
function which satisfies the associated integral equation and the convergence of the ap-
proximate Feado-Galerkin solutions will be shown in Section 5. In the last section we
consider an example as an application.

2 Preliminaries and Assumptions

In this section we provide some basic definitions, results and assumptions on f and g
which will be used in the later sections.

Definition 2.1 The fractional derivative of f : [0,00) — R in the Caputo sense of
order g is defined as

1 t
‘DIf(t) = 7/ t— )™ 9L (s)ds, 5
i f(t) F(m_q)o( ) (s) ()
form—1<qg<m, meN, t>0, with the following property:
m—1
D{f(t) = DI[f(t) = Y [ (0)gur1(D)], (6)

k=0
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where D{ denotes the Riemann-Liouville fractional derivative of order ¢ defined as

dm ‘
fo(t):dt—mﬁ/o(t—s)m_q_lf(s)ds, t>0, m—1l<g<m (7)

Definition 2.2 [14]. A function v € C(]0,T]; H) is said to be a mild solution of
equation () if it satisfies

u(t) = Sq(t)(¢+g(0,¢))—g(tw(t))Jr/O(t—S)q‘lATq(t—S)g(Sw(S))ds

+ / (t — )7\ Ty(t — 5)f (s, u(s))ds, € [0,T),
0
u(0) = ¢, (8)

S,(t) = /0 h ¢ (0)S(t90)d0, T,(t) =q /O b 0¢,(6)S(t70)do.

Here (,(0) is a probability density function defined on the interval (0, c0), satisfying the
following properties

e ((0) >0, 6 € (0,00) and [~ (,(0)dO = 1;

o (y(0) = 107177 x g (071/7) > 0, where

I'(ng+1)

_ 1 [e%s) n—1p—nqg—1
$a(6) =~ (-1 g L

sin(nmq), 0 € (0, 00).

Now, we consider some assumptions on A, f and g.
Assumptions on A: We assume that linear operator A satisfies the following con-
ditions.

(A1) Ais a closed, positive, self-adjoint linear operator from the domain D(A) C H into
H such that D(A) is dense in H. We assume that A has the pure point spectrum

0<X <A< Ao,

where \,, — 00 as m — oo and a corresponding complete orthonormal system of
eigenfunctions {u;}, i.e. Au; = \ju; and < u;, uj; >= d;5, where d;; is defined as

0, i+ j,
b = #J
1, i=j.

These assumptions on A imply that — A generates an analytic semigroup, therefore
there exist constants M > 1 and d > 0 such that

|S(t)|| < M e~%, t>0.

So —A is an infinitesimal generator of analytic semigroup. We assume without loss
of generality that ||S(t)| is uniformly bounded by M, i.e. ||S(t)]| < M for ¢t > 0
and 0 € p(—A), where p(—A) denotes the resolvent set of —A. If required, for ¢ > 0
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large enough, we may add cI to A, then —(A + ¢I) is invertible and generates a
bounded analytic semigroup. Also for ¢ > 0, we have

[AS@)

<
[A*S@I - <

Mot (10)

The set of all continuous functions from [0, 7] into X, denoted by Cr = C([0,T]; X)
is a Banach space under the supremum norm given by

[¥llr = sup [[v@)], ¥ € Cr.
0<t<T

Also, it can be shown easily that C$ = X*(T) = C([0,T]; D(A%)) is a Banach
space endowed with the supremum norm

[¥ll7,0 = sup [[¢(t)]as ¥ € C.
0<t<T

It follows that A%, 0 < o <1, can be defined as a closed linear invertible operator
with domain D(A®) which is dense in H. D(A%) < D(A%), for 0 < a < w such
that embedding is continuous. Also, it can be easily shown that D(A%) is a Banach
space with norm ||z|| = ||[A%z| and this norm is equivalent to the graph norm of
A“. For more details on the fractional powers of closed linear operator, we refer to
Pazy [10].

Assumptions on f and g: We list the following assumptions on f and g:

The nonlinear map f : [0, 7] x D(A%) — H satisfies a local Lipschitz-like condition

1t 2) = f( 9l < Fr(t)|z -yl

T, o (11)

and
£t z)| < Fr(?), (12)

for all ¢t € [0,T], =, y € Br(X*(T), ), where Br(X*(T),¢) := {u € X*(T) :
|lu—¢|lr, o < R}, and Fg(t) : RT — RT is a nondecreasing function depending on
R.

