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1 Introduction

A natural way of generalizing differential equations is allowing the unknown function
to appear with different values of the argument. Thus, differential equations with a
deviating argument are differential equations in which the unknown function and its
derivative appear in different places of the argument. This type of equations arise in
many fields such as the theory of automatic control, the theory of self-oscillating systems,
the problems of long-term planning in economics, the study of problems related with
combustion in rocket motion, a series of biological problems, and many other areas [2].
One of the important examples is the process in fuel injection system for high-speed
diesel engines which can be modeled as differential equations with a deviating argument
of neutral type (see [2]).

The purpose of this work is to study solutions of the following type of neutral equation
in a Banach space (X, | - |]):

%[U(t)Jrg(tau(a(t)))]+A(t)u(t) = f(t,u(t), u(h(u(t),t))), t > 0; } (1)
u(0) = wpg,
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where u : Ry — X. Here, we assume that —A(t), for each t > 0, generates an analytic
semigroup of bounded linear operators on X. The continuous functions f, g and h satisfy
suitable conditions in their arguments and the function a : [0,7] — [0,T] satisfies the
delay properties.

The plentiful applications motivate the development of the theory of differential equa-
tion with deviating arguments (see e.g. [IL6HII3T4T7HII] and references cited therein).

Fu and Liu [6] have considered the following abstract neutral functional equation with
infinite delay:

L) + () + AWu(t) = gltw), 1€ (0T,
uy = ¢ €Cyp.

Here u(t) takes values in a Banach space X, the family {A(¢): t € [0,T],T € [0,00)} of
unbounded linear operators generates a bounded linear evolution operators on X, the
function f: [0,7] x Cp — X is uniformly Lipschitz continuous in both variables, the
function g: [0,T] x Co — X satisfies suitable conditions (here Cy is a phase space defined
appropriately). The existence of a solution has been obtained by the Sadovskii fixed
point principle.

In [8], Haloi et. al. have studied the existence of solutions to the following differential
equation

%[U(t)ﬂLg(tvu(a(t)))]+A(t)[u(t)+9(tau(a(t)))] = St u(t), u(h(u(t), 1)), t > 0;
u(0) = wo.

The main results are obtained by the Banach fixed point theorem without any regularity
assumption on the function g.

Using the Banach fixed point theorem and the Sobolevskii-Tanabe theory of parabolic
equations, we prove the existence, uniqueness and asymptotic stability of a solution to
Problem (). The main results generalize some results of [7], [9], [I4] and [19].The work
is organized as follows. In Section 2, we provide preliminaries, assumptions and lemmas
that will be needed for proving the main results. In Section 3, we prove the main results.
Finally, we discuss an example as an application of the abstract results.

2 Preliminaries and Assumptions

This section deals with basic assumptions, preliminaries and lemmas necessary for prov-
ing the main results. For more details, we refer to [4,[12,[15,[16].

Let (X, -|) be a complex Banach space. Let {A(t) :0<¢ <T,0<T < oo} be a
family of linear operators on the Banach space X. We use the following assumptions.

(H1) For each t € [0,T], A(t) is closed linear operator with domain D(A) of A(t) inde-
pendent of ¢ and dense in X.

(Hz) For each t € [0,T1], the resolvent R(A; A(t)) exists for all Re A < 0 and there is a
constant C' > 0 (independent of ¢ and A) such that

IR(XN; A()] < , Re A <0, te€]0,T].
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(H3) For each fixed s € [0,T], there are constants C > 0 and p € (0, 1] such that
ITA(t) = A(DIAG) T < Clt — 717
for any ¢,7 € [0,T]. Here C and p are independent of ¢, 7 and s.

It is well known that the assumption (Hz) implies that for each s € [0, T'], —A(s) generates
a strongly continuous analytic semigroup {e *4() : ¢ > 0} in £(X), where £(X) denotes
the Banach algebra of all bounded linear operators on X. Then there exist positive
constants C' and § such that

le” 4O < Ce™®, t>0; (2)
Ce—ét

JA(s)e 400 < =5

t>0, (3)

for all s € [0,7] []. In the remainder of this work, C' will denote a constant independent
of s, t.

