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Abstract: In this paper, by introducing a new operator, improving and generating
a p-Laplace operator for some p > 2, we study the existence and uniqueness of a non-
trivial solution for nonlinear m-point eigenvalue problems on time scales. We obtain
several sufficient conditions of the existence and uniqueness of nontrivial solution of
the eigenvalue problems when A is in some interval. Our approach is based on the
Leray - Schauder nonlinear alternative.
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1 Introduction

In this paper, we are concerned with the existence and uniqueness of a nontrivial
solution for the following second order m-point eigenvalue problems on time scales:

(p(h(tu”1)))Y + Af(t, u(t),u”(t) =0, te[0,17, (1)
au(p(0)) — Bu”(p(0)) = CO(Z au® (&), u™(T) =0, (2)

where ¢ : R — R is an increasing homeomorphism and homomorphism such that ¢(0) =
0, A > 0 is a parameter, & € [0,T] with 0 < & < ... < &n—2a <T,a>0and 8> 0.
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A projection ¢ : R — R is called an increasing homeomorphism and homomorphism,

if the following conditions are satisfied:

1) If x <y, then p(z) < p(y), for all z,y € R.

2)  is a continuous bijection and its inverse mapping is also continuous.
3) p(zy) = p(2)p(y), for all z,y € R.

Moreover, throughout the paper the following conditions hold for o, f, h, Coy and ¢~ !:

(A1) a; € [0,00),i=1,2,....m — 2 and f € C14([0,T] X R X R).

(A2) h € C([p(0),T],(0,00)) and h is increasing on [p(0), T.

(As) Co(v) is a continuous function on R and satisfies the condition that there exists
A > 0 such that |Cp(v)| < A|v|, for all v € R.

(A4) Forall z,y € R, [Co(x) — Co(y)| < Co(lz —y|).

(A5) Forallz,y >0, ¢~ (z+y) < () + 9 ' (y).

A time scale T is a nonempty closed subset of R. We make the assumption that 0 € T,
and T € T*. By an interval [0, 7], we always mean the intersection of the real interval
[0, T] with T¥; that is [0,7] N TF. Some basic definitions and theorems on time scales
can be found in the books [4, 5].

Recently, for ¢,(u) = |u[P~2u,p > 1, p-Laplacian problems with two-point, three-
point and multi-point boundary value conditions for ordinary differential equations and
finite difference equations have been studied extensively, see [8, 11, 13, 15]. For the
existence problems of positive solutions of boundary value problems on time scales, some
authors have obtained many results; for details, see [2, 7, 9, 10, 12, 14, 16] and the
references therein. However, for the increasing homeomorphism and homomorphism
operator, the research has proceeded very slowly. Especially for the existence of countably
many positive solutions for dynamic equations on time scales still remain unknown.

In this paper we define a new operator ¢ which is an increasing homeomorphism and
homomorphism with ¢(0) = 0. For existence result we need that the assumption (As) is
provided by this operator. Since the condition (As) is not satisfied for ¢p(u),1 <p <2,
our paper generalizes p-Laplacian operator ¢, for p > 2.

In [9], He considered the existence of positive solutions of the p-Laplacian dynamic
equations on time scales:

(¢p(u™())Y +alt)f(u(t)) =0, t€(0,T),

o au(0) — Bo(u®(n) = 0, u”(T) =0,

au”(0) =0, u(T) — B1(u”(n)) = 0,

where n € (0,p(T")). He obtained the existence of at least double and triple positive
solutions of this problem by using a new double fixed-point theorem and triple fixed-
point theorem, respectively.

In [15], Yao studied the existence of positive solutions for the following semipositone
second-order boundary value problem:

W) = MO Fu(t), (@), e 0,1),
au(0) — Bu’(0) = d, u(l) =0,

where d > 0, « >0, >0, a+ 8 > 0 and q(¢)f(t,u(t),u' (¢t)) > 0 on a suitable subset
of [0,1] x [0,00) X (—o0,00). His proofs are based on the Leray-Schauder fixed-point
theorem and the localization method.
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In [12], Lianga and Zhanga show the sufficient conditions for the existence of countably
many positive solutions by using the fixed-point index theory and a new fixed-point
theorem in cones for the following boundary value problem on time scales:

(pu® (1)) +alt) f(u(t)) =0, t€10,T]r,

where ¢ : R — R is an increasing homeomorphism and positive homomorphism and
@(0) =0, & € [0,T)r with 0 < & < . < &noa < Tand 0 < Y7 %a; < 1, a(?) :
[0,T]T — [0,00) and has countably many singularities in [0, 7).