For (t,xz) € [0,T] x D(A®), there exist positive constants L and 3, 0 < a <
B < 1 such that the function A%g is a continuous function satisfying the following
conditions

1APg(t, ) — APg(s,y)|| < L{|[t = s[|” + [l — ]

T, a} (13)

and
LjA=P| <1, (14)

for all t€ [0,T], v € (0,1] and x,y € BR(X“(T), ®), L is a constant.

Lemma 2.1 [Zhou and Jiao [T4)J] For any fized t > 0, S4(t) and T4(t) are bounded
linear operators such that ||Sy(t)z|| < Mlz| , |T4(t)z] < N‘ﬁ—%”x” and [|A“T,(t)x| <

rqi(]\fig((f:s)))fqa for all x € D(A%) , where M is a constant such that ||S(t)|| < M, for all

te0,T].
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3 Existence and Uniqueness

In this section, we establish the existence and uniqueness of the solution to every ap-
proximate integral equations of ([Il) by using Banach fixed point theorem.

Let H,, denote the finite dimensional subspace of the Hilbert space H which is spanned
by {ug,u1,-+ ,u,} and let P*: H — H, for n =1,2,---, be the corresponding projec-
tion operators. Let 0 < Ty < T < oo be arbitrary but fixed constant chosen is such a
way that

B = APg(t 1
{02?%0}" g(t, o), (15)
o 1-9)R
1(8,(0) ~ DA + a0 < T (16)
8 - T(;I(ﬁ*a) Toq(lia)
A PULTY 4+ Myqqo_ L B)———— M ,Fr(T
H || 0 + 1+a BOI( R+ )(ﬂ—a) + [e] R( )02 (170[)
R
< (1 - g)ga (17)
(‘)1(5_04) g(l—a)
Miiq_gLCl—— M Fr(T)Co—— < 1—¢,(1
1+a—p Cl(ﬁ—a) + R( )02(1_a)< §(8)
a— D / I'{l—(a— I'2—«
Where LHA B||:§<1,R: R2+||¢i||,01:%,02:m
We define
gn : [0, T] x D(A®) — H, such that g, (¢, u(t)) = g(t, P u(t)) (19)
and
fn:[0,T] x D(A%) — H, such that f,(¢t,u(t)) = f(t, P u(t)), (20)
for each n.

Now, we consider a map @,, on Br(X%(Tp), ¢) defined by
Qu(u)(t) = Sgt)(d+9n(0,9)) — gnlt, (t) + /0 (t — )7 ATy (t — 5)gn(s, u(s))ds
+/ (t— s)qfqu(t — 8) fn(s,u(s))ds, t € [0, Ty], (21)
0

for each n =0,1,2,---.

Theorem 3.1 Let the assumptions (A1)-(A3) hold. Then there exists a constant Ty,
0 <Tp < T and a unique fized point u, € Br(X*(Ty),¢) of the operator Q, for all n
i.e. Uy, satisfies the approximate integral equations

lO) = S0 +0,0,6) — (b)) + [ AT,

0
! TQ(t B S)fn(saun(s))
+/O (t—s) 4 ds,

te [O,To], (22)

for eachmn =0,1,2,---.
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Proof. First we prove the continuity of the map ¢ — Q,u(t) from [0, Tp] into D(A®)
with respect to norm || - ||o. For any u € Br(X*(Ty), ¢) and t1, ta € [0,Tp] with ¢ < to,
we have

Aa[(Qnu)tQ - (Qn’UJ)tl]

= Aa[(sq(té) - Sq(tl))(¢+g(oa¢))]
A”‘_ﬂ[Aﬂgn(tz u) — AP gy (1, )]

/t (tg — 8)17 1T, (t2 — s) AMTP[AP g, (s, u(s))]ds

*/ (bt — )77 = (1 — ) Tyt — ) AT (A g, (5, u(s))]ds

[}

Jr/ (ty — 8)17 T, (ts — ) — Ty(ty — s)]AFe=P[AB g, (s, u(s))]ds
0

+/2 2 = 8)TT AT, (t — 5) fu(s, u(s))ds

ty

/ (ta — )71 — (t1 — 8)T7 AT, (ta — 8) fu(s,u(s))ds

" / (t — )T A° [Tyt — ) — Ty(ts — 5))fuls, uls))ds,
0
= K +Ky+ K3+ K4+ Ks+ K¢ + K7 + Ks.