Theorem 2.1 [J[75] If the assumptions (H1)—(Hs) hold, then there exists a unique
fundamental solution {U(t,s): 0 <s <t <T} to homogeneous Cauchy problem.

Now consider the following inhomogeneous Cauchy problem

%u(t) FAWGut) = h(t), t>to >0, u(ty) = uo. (4)

Let C8([to, T]; X) denote the space of all X-valued functions h(t), that are uniformly
Holder continuous on [ty, 7] with exponent 3, where 0 < 8 < 1. Then C?([to, T]; X) is a
Banach space endowed with the norm

[A(t) — h(s)]
h vy = Su h(t)|| + su 1 _ a8
IWlles o = swp k@I +  swp =

Then we have the following theorem.

Theorem 2.2 [{,[75] Let the assumptions (Hy)~(H3) hold. If h € CP?([to, T); X),
then there exists a unique solution to Problem ({]). Furthermore, the solution is given by

t
u(t) = U(t,to)uo + / Ut s)h(s)ds, to <t<T,

to

and u : [to, T] = X is a strongly continuously differentiable on (to,T).

It follows from the assumptions (Hz) that the negative fractional powers of the oper-
ator A(t) is well defined and defined as

A(t)~ = —/ e~ TAM ra—1g,
0

for @ > 0. Then A(t)~ is a one-to-one and bounded linear operator on X [4]. We define
the positive fractional powers of A(t) by A(t)* = [A(t)~*]~L. It can be seen that A(t)*
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is closed linear operator with domain D(A(t)®) dense in X and D(A(t)*) C D(A(t)?) if
a>p. For0<a<1,let X, =D(A(0)*) and equip the space X, with the graph norm

[z]la = [[A0)%].

Then (X4, || - |la) is @ Banach space. If 0 < a < 1, the embeddings X; — X, — X are
dense and continuous. For each o > 0, we define X_, = (X,)*, the dual space of X4,
and endow the space X_, with the natural norm

2]l —a = [|A(0)~"2].

Then (X_,,]| - ||-«) is a Banach space. The following assumptions are necessary for
proving the main results. For 0 < a < 1, let V,, and V,_1 be open sets in X, and
Xo_1 respectively. For each u € V, and u; € V,_1, there are closed balls such that
B, = Bo(u,r) C Vg and By—1 = Ba—1(u1,71) C Vyoq for r > 0 and 71 > 0.

(H4) There exist constants Ly = L¢(t,u,ui,7,m1) > 0 and 0 < 6; < 1 such that the
nonlinear continuous function f : [0,7] x Vi, x V,—1 — X satisfies

1f(tz,2n) = (s, 9,90l < Le(jt = 1™ + |z = ylla + 21 = yilla=1) — (5)
for all x,y € By, 1,41 € Ba—1 and for all s,t € [0,T].

(Hs) There exist constants Ly = Ly (t,u,r) > 0 and 0 < 62 < 1 such that the continuous
function h : Vo, x [0, T] — [0, T satisfies

\h(z,t) = h(y,s)] < La(llz — ylla + |t — s|?), (6)
h(-,0) =0 (7)
for all z,y € B, and for all s,t € [0,T].
(Hg) There exists constant Ly = Lg(t,u1,71) > 0 such that the continuous function
g:10,T] x Voup — X satisfies
lg(t,z1) —g(s,y1)lln < Lo{lt — sl + [lzr — y1lla—1} (8)
for all z1,y1 € Ba—1 and t,s € [0,T].
(H7) The function a : [0,7] — [0, 7] has the following properties:

(i) a satisfies the delay property a(t) <t for all ¢ € [0, T].
(ii) The function a is Lipschitz continuous; that is, there exists a positive constant
L, such that
la(t) —a(s)] < Lg|t—s| forallt,se[0,T],
Lo||A(0)* 2| < 1.

We will use the following lemmas in the subsequent sections.

Lemma 2.1 [5, Lemma 1.1] Let h € C?([to,T); X). Define F : CP([to,T]; X) —
C([t()vT]ﬂXl) by .
Fh(t) = / Ul(t,s)h(s)ds, to <t <T.
to

Then F is a bounded mapping and ||Fhl c(to,11:x,) < Cllhlles (to,7):x) for some constant
C > 0.
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Lemma 2.2 [I0, Lemma 2] Let 0 < a < 1 and f € C([to,T); Xo). Define

w(t) = /t Ul(t,s)f(s)ds, to <t <T.

to

du(t

Then w € C([to, T); X1) N C((to, T); X) and o

+ Aw(t) = f(t), to<t<T.