This paper is organized as follows. In Section 2, we present some lemmas that will be
used to prove our main results and we will establish two new theorems of existence and
uniqueness of nontrivial solutions of (1.1)—(1.2). In Section 3, we will give some examples
to illustrate the main results in this paper.

2 Main Results

To prove the main results in this paper, we will employ some several lemmas. The
following lemma is based on the linear BVP

(p(h(t)u™ ()Y + Ay(t) =0, t€[0,T], 3)
au(p(0)) — Bu®(p(0)) = CO(,Z au® (&), u™(T) = 0. (4)

Lemma 2.1 Ify € Ciq([0,T], R), then the problem (2.3)—(2.4) has a unique solution
top T 3 1 T
= — Ay (r)Vr)As + = ———— Ay(r)V
wo= [ T G T [, e
1 1
2O augeye ([ v

i=1

Let Y denote the Banach space C};[0,7] with the norm
lully = lull + [[u® | = mazie o, |u(t)] + mazeepo,ru®(t)]-

Lemma 2.2 [6] Let X be a real Banach space and Q be a bounded open subset of X,
0€Q, F:Q— X be a completely continuous operator. Then either there exist v € OS2,
w > 1 such that F(x) = px or there exists a fized point x* € ).

The main results of this paper are the following.

Theorem 2.1 Suppose that (A1), (A2), (A3), (As) hold, f(t,0,0) # 0, t € [0,T] and
there exist nonnegative functions p,q,a € L*[0,T] such that

|f(t,u,0)] < pt)e(lul) + a(O)p(v]) + alt), forall(t,u,v) € [0,T] x R?,

and there exists to € [0, T such that p(to) # 0 or q(to) # 0. Then there exists a constant
A* > 0 such that for any 0 < X\ < \*, the problem (1.1) — (1.2) has at least one nontrivial
solution u* €Y.
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Proof. By Lemma 2.1, the problem (1.1) — (1.2) has a solution v = u(¢) if and only
if u solves the operator equation

*u:ti_lTrrsé;_lTrr
wh) = Fu) = [ g ([ weenas s Seeme (ot

1 m—2

T
FaCoY angreye” ([ i vn)

i=1 i

in Y. So we only need to seek a fixed point of F' in Y. It follows that this operator
F:Y —Y is a completely continuous operator from the references [1, 3, 14].
From the condition (Ajz), there exists A > 0 such that

G &_:2 e 1(/TAf( 2V ))|<A|mz_:2 L 1(/TW 891
0 - azh(&)@ ; Ty U, U r))| < - azh(&)w ¢ T, U, U r)].

i i

Let M* = é(a(Tfp(O)) +8+ K+ a)M and N* = é(a(T— p(0)) + 5+ K+ «a)N.
T T

where M = 50_1(/ (p(r) +q(r))Vr),N = <p_1(/ a(r)Vr) and K = AE;ZIQ Q.
p(0) p(0)

Since |f(t,0,0)| < a(t) for all ¢ € [0,T], we know that N > 0, from p(tg) # 0 or
q(to) # 0, we readily obtain M > 0. Moreover, M*, N* > 0 since a, M, N > 0.

Let r = e and Q = {u € C}([0,7)) : ||ullx < r}. Suppose u € S, p > 1 such that
Fu = pu. Then

pr = pllulls = [|Fully = [[Ful + [|(Fu)®|.