Hence, we have

8
[(@nu)tz — (Qnu)ti]] < Z || K- (23)
We have
Ky = A%[(S4(t2) — Sq(t1))(¢ + 9(0, )],

_ / (0 / 46111 AS(t70) A(6 + 9(0, 8))dt]db,

taking norm on both the sides, we get (see [7, p. 101] and [8, p. 437])

il < [T G e A @A + (0,0 e

< M, / 06, 0) / A0 4G+ g(0,0)) | dta,
Ca M, 1 ) (1 o)
< CaMagll Al + 9(0,9)) Ity + (ta — 1)1 (22 — 1),
< CaMag||A(¢ + 9(0,0)) 5707 (g — 1)1 7, (24)

and
[ Kall < [[A*P|[|AP gn(ta, u) — A%gn(tr,u)|| < LIA“P||(ts — t2)". (25)
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Further, we have

and

(pae]l

to

< CigMisas / (2 — )21 AP g, (s, u(s)) |ds,
t1
~ to — t1)9(B—)

< CMypo_pl(LR+ B2 1)

(B-a)

Ky = / (b2 — 8)7" — (11 — )T AP, (b5 — 5) AP g (s, u(s))ds.
0

Taking norm on both the sides, we get

[[ 4l

IN

IN

<

t1
CraMisars / {(tr — )00+ D1 — )1 (1) — 5)a1]
0

><||Aﬂ9n(57u(5))~||}d57
C1gMito—p[(LR + B)]

t1
8 / (t1 — 8) "9 [(ty — 5)97 1 — (t; — 5)9"]ds,
0

17

(26)

CiqM 4o g[(LR + B)]/O 1 (tr — ) H(ta — )™M — (t1 — s)”]ds,

where \=1—qg(14+a—-0), u= #Jrla—ﬁ) (see Muslim, [8] and El-Borai [9]).
Hence, after some calculations we get

1Kall < CraMipa—pl(LR + B)Jué* = (1= b) A0 7 (1 — )20,

where b = (1 — (%)ﬁ) and 0 <¢§ < 1.

Similarly,

|Ks5]| < CrgMisa—g[(LR+ B)Ju1dyt 71 (1 — by) ~907 #0711y — ¢)20710),

where iy =14+ a =8, b = (1— (4)7) and 0 < 61 <1 (see [89]).

K|l < / (ta — )T AT, (12 — )| fuls, u(s)) s,

t1
(ty —t1)20—)

< Fr(MMaCo s

Also, we notice that

K7

<

IN

IN

IN

/0 1((152 —8)17 = (b= 8)T ATy (2 — 8)|[|fu(s, u(s)) |1 ds,
Maczq/o 1((’52 =) 171 = (t1 = 8)T71)(tr — )71 fu(s, uls))llds,

t1 , , ,
MaC2FR(T)q/ ((ta = 8) 72N — (1 — 8) 7122 (11 — s) 1V ds,
0

Mo CoqFR(T)padl? (1 — by) Mo =1 gy — gy )a(1mi2)

(27)

(28)

(29)

(30)
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by = (1— (/;\—?)m), 0<d2<1,and

1

K8l < /0 'ty — )T ATy 2 — ) — Tyl — )] s, u(s)) s,

’ _ _ 1_q
where \y =1 —qa, po = o

IN

t1
ngMaFR(T)/ (t1 — s)q_l[(tg —8)71% — (t; — 5)"1ds,
0
CoqMo Fr(T)ads ™ (1 — by) "9 =Lty — ¢;)a=) (31)

where b = (1 — (%)q%) and 0 < 03 < 1. Using @24)-@B1) in 23], we get that (Q,u)
is Holder continuous on [0,7p]. Hence the continuity of the map ¢t — (Qnu)(t) is
proved. Next we show that @, (Br(X*(To),¢)) C Br(X*(Tp),¢). For any element
u € Br(X*(Tp), ¢), we have
(@nu)(t) = Slla [1(Sq(t) = DA% (¢ + 9n (0, 0)) |
A% | A% g,(0, ) — APgu(t,u(t))]

+ / (t = 8)T [ AOBT (¢ — 8[| A% o (s, u(s)) | ds
0

IN

IN

+ / (t = 87Tyt = 3) ol fu(s, u(s)) |ds,

[[(Sq(t) = 1) A% (¢ + gn (0, @)
H A4 g0 (0, ¢) — APgu(t, u(D))]

t
+M1+a—601Q/ (t = )10~ AP g (s, uls))|1ds
0

IN

t
+MaCag / (t — 51001 £ (5, u(s)) | ds,
0

1(Sq(t) = 1) (¢ + gn(0, 9))|| + [A*~P || L{TG + [Ju(t) — o||}
q(B—a)

(6 — )

IN

Mo sCi{(LR + B)}

q(l-a)

+M,CoFp(T) d’ "

R.