3 Main Results

In this section, we prove the main results on the existence, uniqueness and asymptotic
stability of a solution to Problem (Il). Let I denote the interval [0, Tp] for some positive
number Ty to be determined later. For 0 < o < 1, let C,, denote the space of all X,-valued
continuous functions on I, endowed with the sup-norm || - ||, where

[6llcc = sup[|p(t)lla; ¢ € C(I; Xa).
tel

Let
Yo =Cr, (I; Xa—1) = {0 € Co : ||0(t) — 0(8)||a-1 < Lot —s| forallt,s € I},

where L, is a positive constant to be specified later. Then Y, is a Banach space endowed
with the sup-norm of C,.

Definition 3.1 A continuous function uw: I — X, is said to be a mild solution to
Problem () if

(1) g('v ) € Xi;
(ii) w satisfies the following integral equation

u(t) = U(t,0)[u(0) + 9(0, uo)] g(t,U(a(t)))Jr/O U(t, s)A(s)g(s, u(a(s)))ds

+/ Ul(t,s)f(s,u(s),u(h(u(s),s)))ds, t € I;
0

(iii) u(0) = wo.

Definition 3.2 A continuous function v : I — X is said to be a solution to Problem
(@) if w satisfies the following:

(i) u() +9(,u(a())) € Cr, (I; Xa-1) NCH((0,T0); X) N C(I; X);
(i) u(-) € X1 and g(-, u(a("))) € Xu;
(iii) %[u(t) + g(t,u(a(t))] + At)u(t) = f(t, u(t),u(h(u(t),t))) for all t € (0,Tp);

(iv) u(0) = uo.
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Let ug € X, and let 7 > 0 be chosen small enough such that the assumptions (Hy)—
(Hg) hold for the closed balls B, = B, (ug,r) and Ba—1 = Ba—1(ug, ). Let K > 0 and
0 < n < B — «a be fixed constants. Let

S={velanYs:v(0)=uo,
sup [[v(t) — uolla < 7, llv(t) — v(s)|loa < K[t — s|" for all s,t € I}.
tel

It can be seen that the set S is a non-empty, closed and bounded subset of C,. Based on
the ideas of Friedman [4], Fu and Liu [6] and Gal [7], we have the following theorem on
existence and uniqueness of a local solution to Problem (TI).

Theorem 3.1 For 0 < a < <1, let ug € Xg. If the assumptions (Hy)—~(Hz) hold,
then there exist a positive number Ty = To(a, ug) and a unique solution u(t) to Problem
@) on the interval [0, Tp)].

Proof. For each v € S and t € I, we define a map H by
Ho(t) = U(t,0)[uo + g(0, uo)] — g(t,v(a(t))) + /O U(t, s)A(s)g(s, v(a(s)))ds

+ /0 U(t, s)fo(s)ds,

where f,(t) = f(t,v(t),v(h(v(t),t))). If v € S, then the assumptions (Hy) and (Hj)
imply that f,(t) is Holder continuous on I of exponent v = min{#;,62,7n}. Also for
v € S, it is clear from the assumptions (Hg) and (H7) that A(t)g(t,v(a(t))) is Holder
continuous on I of exponent 7. Thus by Lemma 2.1l the map H is well defined and it can
be seen that Hv € C,. We will claim that H maps from the set S into S for sufficiently
small Ty > 0. Indeed, if t1,t5 € I with t5 > t1, then we have

[Hu(t2) — Ho(t1)]la-1
< |[[U(t2,0) = U(t1,0)][uo + (0, uo)][la—1
+ llg(ta, v(a(ta))) — g(t1,v(a(t1)))la—1

ﬂ[;U@JMGM&wwm%—A Ulty, $)A(s)g(s,v(a(s)))ds

a—1

%A Wuﬂﬁ@ﬁé Ut ) fols)ds (9)

a—1

Since the inclusion X — X,_; is bounded, we get the following estimate for first
term on the right hand side of (@) ( cf. [4, see Lemma II. 14.1]) as