For all ¢ € [0, 7], we have
T

T T
Puo < [ e Mt 9n8s s Srase (Nt e

(0)

A2
« h(&

T T
S/ : sfl(/ Alp(r)e(lul) + a(r)e(ju®) + a(r)]Vr)As

o Ay

1 T
0)) sﬁ’l(/ Mp(r)e(lul) + a(r)e(ju]) + a(r)]Vr)

sfl(/_ Alp(r)e(lul) + a(r)e(ju®) + a(r)]Vr)

T 1 » T r

: / ol / o PIIDE) +a)Tr + / o DTS
T T

h(p(0)) 7 (A[/p(o) e(llull)(p(r) + q(r))Vr + / a(r)vr))

p(0)

+
Q™
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A 1 = T T
gfhwo))gw O ol )ot) +a)vr+ [ aywr)

p(0)
< TG Loy & Ol 5 N1
B_ 1 i 1o W S
Foy I N+ LSl 4 N4 3
Then
IFul < Tl (@l = p(0) + 5+ KM + £ ol p0) + 54 KON
For all ¢ € [0, 7], we have
T
(Pu)® ()] < ﬁsﬂ / A F(rw,u®)|V7)
1 _1 T A
< oo / Ap(r)e(lul) + a(r)e(u®]) + a(r)]Vr)
1 » T T
< e el / RCCRY O / a9
<

o) i o) [T
w0 e+ T ([ aeyen

_ 1(A)H M et N
oo ol
Then [[(Fu)2[ < Z— N julliar + £—N N Thus, we get

h(p(0)) h(p(0))
e N L)
= 3o A G ™
Choose \* = <p("§’j\(ﬁ”) Then when 0 < A < A\*, we have
1 N*

pr = pllully = [[Full; < W((O))M*h(ﬁ'(o))ﬂuﬂl +

2M*
1 1
Consequently, ur < 3" + ST ="

This contradicts > 1, by Lemma 2.2, F has a fixed point u* € €, since f(¢,0,0) # 0,
then when 0 < A < A*, the problem (1.1) — (1.2) has a nontrivial solution u* € Y. This
completes the proof.

Theorem 2.2 Suppose that (A1), (As2), (As), (As) and (As) hold, and f : [0,T] x
R? — (—00,0] or f:]0,T] x R? — [0,00) is ld-continuous, f(t,0,0) %0, t € [0,T] and
there exist nonnegative functions p1,q1 € L*[0,T] such that

|f(t ur,v1) = f(tuz,v2)| < pr(t)e(lur — uzl) + g1 (t)e(Jv1 — va|)
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and there exists to € [0,T] such that pi(to) # 0 or qi(tg) # 0. Then there exists a
constant X* > 0 such that for any 0 < A < X*, the problem (1.1) — (1.2) has a unique
nontrivial solution u* € Y.

Proof. If us = vo = 0, then we have

|f(t,ur,v1)| < pr(®)e(|ut]) + a1 (@)p([vi]) + [ f(2,0,0)].

From Theorem 2.1, we know that the problem (1.1)—(1.2) has a nontrivial solution
u* €Y.

Now, we shall use the Banach fixed theorem to show the uniqueness of nontrivial
solution of the problem (1.1) — (1.2). For |Fuy(t) — Fuz(t)|, we have

t 1 _ T A t 1 B T R
|/p(0)@90 1(/5 A (ryun,up)Vr)As — /p(o)%@ 1(/5 A (r,ug,uy )Vr)As

T T
T wl(/ A unulywr) — 2L sﬂ/ A (1, us, ul ) V)
p p

o h(p(0)) (0) ah(p(0)) ©
1 m—2 1 ~ T .
+aCo(; aimtp 1(/E A (ryur,up)Vr))
BT U S A
aCO(; azh(&)sﬁ (/& A (r,ug,uy ) V)|
t T T
< /(0) ﬁl@l(/ /\f(r,ul,ulA)Vr) - 5071(/ Af(r, u2,u2A)V7’)|AS
P s s
F_1 -t T/\ roug, u)Vr) — ! T)\ roug,us )V
+ah(p(0))|<'0 (/p(O) frsun,u)Vr) — ¢ (/p(O) f(r ug,uy )Vr)|
1 m—2 1 - T R B T .
+ECO(| ; Oéz'h(&) % 1(/1 A (ryur,up)Vr) — ¢ 1(/i M (ryuz, uy )Vr)]|)
T T T
< /(0) h(ls) |<,0_1(/ )\f(r,ul,uf)Vr) - @_1(/ Af(r, U2,u2A)Vr)|As
P s s
T T
+§h(p10)) |so—1</(0) M, ul) V) — @—1(/(0) A (s g, w297
P p
+ém_2a'L| 1(/T)\f(ru ut)Vr) — 1(/T)\f(ru uA)Vr)|
o = “h(&) ¥ . ) U, Uy 2 i , U2, Uy