IN

Taking supremum over [0, Tp], we get

1(@nu) = ¢llzy, o < R. (32)

This implies that Q,,(Br(X*(Tv), ¢)) C Br(X*(Tv), ¢).
In the next step, our aim is to show that @, is a strict contraction mapping on
Br(X(Ty),¢). Let for all ¢t € [0,Tp] and ug, us € Br(X“(Ty), ¢), we have

1(@nur)(t) = (Quu2)()lla < AP || A%gn(t,u1) — APgn(t, us)l|

+/O (t = &)1 AT (t = )| [ A7gn (s, ua(s)) — A% gu(s, uz(s))|]ds

+/O (t = 8) T HIAT(t = )| fn(s,ua(5)) = fuls, uz(s))llds, (33)
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From the assumptions (A2) - (A3), we have
1A% gn (8, u1) = A%gn(t,u2) |l < Lllua() = ua(t)lla < Lllur = u2llm, o (34)

[fn(s;ur) = fuls, u2)|l < Fr(T)[lui(s) — uz(s)a < Fr(T)[lur — uallzy, a- (35)
Using inequalities (34) and (33]) in (33), we get

T‘Z(ﬂ_a)
1Qus() = Quua®le < (14| Lt Moy LCs s
q(1—a)
+ Mo Fr(T)Co——]|lu1(t) — ua(t)]|a- (36)
(I-a)
Taking supremum over [0, Tp], we get
q(B—a)
1Qutts — Quuzllry, o < (A L+ Mo sLCio0—
nlU1 nU2||Ty, 0 = I+a—p YB-a)
61(1—@)
M Fr(T S — -
+ r(T)C2 (1_a)]||U1 uz |75, (37)

We use ([[B)-(I8) in the inequality (B7) and get that @, is a strict contraction
on Br(X“(Ty),¢). Hence, by the fixed point theorem, there exists a unique u, €
Br(X*(Tp), ¢) such that @, u, = u,. which implies that u,, satisfies the integral equation
@2) for each n = 1,2,--- . This completes the proof of the theorem.

Lemma 3.1 Suppose that assumptions (Al) — —A(3) are satisfied. If ¢ € D(A%),
where 0 < o < 1, then uy,(t) € D(AY) for all t € (0,Ty] with 0 <wv < 1. Furthermore, if
¢ € D(A) then u,(t) € D(AY) for all t €0, Tp] with 0 < v < 1.

From Theorem [B.J] we have that there exists a unique u,, € Br(X%(Tp), ¢) such that
uy, satisfies the equation ([22). Theorem 2.6.13 in Pazy [10] implies that T'(¢t) : H —
D(AV) fort > 0and 0 < v < 1 and for 0 < v <n <1, D(A") C D(A"). From the
assumption (A3) we have that the map t — A%g(t, u,(t)) is Holder continuous on [0, 7]
with the exponent p = min{y,v}. It is easy to see that Hélder continuity of u,, can be
established using the similar arguments from equation (23), (30)-@I). From Theorem
4.3.2 in Pazy [10], we have

/Ot(t —8)47 T, (t — ) AP g (s,u,)ds € D(A).

Also from Theorem 1.2.4 in Pazy [10], we have that T'(t)xz € D(A) if x € D(A). The
result follows from these facts and the fact that D(A) C D(AY) for 0 < v < 1.

Corollary 3.1 Suppose that (Al), (A2) and (A3) are satisfied. If ¢ € D(A®) with
0 < a <1, then for any to € (0,Tp] there exists a constant Uy, such that

[ A un ()] < Ut

for all to <t < Ty independent of n, where 0 < a < v < .
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Proof. Let us assume that ¢ € D(A*). Applying A¥ on both the sides of ([22) and
using [@)—(Q) for ¢ € [to, To] and a < v < 3, we obtain

lun(®lle < 1A"Sy(£)(6 + gu(0, DI + AP [ APgn(t, )]
t
4 / (t = $)T LAV BTy (1 — 8)||[[ AP ga(s, un) |ds
0
t
+ / (t = $)T L AVTy(t — )] fa(s, un) |ds,
< M (6l + lgn (0, ) + AV (L + B)]
N g(ﬁ*v) Tg(lfv)
M _4(L B M. Fp(T
+Mito-p(LR+ )Cg(ﬂfv) + My CyFr( )(171))
S Utoa
I'(l—v+4p I'(2—v
where C5 = 7@(1(7“},), Cy = 7F1+(q(1jv).