IU(t2,0) = U(t1, 0)]fuo + g(0, wo)lla—1 < Cifluo + g(0, uo)[[alte — 1), (10)

where (1 is some positive constant.
Similarly, the assumptions (Hg) and (H7) imply the following estimate

g9(t2,v(a(t2))) — g(tr, v(a(t)))la—1 < Calta — ta], (11)

where Co = ||A(0)*2||Ly(1 + Lo La).
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Using [4, Lemma II. 14.4], we get the following estimates for the third and fourth
term on the right hand side of (@) as

My = sup |lg(t,v(a(t)))]]1 and Cs3 is some positive constant, and
]

A2U®JM®M@MM$WB—AIUmJM@M@MMwws

< C3My(ta —t1)(|log(tz —t1)| + 1), (12)

a—1

tel0,T
t t1
|[ v aneas— [ veana]
< CyNy(ta —t1)(|log(ta —t1)| + 1), (13)
where Ny = sup || fu(¢)| and C4 is some positive constant.

te[0,T)

Using estimates (I0), (), (I2) and [@3) in inequality @), we get

[Hu(t2) — Hu(t1)[la-1 < Lalt2 — taf, (14)
_ [A0)* 2| Ly
where L, = maX{C’lﬂuo + 9000l Ty CoMa(log(ta = )] +

1), CaNy(|log(ts — t2)] +1) }.
For sufficiently small Ty > 0, we will show that

sup [|[H (v)(t) = uolla <7
tel

Since ug+g(0,ug) € X, we can choose sufficiently small 77 > 0 such that ( cf. [4, Lemma
11.14.1)),

[[U(£,0) = luo + 9(0, o)l < 7 for all ¢ € [0.73]. (15)

Also, it is clear from the assumptions (Hg) and (H7) that we can choose T > 0 small
enough such that

r
lg(t, v(a(?))) = 9(0,uo)la < 7 for allt €0, T3]. (16)
Let Ky := sup || f(t, uo,uo)l-
0<t<T
We choose T35 > 0 such that
05 9 C5K1 1— r
L:(1+L,L T2 T, < —
(10& f[(+ h)r—i_ 3]+1704 3 — 4
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for some positive constant C5. Now from the assumptions (Hy) and (Hs), we have for
t €10, T3]
\ a

<oty [ (=97 o(s) = ol + o(((w(s). ) = ol o]

/0 U(t, )£ (s, 0(s), v(h(u(s), )))ds

+ C5 K4 /t(t — S)iads
0
< C5Lf/0 (t =) [llo(s) — wolla + Lalh((v(s), s)) = 1(u(0),0)|]ds
+ C5 K4 /t(t — S)iads
0

< Cst/O (t = 5)"*[llv(s) — uolla + Lalh((v(s), 5)) — h(u(0),0)|]ds

| Gkt
l1—«
t 11—«
Cs K1 T.
<oty [ (4= o)l + LaLa(lols) — vall +s%))ds +
0 _
t 11—«
Cs K1 T.
< CsLg[(1+ LoLn)r + TS‘?Z]/ (t—s) " “ds+ %
o _
05 0 C‘51(1 1—
< L 1 LaL T2 Tl-a 17
< (120 + Latar + 792+ 220 1 -
for some positive constant C5. Let Ko = sup ||g(¢,uo)||1. We choose Ty > 0 small
te[0,T
enough such that
Tl—a r
Co(LoLoLaTy + Ky) 4 — <
6( g 4+ 2) a1

for some positive constant Cg. Using the assumptions (Hg) and (Hy), we get

/0 U(t, 5)A(s)g(s, v(a(s)))ds

<C / (t— )" (Ly(1 + LaLa)s + [lg(s, o)1) ds

Tlfa
< C6(Lg(1+ LoaLa)Ty + K>) 1‘1 — (18)

(e

where Cs is a positive constant. Combining estimates (I5]), (I8)), (I'7) and (18], we obtain

sup ||Ho(t) — uplla <7y
t€[0,T5)

where T5 = min{Tl, TQ, Tg, T4}
It remains to show

[Ho(t +h) = Hu(t)[|o« < K"
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for some K > 0 and 0 < n < 1. Let T > 0 be a sufficiently small number. If 0 < o <
B<1,0<t<t+h<Tg, then we have for ¢ € [0, T§]