T T
< / - www(/ ) = F(r,us, )| Vr)As

p(0)

T
+§ 1 —1@)@—1(/ |f(ryun, ) = f(r,uz,up)| V)
P

h(p(0)” o
A4 m=2 1 T
+E i=1 azh(gl)wl(A)wl(/& |f(r,uhu1 ) f(ra uQ;UQA”vT)
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< ((OA); / ; oI / (TO)<p1<r>sa(|u1 —ual) + @ (F)p(uf — u ) Vr)As
A ﬂgiww / (TO)<p1<r>sa(|u1 — ugl) + qu (p(ul* — ud ) V)
A@(;ﬁ)ii@zﬁw / p(ur —usl) + a (r)p(|uf — u$ ) Vr)
34 1(((3) /(T o / el = uall)(p1 () + 1 (1)) V) As
T / IRICEANACEACAS
g (g);mzw / o Pl = uzlDE10) + ) vr)
Then

| Fur — Fuo|| < ;f(_péj)i s~ wally = (a(T — p(0)) + B+ K)My,

T
where M; = @_1(/ (p1(r) + q1(r))Vr), A is a constant such that
(0)

T T

Ny azhmw( | Aty on) = o7 ([ Ar(rus,ug) Vo)
< A Zaz & ot Z /\f(r,ul,ulA)Vr)gal(Z. /\f(r,ug,UQA)Vr)H

and K = A" % . For all ¢ € [0,T], we have

(Pur)® = (Pu)) (O] < g™ (| Ao ) = (s, 97)

" A A
=¥ (/p(o) Alpr(r)e(lur — ual) + qu(r)p(juy —ug'[)]Vr)

8071()\) ! ' Uy —u r r r
< h(p(O))gO (/p(O) o([|lur oll1)(p1(r) + 1 (r))Vr).
Then L
I(Fu)® — (Fuz)® | < h(p(g);uul wolls My
So, we get
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1
where M = E(OA(T —p(0))+ 5+ K + o) M;.

h(p(0))
2M;

Choose \* = ¢ ). Then when 0 < A < A*, we have

1
[Fur = Fus|l < 5flur = usllr.

Thus the problem (1.1)—(1.2) has a unique solution for 0 < A < \*.

Corollary 2.1 Suppose that (A1), (As2), (As), (As) hold, f : [0,T] x R* — R is ld-
continuous, f(t,0,0) £0,t € [0,T] and

|f(t,u,v)|

0<l= limsup max —————— < +o0. (5)
|+ v] = +o00 tE10,TT P([u]) + @ (|v])

Then there exists a constant \* > 0 such that for any 0 < A < X*, the problem (1.1)—(1.2)
has at least one nontrivial solution u* € Y.

Proof. Let ¢ > 0. By (2.5), there exists H > 0 such that
[f (& u,0)| < (L+e)(e(lul) + @([0])), [ul+ |v| = H,t € [0,T].
Let K = maxye(o,7),jul+|v|<# | f(t,u,v)]. Then for (¢,u,v) € [0,T] x R?, we have
[f(t,u,0)] < (L4 e)p(ful) + (T +e)p(lv]) + K.

From Theorem 2.1, we know that the problem (1.1)—(1.2) has at least one nontrivial
solution u* € Y.

Corollary 2.2 Suppose that (A1), (As2), (As), (As) hold, f : [0,T] x R* — R is ld-
continuous, f(t,0,0)#£0,t € [0,T] and

t
0<!l= limsup max M < 400,
|-+ |v]—+oo tEI,T] o(Jul)
or
t
0<!l= limsup max M < +o00.

||+ |v| =400 tE[0,T] (p(l?}|)

Then there exists a constant \* > 0 such that for any 0 < X\ < X*, the problem (1.1)—(1.2)
has at least one nontrivial solution u* € Y.