Again, for t € [0,Tp] and 0 < v < a, ¢ € D(AV) and

lun®)lle < M(IAYSl + 190(0,9)l0) + | AP |[[LR + B]

_ OIJ(B—U) Tg(l—v)
Miyy—p(LR+ B)C M,CyFr(T
+Miyy (LR + B) 3(571})4- 1Fr( )(171})

S Uto .

Furthermore, we have if ¢ € D(A?) then ¢ € D(A) for 0 < v < 8 and required result
can be proved easily.

4 Convergence of Solution

In this section we will show the convergence of the solution u,, € X*(Ty) of the approx-
imate integral equations (22) to a unique solution u(-) € X*(Tp) of the equation ().

Theorem 4.1 Let the assumptions (A1)—(A3) hold. If ¢ € D(AY), then for any
tg € (0, TQ],

lim sup [1n(t) — um(t)|la = 0.
n—0o0 {n>m, to<t<To}

Proof. For n > m, we have
A un(t) —um(t)] = Sq(t)A%(9n(0,9) — gm(0,9))
t

+ ; (t — S)q_l X [AOH_qu(t - S){gn(syun) - gm(sa um)}]ds

t
+/ (t — )1 P AT, (t — 8)[fu(5,un) — (8, um)]ds. (38)
0
Now, let 0 < a < v < 3, then we have

”fn(taun) - fm(tvum)” an(t,un) - fn(taum)H + ”fn(tvum) - fm(taum)Ha

<
< Fr(D)[lun(t) = um@)llo + [[(P" = P™ )um(t)]|a-



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 14 (1) (2014) YIIH2Y 21

Also,
1P = P um(®)]la < A*A(P" = P™)A"un(t)] < N aIIA”um( |-
Thus, we have
[ fn(tstn) = fon (& um) Il < Fr(T)[[[un(t) — wm ()]o + AU w=a A um (@Ol (39)

Similarly,

1A% g, un) = APgun (t, um) | < Llllun(t) =t ()0 + [ A" um (B)]]]. (40)

1
A @
From (38), 39) and @Q) and for 0 < t, < to, we have

l[un(t) = wm(B)lla < [1Sg(E) A% (9n (0, ¢) = gm (0, 9))]|

< IS4 000.0) = 9 0.0+ 4[| 4%, 1, 10,) = AP,
/ ’ / JI AT T, (¢ — 8)]| % (| A% Ga(5, n) — A g5, ) )
+([ " / )t = 51U ATy (¢ — )| ful5, ) — Fn(, ). (41)

The first term of (@) is estimated as

199(t)A%(gn (0, 0) — gm(0,0))| < M| A*P||[|APg(0, P"¢) — APg(0,P™¢)||
< MJ|A“P||L||(P" — P™)A%)||. (42)

We estimate the first and third integrals as

’

tO
/ (t = &) AT (¢ — )| AP gn (s, un) — AP gim(s, um) | ds
0

< 2Mi4o_pC1q(LRy + By) X (to — to)1P= "¢, (43)

.
/0 (t— )T ATyt — )| % [ fu(Srttm) — Fon(50m) s
< 2M,CoFr(T)q(to — to)1 0= "1, (44)

From the second and fourth integrals, we have

t
[ = AT ) 1A% (5 ) — A5,
t

0

t
< MyyopLCig / (8= 5)7 7O M fun (5) = wm () la + =g 4" wm(s)|Jds
t

0

)\I/—Ot
m

U T‘]( @) t
< My sLCiq( o [ = s 8) = 8 ), (45)
tO

)\1/ « (ﬁ—a
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and

t
[ 6= AT = 9l 00) = (s, ) s

0

< MoFa(T)Ca [ (6= 974 [un () = (5} +

0

AU, d
N e A% () s

U, 73~
Nl )
Using (@2)—{@8)) in (&I)), we obtain
lun(t) = um(®)lla < MIIA*P||[[(P" = P™)A%|

< Mo Fr(T)Cag( [ = ) — (). (46)