[Ho(t + h) — Ho(t)| o

< U+ h,0) = Ut 0)][uo + 9(0, uo) o

+ lg(t + h,v(a(t + h))) — g(t, v(a(?)))||a

t+h t
+ /0 U(t+ h,s)A(s)g(s,v(a(s)))ds _/0 U(t,s)A(s)g(s,v(a(s)))ds )
t+h t
+ /0 Ut + h, 5) £ (5, 0(s), v(h(v(s), 5)))ds — /0 Ut 5)f (5, 0(s), v(h(v(s), 5)))ds
(19)
The bellow estimates follow from [4, Lemma II.14.1 and Lemma I1.14.4],
I[U(t + 1, 0) = U(t,0)][uo + g(0,u0)]lla < Crluo + g(0,uo)||sh”~; (20)
t+h t
/ U(t+ h,s)A(s)g(s,v(a(s)))ds — / U(t,s)A(s)g(s,v(a(s)))ds
0 0 o
< CsMyh'=*(1 + |log hl); (21)
t+h t
/O Ut + hy $) f(s, 0(s), v(h(v(s), 5)))ds —/O U, 5)f (5, 0(s), v(h(v(s), 5)))ds
< CoN;h'=*(1 + |loghl), é2)

where C7, Cs and Cy are some positive constants. Again form the assumption (Hg) and
(H7), it is clear that

lg(t + h,v(a(t + h))) — g(t,v(a(t))lla < CroLg(1+ LaLa)h (23)

for some constant C1p. Combining estimates [20), 1), 22) and ([23), we get for t €
[0, T¢],
[Ho(t + h) — Ho(t)]
< W[ Crlluo + g(0,u0) | 6T " + CroLg(1 + LaLa)h' ™"
+ Cs M, Ty~ "(1 + |log h|) + CoN;TYh'=*~"="(|log h| + 1)]
for any v > 0,v < 1 — a — n. Hence, for sufficiently small T > 0 , we have
|Ho(t+ h) — Ho(t)||o < KR"

for t € [0,Ts] and for some K > 0. Thus, we have shown that H maps from the set S
into S.

We will now claim that the map H is a strict contraction. We choose T7 > 0 such
that

l—o

_ T, Tl-«
Lyl A0)~H] + CL, | A(0) 1H +CLf(2+L Lh) L oS

1
2
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for some positive constant C. Using the assumptions (H4)—(H7) and [I5, inequality (1.65),
page 23], we have for ¢t € [0,T7] and v1,v2 € S,

[Hoi(t) = Hva(t)]|o

< Lol A0) ™ [[lor = vallos

+CLy A0) 7] /O (t = 5)"[lvi(a(s)) — va(a(s))ads

+ CLf/O (t =) (lva(s) — v2(s)lla + [[02([A(v1(5), 5)]) = v2([A(v2(5), $)])lla—1)ds
< L[ A©0) ™ llvr — vall

l—o e’

T T
+ CL Q) e = valloo T + CLs2 + LaLn) T llor — v2ll (24)

for a positive constant C. Thus, the choice of 77 implies that the map H is a strict
contraction. Since S is a complete metric space, by the Banach fixed-point theorem,
there exists v € S such that Hv = v. Thus Problem (I has a unique mild solution on
[0, To] where TO = min{Tl, TQ, Tg, T‘47 T5, Tg, T7}

From Lemma 2] and Theorem 2.2 it follows that v € C1((0,7p); X). Thus v is a
solution to Problem () on [0, To]. O

Next we will prove the following theorem that gives the existence of a global solution
to Problem (J).

Theorem 3.2 Let the assumptions (Hy)—(H7) hold. If there are continuous nonde-
creasing real valued functions ki(t), ka2(t) and ks(t) such that

eyl < k@O + [2la+ [yla-), (25)
()] < ka2 ()1 + [lz]la), (26)
lg(t 9l < k3O + [lylla—1), (27)

forallt >0, v € X, andy € X,_1, then Problem (1) has a unique solution and the
solution exists for all t € [0,T], T € [0,00) for each ug € Xg, where 0 < a < f < 1.

