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Abstract: We consider a non-autonomous semi-linear differential equation of
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1 Introduction

The purpose of this article is to study the following differential equation in a Banach
space (X, | -1):

du

T ADuD) = Ftu(). e, 1), >0 } )

w(0) = wg, ug € X.

We assume that for each ¢ > 0, —A(¢) generates an analytic semigroup of bounded linear
operators on X, f: [0,00) x X x X — X and h: X x [0,00) — [0,00). The nonlinear
continuous functions f and h satisfy suitable growth conditions in their arguments stated
in Section
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Differential equations with deviated arguments model certain real world systems in
the theory of automatic control, the study of problems related with combustion in rocket
motion, the theory of self-oscillating systems, problems of long-term planning in eco-
nomics, biological systems, and many other systems in the areas of science and technol-
ogy [3]. Recently, many authors have studied the existence, uniqueness and continuous
dependence of a solution of the differential equation of the type () (see e.g. Gal [GL[7];
Grimm [8]; Jankowski [I2]; Oberg [16]). More details of differential equation with de-
viated arguments can be found in Bahuguna and Muslim [I], Dubey [2], El’sgol’ts and
Norkin [3], Gal [6l[7], Grimm [§], Jankowski [12], Kwaspisz [14] and Pandey et. al [T7/[18].

Oberg [16] has studied the following problem in R™:

duft) .
S = ), (@), ¢ 0; } )
U(O) = wup,up € R",

where u : Ry — R”, f: Ry X R?” x R®" - R" and h : Ry x R® — R,. The existence
theorem for a solution to Problem (2)) has been obtained by the Banach fixed point
theorem, when f and h are continuous and uniformly locally Lipschitz on all of their
variables.

The following problem with a deviated argument in a Banach space (X, ||-||) has been

studied by Gal [6],

W gty = £t ult), ulb(ut), 1), t>o;} 3)

u(0) = wo, up € X,

where — A is the infinitesimal generator of an analytic semigroup of bounded linear oper-
ators on X. The existence and uniqueness of a solution of ([3)) has been established under
the following conditions on the functions f and h:

(a) f:]0,00) X Xo X Xq_1 — X satisfies

1£ (82 a") = f(s,9,9)1 < Lp(t = s + [l = ylla + ll2" =y a-1)

for all z,y € X,, «',y € Xq_1, s,t € [0,00), for some constants Ly > 0 and
0, € (0, 1].

(b) h: X4 x[0,00) — [0,00) satisfies
h(@,t) = h(y, 5)| < Ln(|x = ylla + |t — %)
for all x,y € X,, s,t € [0,00), for some constants Ly > 0 and 65 € (0, 1].

For 0 < a <1, ||z]|o = ||(—=A)%x]|, denotes the norm on X, the domain of (—A)®.

The main objective is to establish the existence, uniqueness and asymptotic stability
of a solution to Problem (IJ) generalizing some results of Gal [6]. In addition, we establish
a stability theorem.

The article is organized as follows. We provide preliminaries, assumptions and lemmas
needed for proving the main results in Section[2l We prove the local and global existence,
and stability of a solution in Section Bl An example is considered to illustrate the
application of the main results.
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2 Preliminaries and Assumptions

In this section, we give basic assumptions, preliminaries and lemmas necessary to prove
the main results. The material presented here can be found in more details by Friedman
[4], Henry [9], Krien [I3], Ladas and Lakshmikantham [I5], Sobolevskii [T9] and Tanabe
[20].

Let (X, - ||) be a complex Banach space. Let T' € [0,00) and {A(t) : 0 < ¢ < T}
be a family of closed linear operators on the Banach space X. We will use the following
assumptions [4].

(A1) The domain D(A) of A(t) is dense in X and independent of ¢.

(A2) For each t € [0,T], the resolvent R(\; A(t)) exists for all ReA < 0 and there is a
constant C' > 0 (independent of ¢ and A) such that

IR\ A(t)) ReX <0, ¢ € [0, 7).