AP L]t () = v (8) [l + N aHA”um( Ml
Miyo_5C1q(LRy + B1)  M,CyFr(T)q Uy
2 - . t M,
T g - e 10 Mar s
n t( MaqCoFr(T) n M1+a7ﬂqLC1)
(t — s)aa=DF1 T [ — g)ala—p)+1
X[[[un(s) = um(s)lalds, (47)
where
61(1—&) TQ(B—a)
M, g =M, Fr(T)C Miiaq_gLC 48
N: R()2(1_a)+ 1+a—p8 1(5— ) (48)
Also, we have ||A°~#||L < 1. Therefore inequality (7)) becomes
A AP Y,
nt - WUm t @ S T N A—RU T M Pm « + o= L
Jont) = Ol < gy LI = P A% + 42 Lt
MHa,gC’lq(LRl + Bl) MQCQ(]FR(T) , U/
+2 ; + ; to + My,
( (to — ty)ale=F)—1 (to — to)q(a—l)—l) 0 ﬁ)\l’ o
N t( MoqCyFr(T) N M1+Q_BL01q)
(t — s)aa=DF1 (¢ — g)ala—p)+1
X[[lun(s) — um(s)|lalds}. (49)
Taking supremum over [to, Tp], we get
sup |un(t) — um(t)l|a
te€[to, o)
M Py + AL
S m « _"_ oa— Py
(= [A7]L) %
+2(M1+a7ﬁ01Q(LR1+B1) M,CoqFr(T) ) + Mo s Uy
(tO _ t'O)q(a—,@)—l (tO _ t/o)q(a—l)—l )\u «
b MaqCoFR(T)  Miya_sLqCh
Tt + gl — i, ods) (50)
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Applying Gronwall’s inequality to the above inequality, taking m — oo, we obtain
lim sup [un(t) — um(t)|la
M= In>m, to< t < To}
2 M1+a,g01(LR1 + Bl) MQCQFR(T>

< ; g tox C, (51
S ToTA PO (to = fye@ T (g —tp)ste-n-1)0 ¥ & (B1

where C is arbitrary constant. The right hand side of inequality (5I) may be made as
small as possible by taking ¢, (as t, is arbitrary) sufficiently small. This completes the
proof of the theorem.

Corollary 4.1 Let assumptions (A1) — (A3) hold. If ¢ € D(A), then

sup | A% [un(t) — um @)]]| — 0,
{n>m, 0<t<To}

as m — oQ.

Proof. In this case, we have

1Sq(t)dlla < M| ¢|la- (52)

Then from the inequality (52)), Lemma (BI) and Corollary (BI) we get that in the proof
of Theorem (£1]), we can take tg = 0 to get the required result.

Theorem 4.2 Suppose that (A1) — (A3) are satisfied and ¢ € D(A®). Then, there
exist To, 0 < Ty < T and a unique function u € X“(Ty) such that u, — u as n — 0o in
X%(Ty) and u € X*(Tp) satisfies the equation (8) on [0, Tp)].

Proof. Let ¢ € D(A%). Since A%u,(t) — A%u(t) as n — oo, for 0 < ¢ < Ty and
un(0) = u(0) = ¢ for all n. Since u,, € Br(X“(Tv), ¢), it follows that u € Br(X*(Tp), ¢).
Further, for any 0 < to < Ty, we have

sup  [Jun(t) = u(®)lla = 0.

{to<t<To}
Also,
an(taun)_f(tau)ll = Hf(t,P"un)—f(t,u)H,
< Fr(T)[lun — ulla + [I(P" = Dulla], (53)
and
1A% gn(t, un) — APg(tu)l| = || A%g(t, Pun) — A%g(t,u)]|,
< Lllun — ulla + [(P™ = Tull]. (54)

Taking supremum on [tg, Ty, we get
sup | fu(t,un) = f(Eu)| < Fr(T)[llun — ullzy, o + [I(P™ = Dulln, o,
{to<t<To}
— 0,

as n — oo and

sup | A9 (t, un) — A%g(t, )|l < Lllun — ullzy, o + [(P" = Dullzy.al,
{to<t<To}

— 0,
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as n — 00. Now, for 0 < ¢y < t, we may rewrite ([22)) as

up(t) = Sq((bJrgn(O,d)))gn(t,un)+(/00+/t )(tfS)qflATq(tfs)gn(s,un)ds

to t
— 8 -1 — 8 S, U S.
+</0 +/to><t YTt — 8) fa (5 un)d (55)
‘We have
n / (t— )T AT, (t — 5)gn(s, un)ds|| < / (t— 5 ATt — 5)]
< (1148 g (s, ) s,
< Mi_C{(LR+B)}YI¢" 'to,  (56)
and
to to
n / (t = )T (¢ — ) fuls, un)ds] < / (£ — )Tyt — )] fn (52 100l s,
< MC{(LR+ B)}TE ', (57)

where € = aC1+5) and Cy = Thus, we have

_q
I'(1+4¢p) T'(1+q)"

Hun(t) - Sq(t)(¢ + gn(oa ¢)) + gn(ta un) - / (t - S)Q71ATq(t - S)gn(sa Un)ds

- / (t— )TV (¢ — ) fu(s, wn)ds|

< My_sC{(LR + B)}T{ 'ty + MCyFr(T)TZ to.