Proof. Tt follows from Theorem Bl that there exists a Ty € (0, 7] and a unique local
solution u(t) on t € [0,Tp] to Problem () is given by

u(t) = U(t,0)[uo + g(0, uo)] — g(t, u(a(t))) +/O U(t, s)A(s)g(s,u(a(s)))ds
+/ Ul(t,s)f(s,u(s), u(h(u(s),s)))ds, te0,To.
0
If

lu@®)la < C

for all ¢ € [0,Tp] and for some constant C' that is independent of ¢, then the solution
u(t) to Problem () may be continued further to the right of Ty. Thus to show global
existence of the solution u(t), it is enough to show that ||u(t)||, is bounded as ¢t 1 T.
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Let k1(T) = sup ki(t), k2(T) = sup ko(t) and ks(T) = sup ks(t). Form the
te[0,T] te[0,T] te[0,T]

assumptions (Hy) — (H7), 28), 26) and 1), we get for t € [0, Tp],
[u@lla < IU(# 0)[uo + g(0, uo)][la

+|g(t7U(a(t)))|a+‘/0 U(t,7)A(r)g (7, ula(r)))dr

/O Ut ) (r, u(r), ulh(u(r), )))dr
< |JA*(0) AP () AP (£)U (t,0) A(0) P A(0)" [uo + (0, uo)]
+ k(T (1+ 1A sup ()l

s€[0,t]

i

[e3

+ ks(T) / (t =77 (1+ 140 ) sup [Ju(¢)a )dr

¢elo,7]
(@) [ =07 [+ () + Lalh(ur),7) = b, 0+ fuolla-s|dr
0
<(Cllua + g10,u0)s + k()AL + ka(D)lJunllacs [ (¢ = 7)~r)
0
ks(T)| A0)* YL + k1 (T)(1 + Laoks(T — )7 (14 sup [|u()||a)dr,
+ (ks (T)IAQ) L + ki (T)(1+ Laka( >>)/O<t 71 s o))

where L = max{1,||A(0)~||}. Thus we have

sup [u(s)llo < Ly +M1/0 (t—7)"*(1+ sup [u(C)lla))dr,

s€[0,1] ¢elo,7]
where
(Clluo + 900, wo)ll5 + ks(TI AL + k(T uolla-1 fo (¢ — 7)~*dr )
1= )
(L= ks(DA0)7])

(ks (DIA©) YL + bt (T) (1 + Laks(T)))
(1= ks(T)[A0)>=2]])
Applying Gronwall’s Lemma, we get that ||u(t)|q is bounded as ¢ 1 T O
Next we give a theorem of existence of solutions to Problem (IJ) under more smooth-

ness condition on the function f and wg. Denote D(A(0)) by X;. Equipped this space
X, with the graph norm

1=

l=ll1 = (ll=]* + [ A©0)z] )2
Then || - ||1 that is equivalent to the usual norm [|A(0) - .
Let V4 and V be open sets in X; and X, respectively. For each v € V} and u; € V,
there are closed balls By = Bi(u,r) and B = B(uy,r1) such that By C V4 and B C V
for some 7,71 > 0. We make the following stronger assumptions.

(H4)' There exist constants Ly = Lg(t,u,ui,r,m1) > 0 and 0 < 61 < 1, such that the
nonlinear function f:[0,7] x Vi x V' — X, satisfies

1ty 21) = £(s.y.y0)lla < Ly (t = s|” + 2 = ylla + |21 = 1)), (28)
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for all z,y € By, x1,y1 € B, for all s,¢t € [0,T] and o € (0, 1).

(Hs)" There exist constants L;, = Ly (t,u1,71) > 0 and 0 < 63 < 1, such that h :
V1 x [0,T] — [0,T] satisfies

|P(x,t) = h(y, 5)| < La(llz = yll + |t = 5|°), (29)
for all x,y € By and for all s,¢ € [0,T].

(Hg)' There exists constant Ly = Lg(¢,u1,71) > 0 such that the continuous function
g:[0,T] x V — X satisfies

lg(t,z) —g(s, )l < Lgflt — sl + lz —yll}, (31)
for all x,y € B and t,s € [0, T].

Then we have the following theorem on the existence and uniqueness of a solution to
Problem ().