C
< 5
Al +1
(A3) For each fixed s € [0,T], there are constants C' > 0 and p € (0, 1], such that
ITAt) = AMIAT (s)]| < Clt — 7]
for any ¢,7 € [0,T]. Here C and p are independent of ¢, 7 and s.

The assumption (A2) implies that for each s € [0,T], —A(s) generates a strongly con-
tinuous analytic semigroup {e=*4() : t > 0} in B(X), where B(X) denotes the Banach
algebra of all bounded linear operators on X. Then there exist positive constants C' and
d such that

le” 48| < Cem®, t>0; (4)

Ce—dt

| As)et 40| < =—,

t>0, (5)

for all s € [0,7] [].
The assumptions (A1), (A2) and (A3) imply the existence of a unique fundamental
solution {U(t,s) : 0 < s <t < T} to the homogeneous Cauchy problem that possesses

the following properties [4]:
(i) U(t,s) € B(X) and U(t, s) is strongly continuous in ¢,s for all 0 < s <¢ < T.
(ii) U(t,s)x € D(A) foreach z € X, for all 0 < s <t < T.
(iii) U, r)U(r,s) =U(t,s) forall 0 <s<r <t <T.
)

iv) the derivative QU (t,s)/0t exists in the strong operator topology and belongs to
g g g
B(X) for all 0 < s <t <T, and strongly continuous in ¢, where s <t < T.

) GU{()? s)

For a > 0, we define negative fractional powers A(t)~* [4][cf. inequality @] by

+ A(t)U(t,s) =0and U(s,s) =T forall0 < s <t < T.

1 o0
A~ = —TA(t) afld .
(t) (o) /0 e T T
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Then A(t)~* is bijective and bounded linear operator on X. We define the positive
fractional powers of A(t) by A(t)* = [A(t)~%] 1. Then A(t)® is a closed linear operator
with the domain D(A(t)®) dense in X and D(A(t)*) C D(A(t)?)ifa > 8. For0 < a < 1,
let X, = D(A(0)*) and equip this space with the graph norm

lz]la = [[A(0)%]].
Then X, is a Banach space endowed with the norm || - ||. If 0 < & < 1, the embedding

X1 <= X4 — X are dense and continuous. For each a > 0, define X_, = (X,)*, the
dual space of X, and endow with the natural norm

2]l —a = [|A(0)~"2].
Also the assumption (A3) implies that there exists a constant C' > 0 such that
[AMAs) T < C

for all 0 < s,t < T. Hence, for each t, the functional y — || A(t)y|| defines an equivalent
norm on D(A) = D(A(0)) and the mapping t — A(¢) from [0,7] into L£(X;,X) is
uniformly Hélder continuous [10].

Let f and h be two continuous functions. For 0 < a < 1, let W, and W,_1 be open
sets in X, and X,_1, respectively. For each v’ € W, and v” € W,_1, there are balls
such that B, (u',r") C W, and B,_1(u”,r") C W,_1, for some positive numbers 7’ and
r". We will use the following assumptions:

(A4) (a) There exist constants Ly = Ly(t,u/,u”,7",r"”) > 0 and 0 < 6; < 1, such that
the nonlinear map f : [0,T] x W, x W,_1 — X satisfies the following condition
£t 2,2") = fs,9,90 < Ly(lt = s + [z = ylla + 2" = ¢'lla=r)  (6)
for all z,y € By, 7',y € Ba—1 and for all s,t € [0, 7).
(b) There exist constants Ly, = Lp (¢, u,r") > 0and 0 < 02 < 1 such that h(-,0) =0,
h: Wy x [0,T] — [0, T] satisfies the following condition
|A(@,t) = h(y, )| < La(llz = ylla + [t - s™) (7)
for all z,y € B, and for all s,t € [0,T].