Let n — oo, in the above inequality, we get
lu(t) = Sy ()& + 9(0,8)) + g(t, ult)) — [y, (t = )7 AT, (t — s)g(s, u(s))ds

- / (t— )7, (t — 5) £ (s, u(s))ds]|

to
< My_sCy{(LR+ B)}TE" 't + MCyFp(T)T{ o, (58)
Since 0 < to < Ty is arbitrary, we get that u satisfies the integral equation (8]).
Now, let ¢ € D(A). Corollary 1] implies that there exists u € X*(Tp) such that

un, = uin X*(Tp). Since u, € Br(X*(Ty), ) for each n, u is also in Br(X*(Tp), ¢).
Further, we have

sup  ||fu(t un) — fEw)| < Fr(T)[llun — ully, o + |(P" = DullTy, ol
{0<t<Ty}

— 0, as n — oo, (59)
and

sup ([ A%gn(t,un) — APg(t,w)l| < Llun —ullzy, o + I1(P" = Dullz,, o,
{0<t<Ty}

— 0, as n — oo. (60)
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Using (B9), @) and 22)), we obtain
ult) = $4(1)(6 +9(0.0)) = glt.u(t) + [ (¢= 5" ATyt = )g(s. u()ds
+/0 (t — )17 T, (t — 5) f(s,u(s))ds. (61)

Hence, this completes the proof of the theorem.
Now, we shall show the uniqueness of the solution to equation (BI)). Let u; and us
be the two solutions of (61Il). We have

w(t) —us(t) = —{glt,un(t) — glt, ua(t))}
+/krww*An@fﬁmwmn—g@uM@
0

+A@—ﬂﬂ42@—$ﬁwmﬂ—f@UM%,

and thus
14T (1) — ua®)| < 1A AP0t ur () — APg(t, ua(®))]
+A“ﬂqWM”“ﬁ%@$WA%@wDA%@wﬂws
+A@—$“WNTN—QWﬂwm—f@mww
< 1A L () — us(t)

t
+Aﬂ+u—BCLLq/R@—-ﬁqw‘a**HUNﬂ-—U2@ths
0
t
H@&@Wﬂ/@*ﬁ“”ﬂmwfwwmﬁ
0

Since ||A%~#||L < 1, therefore we obtain

[[ur () — uz(t)|a

/{Ml-i-a sC1gL | MoFr(T)Caq
(17L||Aa A1) t—s)l—aB—a) T (t — g)I-a(1=0)

Hiua(t) = uz ()] ads].
Applying Gronwall’s inequality, we obtain

[ur(t) —ua(t)]la =0
for all 0 < t < Ty. From the fact

[[ur(t) = ua (B[] < /\alltu( ) = ua(t)]|as

therefore, u; = ug on [0,7p]. The proof of the theorem is complete.
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5 Faedo-Galerkin Approximation

In this section, we will discuss the Faedo-Galerkin approximations of solutions and prove
some convergence result for such approximations.

We know that for any 0 < Ty < T, we have a unique u € X%(Tp) satisfying the
integral equation

u(t) = Sq(t)(¢+g(0,¢))—g(t,U(t))Jr/O(t—S)q‘lATq(t—S)g(Sw(S))ds

+A%thungf@w@»@, (62)

Also, there is a unique solutions u, € X®(Tb) of the approximate integral equations
W) = SuO6 +9200.6) ~ g0t 1) + [ (0= ) AT~ 5)gn (5,00 (5))s
+]£t(ts)qlig(ts)fﬁ(s,un(s))ds. (63)

We apply the projection on the above equation, then Faedo-Galerkin approximation is
given by v, (t) = P™u,(t) satisfying

Plup(t) = wn(t) = Sq(t)(P"¢ + P"g(0, P"¢)) — P"g(t, vn(t))
+/ (t — 8)7LAT,(t — s)P"g(s,vn(s))ds
0

+/ (t —8)1 T, (t — s)P™ f(s,vn(s))ds. (64)
0

Let the solution u of (62) and v, of (64]) have the representation

u(t) = Y ei(tu, ai(t) = (u(t),u) i=0,1,2,---, (65)