Corollary 2.3 Suppose that (A1), (Az2), (A3), (A4) and (As) hold, f:[0,T] x R* —
[0,00) is ld-continuous, f(t,0,0) £ 0, t € [0,T], Co(v) satisfies the condition that there
exists B > 0 such that Bv < Cy(v), for all v > 0 and there exist nonnegative functions
p1,q1 € LY[0,T] such that

|f(t,ur,v1) — f(t, uz,v2)] < pr(t)e(Jur — uzl) + q1()p(Jvr — val)

and there exists to € [0,T] such that pi(to) # 0 or qi(tg) # 0. Then there exists a
constant X* > 0 such that for any 0 < A < X*, the problem (1.1) — (1.2) has a positive
unique solution u* € Y.
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3 Examples

In this section, we will give some examples to illustrate our main results.

Example 3.1 Let T = [0,1] U {2} U [3,5]. We consider the following second order
eigenvalue problem

(o((t+Du> )Y 4+ AMte~tu? — (u?)*t?sint + cost) = 0, t € [0,4], (6)
u(0) = Zut (1) +ut (@), u ) =0, ™)
1

where h(t) =t+4,a=1,=0,T =4, =1,&=2,01 =ay = =
(u) = —u?, u<0,
LAY u?, u>0,

and Cy(z) = |z|. Then we can take A = 1 so that |Cy(z)| < Alz| for all x € R. Thus
K = A(Oél +042) =1.
Noticing, for all ¢t € [0,4], f satisfies

[f(t,u,v)| = |te_tu2 —v?t?sint + cost| < tjul? + t?|v]? + 1.

Then | f(t,u,v)| < to(|u|) + t2p(|v]) + 1. Tt is easy to see by calculating that

M:sfl(/ (r* +7)Vr) \/7M* —pO) + B+ K +a)M =6 %

So, we have \* = gp( 2M ) 7 0.0045. Then by Theorem 2.1, we know that the problem

(3.6)—(3.7) has nontrivial solution u* € Y for any A € (0, \*].

1
Example 3.2 Let 7= {0} U{—:n € N} U[2,4]. We consider the following second
n

order eigenvalue problem

(p(eu™(®)))Y + At sinu +t) =0, t € 0,3, (8)

1 1 12 14
2u(0) ~ut(0) = Tfu () +u” () +ut (B, wh(3) =0, )
where QO(U) = u, h(t) = et,oz = 275 = 17T = 3751 = %552 = 753 = % ,Qp = Qg =

1
as =3 and Cp(x) = |z|. Then we can take A = 1 so that |Co(x)| < Alz| for all x € R.
Thus, K = A(a1 + as + a3) = 1.
Noticing, for all ¢ € [0, 3], f satisfies

|f(tur,v1) — f(t,ue,v2)| = |t251nu1 +t — 2 sinus -t < t2|u1 — us|.

It is easy to see by calculating that
3 2 2
38 38
Mlz/r2VT:ﬂ-—g and My = 55128
0

6
h(0)
e = 0.0125. Then by Theorem 2.2, we know that the problem
1

(3.8) — (3.9) has a unique solution u* € Y for any A € (0, A*].

Thus, we have \* =
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In the following example we will take the p-Laplacian operator ¢4(u) such that
1 1

dp(u) = |ulP~2u for p > 1 and (¢,)" ' = ¢¢ with — + = = 1 which is the special
p q

case of ¢.

Example 3.3 Let T = [0,1] U [2,7]. We consider the following second order eigen-
value problem

(pa((t+2)u”()Y + Marctan(u® + (u)?) + t2sinht) = 0, t € [0,4], (10)
2u(0) = %u%) + %uA(S), WP (4) = 0, (11)

1 2
where h’(t) = t+2,0¢ = 275: OaT:4a§1 = 1752 = 3,0&1 = §,O&2 = § and CO(:C) = Z.

Then we can take A = 1 so that |Cy(z)| < A|z| for all z € R. Thus K = A(a; +ag) = 1.
It is clear that

. | arctan(u? + v?) + t? sinh ¢|
imsup max =
|u|+|v]|——+oo tE[0,4] Pa(lul) + da(lv])

1
Choosing € = 50 e get

4
1 1 1 11
M :qaq(/ (5+35)Vr) = V4 and M* = —(T = p(0) + B+ K+ )M = ?{“/Z.
0
h(0)
So, we have \* = ¢4(W) =~ 0.0015. Then by Corollary 2.1, we know that the problem

(3.10)—(3.11) has nontrivial solution u* € Y for any A € (0, \*].
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