Fortg > 0and 0 < 8 < 1,let C?([tg, T]; X ) denote the space uniformly Holder continuous
on [t, T] with exponent 3. Then C#([to, T]; X) is a Banach space endowed with the norm

[12(t) — h(s)]l
hl|lce .x) = Su h(t)| + su —_—t
H HC ([to,T];X) togtI;TH ( )H t,se[tg,g],t;és |t* S|ﬁ
Now we consider the following inhomogeneous Cauchy problem
du,

Al = F(1), ulto) = uo. (8)

Theorem 2.1 [/, Theorem II. 3.1] Suppose that the assumptions (A1)—(A8) hold.
If f € CB([to,T); X), then the unique solution of (8) is given by

u(t) = U(t, to)uo + /t U(t,s)f(s)ds, to<t<T.

to

Indeed, u : [to, T] — X is strongly continuously differentiable on (to,T).
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The following lemmas will be used in the subsequent sections.

Lemma 2.1 [5, Lemma 1.1] For h € CP([to, T]; X), we define Q : C?([to, T]; X) —

Qh(t) = /tU(t,s)h(s)ds, ty <t <T.

to
Then @ is a bounded mapping and || QR c(to,11:x,) < Cllhllcs (o, 1);x) for some C > 0.

We have the following corollary from Lemma [ZT1
Corollary 2.1 Fory € X1, we define

H(y;h) =U(t,0)y + /Ot U(t,s)h(s)ds, 0 <t <T.

Then H is a bounded linear mapping from X1 x CP([to, T]; X) into C([to, T); X1).
Lemma 2.2 [70, Lemma 2] Let 0 < a < 1 and f € C([to,T); Xa). We define
t
u(t) = / Ul(t,s)f(s)ds, to <t <T.
to

Then v € C([to, T); X1) N CH((to, T]; X) and v'(t) + A(t)v(t) = f(t), to <t <T.

3 Main Results

In this section, we establish the main results. Let I = [0, 4] for some positive number §
to be specified later. Let C,, 0 < a < 1 denote the space of all X,-valued continuous

functions on I, endowed with the sup-norm, sup ||¢(¢)||«, ¥ € C(I; X4). Let
tel

Yo =Cr,(I; Xo—1) ={t €Cq : ||U(t) —(5)|lam1 < La|t — s|, for allt,s € I},
where L, is a positive constant to be specified later. It is clear that Y, is a Banach space
under the sup-norm of C,,.

Definition 3.1 A continuous function u : I — X said to be a solution of Problem
(@ if the following are satisfied:

(i) u(-) € Cr,(I; Xa-1) N CH(0,6); X)NC(I; X);

(i) u(t) € W, for all t € (0,0);

(iii) Ccll—fl; + A u(t) = f(t,u(t), u(h(u(t),t))) for all t € (0,9);
(iv) u(0) = uo.

For 0 < a < B <1, let up € Xo. Let 7 > 0 be chosen small enough such that the
assumption (A4) holds for the closed balls B, = B,(ug,r) and By—1 = Ba—1(ug, 7).
Let K >0 and 0 <7 < B — a be fixed constants. Let

Soc = {y € CaNVa 1 y(0) = o, 8P ly(t) ~uofla <7 lly(t) ~y(s)la < Kft=s[" V1,5 € I},
te

Then S, is a non-empty closed and bounded subset of C,.
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3.1 Local existence of solution

Now we prove the following theorem of the local existence of a solution to Problem ().
The proof is based on the ideas of Friedman [4] and Gal [6].

Theorem 3.1 Let ug € Xg, where 0 < o < 8 < 1. If the assumptions (A1)-
(A4) hold, then there exist a positive number 6 = 6(a, ug) and a unique solution u(t) to
Problem () on the interval [0, 6] such that u € S, N C1((0,6); X).

Proof. Let v € S,. We define f,(t) = f(t,v(t),v(h(v(t),t))). Then the assumption
(A4) implies that f, is Holder continuous on I of exponent v = min{6;,602,n}. We
consider the following problem:

du
o HADut) = L), tGI;} (9)
u(0) = wo.