Theorem 3.3 Let ug € X1 and let the assumptions (Hy)—(Hs), (Hs)' —(Hg)' and
(H7) hold. Then there exist a positive number Ty and a unique solution u(t) to Problem

@) on the interval I = [0, Ty] such that u € C(I; X) N CL((0,Tp); X) N C(I; X), where
Cr(I; X)={¢y e C(I; X1) : |[v(t) — ¥(s)|| < LIt — s| for allt,s € I}

for some constant L > 0. Moreover, we assume that there are positive constants kq(t),
ks(t) and ke(t) such that

If&zy)lla < k@@ + [zl +[lyl]) for 0 <a <1, (32)
[h(z,t)] < ks(t)(1+ [lz]l), (33)
lg(t vl < ke(®)(1+ Iyl (34)

forallt >0, z € X1 and y € X. Then the unique solution of (1) exists for all t > 0.
Proof. We define a map P by

Puo(t) = U(t,0)[uo + 9(0,uo)] — g(t,v(a(t))) + /0 Ul(t,s)g(s,v(a(s)))ds

+/zﬂa@ﬂ&wwmmw@xw»w
0

for each t € I = [0,Tp] and for each v € C(I,B;). By Lemma 22 the map P from
C(I,By) into C(I; Xy) is well defined.
Let

s={ve CUx)NCLX) y(0) = wo. suply(t) —uoll < v},
te

It is clear that S is nonempty, closed, and bounded subset of C'(I; X1) N CL(I; X). Thus
S is a complete metric space. It can be proved that the map P : S — S is a contraction
mapping. The proof can be obtained by the same argument as in the proof of Theorem
B.1 and Theorem B.2], so we omit the details of the proof. a

We now prove the asymptotic stability of a solution to Problem () that is based on
ideas of Friedman [3] and Webb [19].
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Theorem 3.4 Let the assumptions (Hq1)—-(H7) hold and up € Xg, where 0 < o <
B < 1. Then there exists a continuous solution u(t) to Problem () on [0,Ty] for some
To > 0.

In addition, suppose that there exist continuous functions €1 and ez that map [0, 00)
into [0,00), and there exist constants c4 > 0 and ¢5 > 0 such that

1 (8 u(®), u(h(u(®), D) < caler(®) + u®)lla + [[u)la-r) for 0 <a <1, (35)
lg(t, ula(t)))l1 < ese2(t) + [u(®) o), (36)

fort>0. Then
(i) if €1(t) and e2(t) are bounded on [0,00), then ||u(t)||q s bounded on [0, 00);
(ii) if €1(t) and ex(t) are of O(et) for some —1 < o < 0, then ||u(t)||o = O(e”);
(iii) if €1(t) and ex(t) are of o(1), then ||u(t)||o = o(1).

Proof. Tt can be seen that there exists 0 < 6 < ¢ (cf. [4, see page 176]) such that
v 9 =0t
JA(®) " U(t,0)] < rei if t>0, (37)
for any 0 <~ <1 and some constant C' > 0. The solution to Problem () is given by
t
u(t) = U(t,0)[uo + g(0, uo)] — g(t, u(a(t))) + / Ul(t, s)A(s)g(s, u(a(s)))ds
0

+/O U, 5)f (s, uls), ulh(u(s), 5)))ds,

for t € I. Now, for t > 0, put ¢(t) = €*||u(t)||o. Using [B1) in the solution of (), we
obtain

e(t) < Ot [[ug + 9(0,u0) | + ¢ A0)° | (1A©O) " [le®) + ”ea())
+Ces [ e (1= 5)7 (ca) + 400) )l s
+Ces / " (t = 5)~[e1(s) + luls)lla + Ju(s) a1 | ds
< Ot |lug + 9(0, uo) | + e[ 40> (14©0) () + e (1))
+ C/O {0461(5) + C562(S):| e (t — s)"ds

+Clea(1 4+ 1A0) ) + s 40) ] /O (t— )" p(s)ds.