%

Il
=)

o (t) = ol ug, ol (t) = (va(t),u;) 1=0,1,2,--, (66)

3

-

i
=]

K2

Using (66)) in (©4]), we obtain a system of fractional order integro-differential equation of
the form
d4

212 (@ (0) + 97 (8, ag (1), a1 (2)-., ) + X (1) = fi*(ag (1), o1 (B)..., @), (67)

;' (0) = ¢i, (68)
where

g?(ta Otg(t), a?(t)"'v O‘Z)) = (g(ta Z O‘?(t)ui)v ui)v
1=0

FHag (), af (t)..ap) = (f(t, Y af (Hui), i),
=0

and ¢; = (¢, u;), for i =1,2,--- ;n. The system ([@0)—(G8]) determines the o (t)’s.
As a consequence of Theorems Bl and [4.1] we have the following convergence result.
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Theorem 5.1 Let (A1) — (A3) hold and ¢ € D(A%). Then there exist functions
vp, € C([0,Tp], D(A%)),

0nlt) = S0P+ Pg(0, P76)) — Pg(t,0a(1)
+ /Ot(t — 8)T L AT, (t — s)P"g(s,vn(s))ds
+ /Ot(t - S)qfqu(t —8)P"f(s,vn(s))ds, t€]0,To]
and u € C([0, Tp], D(A%)),
ult) = 5406 + (0, 6)) — ot + [ (¢ o)1 ATy - s)als, o))
# [t T = (s as, e 0.7

such that v, — u in C([0,Ty], D(A*)) as n — co.

Now, we show the convergence of o (t) — «;(t). Consider the following

A u(t) = oa(t)] = A%[Y_(u(t) — af (#))ui] = Y AT (i(t) — af (t) ui.
1=0 1=0

Therefore, we have
A% [u(t) — v ()]I* = D AF*(i(t) — a7 (£))*
i=0

We have the following convergence theorem.

Theorem 5.2 We have the following result:
(a) If € D(A%) for all to € (0,Tp)], then

lim sup (37X {ai(t) — al (1)} =0.

N0 10 <t<Tp i

(b) If € D(A) for all t € [0,Tp], then

lim sup [ A?*{ai(t) — o (t)}?] = 0.

n— o0
0<t<To {5

The assertion of this theorem follows from the facts mentioned above and the following
result.

Proposition 5.1 Let (H1)— (H3) hold and let Ty be any number such that 0 < Ty <
T, then we have the following.

(a) If ¢ € D(A) for all ty € (0,Tp] then

lim = sup || A%[vn(t) = om(8)]]| = 0. (69)

N=0 n>m, to<t<T



28 ALKA CHADDHA AND DWIJENDRA N. PANDEY
(b) If € D(A) for all ty € [0,To] then

lim sup || A%vn(t) — vm(t)]]| = 0. (70)

nN=00 n>m, 0<t<T

Proof. For n > m, we have

I A% [vn (t) — vm (D]

| A% [P un (t) = P um (B[],
< P un(@) = um@llla + | (P = P™)tm () |a,

< un (@) = wm (@)l + /\ﬁl,al\ AU (71)

If ¢ € D(A%), then the result in (a) follows from Theorem [l If ¢ € D(A), (b) follows
from Corollary 11

6 Application

Consider the following partial differential equation of fractional order of the form

%[u(t,x) — Au(z, t)] + Au(x,t) = F(z,tu(t,z)),0<q<1, (72)

u(z,0) = ug, x € 9, (73)

with the homogenous boundary conditions. Were € is a bounded domain in the R with
sufficiently smooth boundary 92 and A is N-dimensional Laplacian and function h is
sufficiently smooth in all arguments. We take X = L?(Q) and let A be the operator
defined as —Au = Awu with the domain

D(A) = H*(Q) N Hy (). (74)
Then equation (72) can be written as

%[v(t)+Av(t)]+A20(t) = F(t,o(t)), (75)

v(0) = wup. (76)

It is well known that A is not invertible but (A + cI) is invertible and ||(A+cI)~ Y| < C
for large enough ¢ > 0. Therefore equation (73] can be written of the form (1) with
glt, v) = (1 —c)(A+cl) v and f(t, v) = cA(A+cl)"to + F(t, (A+ecl) tv). Ttis
easy to see that operator A satisfies (A1) and f and g satisfy (A2) and (A3) respectively.
By applying the results of the earlier sections, we have the existence of Faedo-Galerkin
approximations and their convergence to the unique solution of (72))-(Z3]).
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