Consequently, we have
t
p(t) < {Cot ™ luo + 9(0,uo) | + Coeea(t) + Co / " (t = 5)~[caer(s) + esea(s) | ds)
0

+ CO/O (t —s)"“p(s)ds, (38)
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max{C, ¢5]| A(0)* 1], Cles(1+ A0 ]) + esl| A©) ] }

(1 — es]|A(0)>=1||[|A(0)=1]]) . Denote

where Cy =

t
x(t) = Cot=*|Juo + g(0,u0)|| + Coe’tea(t) + CO/ e (t—s)72 [0461(5) + 0562(8)} ds.
0

Then it is clear that

x(t) < Cot™|Jup + (0, up)|| + Coeeteg(t) + Cet sup {cae1(s) + cxea(s)},
0<s<00

for some constant C' > 0. By the method of iteration, we get from (BS) that

o (t—s)/ 191 - o))

t
0

wwsﬂw+/

Since the series in the bracket is bounded by Dj(t — s)~*exp[Da(t — 5)'~?] for some
constants Dy, Dy > 0, it follows that, for t > 1 and for any A > 0,

o(t) < Dse|lug + g(0,uo)|| + Dae®ex(t) + Dse? sup {cae1(s) + csea(s)},
0<s5<00

where D3, Dy and D5 are some positive constants. Thus, for any 0 < 6y < 6, we get

[u(t)[la < Dze™%"|lug + g(0,u0)|| + Daex(t) + Ds sup {ae(s) +esea(s)) (39)
0<s<oo

Thus the proof follows from the inequality ([39). O

Remark 3.1 If A(t) is a self adjoint positive definite operator in a Hilbert space X,
then Theorem Bl and Theorem can be strengthened. The assumptions (Hy), (Ha)
and (Hs) imply that for 0 <~ <1 and for all s,¢ € [0,T] [I1l page 185],

1) A(s) 7| < CIA@MA(s) " < Ch, (40)

where C, C1 > 0 are constants. Then Theorem Il and Theorem can be proved with
less regularity assumption on uyg.

4 Example

Consider the following problem with a deviating argument

%[w(ﬁ, x) + g(t,w(a(t),z))] + %w(ﬁ, x) + b(t, x)w(t, z)
= H(z,w(t,x)) + G(t,z,w(t, x)); (41)
w(t,0) = w(t,1), t>0;
w(0,2) = wo(x), z€(0,1),

where b(t, z) is a continuous function in x and uniformly Hoélder continuous function in

t. Here H(x,w(t,z)) = / K(z,y)w(@®)|w(t,y)|,y)dy for all (t,x) € (0,00) x (0,1).
0

Assume that g : Ry — Ry is locally Holder continuous in ¢ with g(0) = 0 and K €
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C*([0,1] x [0,1];R). The function G : Ry x [0,1] x R — R is measurable in z, locally

Holder continuous in ¢, locally Lipschitz continuous in u, uniformly in x.
2

Let X = L?((0,1);R), A(t)u(t)(z) = —%u(t,z) — b(t,x)u(t,z). Then X; =
x
D(A(0)) = H?(0,1) N H(0,1) and X,/ = D((A(0))*/?) = H(0,1). Then the fam-
ily {A(¢) : t > 0} satisfies the assumptions (H;)—(Hs) on each bounded interval [0, 7] (
see [41[6]).
Put w(t, ) = u(t), then Problem ([I]) can be written as

%[u<t>+g<t,u<a<t>>>]+A<t>u(<8 - f(t,u<t>,u<h<u<t>,t>>>,t>o;} @)

We define f: Ry x H3(0,1) x H=1(0,1) — L?(0,1) by

f(t,0,9) = H(x,¢) + G(t, 9)
for ¢ € H=1(0,1) = H}(0,1) and ¢ € H}(0,1) Here H: H}(0,1) — L%(0,1) is defined
as H(z,¥(z,t) = / K(z,y)¥(y,t)dy for z € (0,1) and ¢ € H(0,1). Then it can be
0

proved that f satisfies the assumption (Hy) for o = 3. We assume h: H}(0,1) x Ry —
R, defined by h(¢(z,t),t) = g(t)|p(z, t)| satisfies the assumption (Hs) for o = 1( see
Gal [7]). We also assume that the function g : Ry x L?(0,1) — HJ(0,1) satisfies the
assumption (Hg) for o = . We can take the function a(t) where a(t) = kt for t € [0, T
and 0 < k£ < 1. Thus, we can apply our the results to study the existence, uniqueness

and asymptotic stability of a solution to Problem (&I]).
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