Then by Theorem [Z] there exists a unique solution wu, of (@) which is given by
t
w(t) = U, 0)u + / Ut s)fo(s)ds, te€l.
0
We define a map F' by
t
Fo(t) = U(t,0)ug —|—/ Ul(t,s)fy(s)ds, foreachtel.
0

We will claim that F' maps from S, into itself, for sufficiently small § > 0. Indeed, if
t1,to € I with to > t1, then we have

[Fu(ts) = Fo(ti)lla—r < [[[U(t2,0) = U(t1, 0)]uolla—1

/2 Ulta, s)fo(s)ds — / 1 U(t1,s)fo(s)ds (10)
0 0

"

a—1

We will use the bounded inclusion X C X,_1 to estimate each of the terms on the
right hand side of (I0). The first term on the right hand side of (I0) is estimated as
follows [4, see Lemma II. 14.1],

[(U(t2,0) = U(t1,0))uolla—1 < Cilluollaltz —t1), (11)

where C} is some positive constant. We have the following estimate for the second term
on the right hand side of (I0) [4, Lemma II. 14.4],

where N1 = sup || f,(s)| and Cs is some positive constant.
s€1[0,T)

/2 Ulta, s)fv(s)ds — / 1 U(ty,s)fv(s)ds
0 0

< CoNi(ta — t1)(|log(ta — t1)[ + 1), (12)

a—1

Using the estimates (1) and (I2), we get from the inequality (I0),

[Fo(ta) = Fo(t1)]la—1 < Lalta = tl,
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where L, = max{C1|uo||a, CaN1(|log(t2 — t1)| + 1)} that depends on Cy, Ca, Ny, 4.
Next our aim is to show that sup ||F(y)(t) — uglla < 7, for sufficiently small § > 0.
tel

Since ug € X4, we can choose sufficiently small §; > 0 such that [4, Lemma II1.14.1],
U (%, 0)uo — uolla < g for all ¢ € [0, 4. (13)

We choose d2 > 0 such that

C(a) o Cla)K1\ 4_ 2r
== 2 <2
(1aLf[(1+LaLh)r+62]+ 1—a 05 =3

Let Ky := sup || f(t, uo,uo)||- For v € S, and t € [0, d2], it follows from the assumption
0<t<T
(A4) [19, cf. inequality (1.65), p. 23], (@), (@) and h(ug,0) = 0 that

< C(a)Lf/O (t = 8)"[llv(s) = uolla + lv([A(v(s), s)]) — uolla—1]ds

/ Ul(t,s)f,(s)ds
0

(e

+C(04)K1/0 (t—s)"ds
gC(a)Lf/O (t = )" [llv(s) = wolla + Lalh((v(s), s)) — h(u(0),0)[]ds
+C(04)K1/0 (t—s)"ds

< C(a)Lf/O (t = 5)"[llv(s) — uolla + Lalh((v(s), 5)) — h(u(0),0)[]ds

+ C(Q)Kl(sl_a
11—«

< )Ly [ (05"l + Laa(lo(s) = uollo +))ds + ST

11—«
t -«
< C(a)L¢[(1 +LaLh)7’+5§2]/ (t—s)"“ds+ C’(ozl)#jz
0 _
C(a) 0 Cla)K1) -
< 2 @,
< (£l Lot + o1+ S5 o (14)

Combining ([I3)) and ([I4]), we obtain sup || Fv(t) —uo||a < 7, where 05 = min{dy, d2} [0} cf.
tel

p. 977].
Next we show that ||Fv(t + h) — Fo(t)||le < Kh" for some constant K > 0 and
O<n<l.If0<a<pf<land 0<t<t+ h </, then we have

[Fv(t +h) = Fo(t)]la <[ U+ h,0) = U(t,0)]uol|a

t+h ¢
| [ varnans— [ U9

(e
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Using [4, Lemma I1.14.1 and Lemma I1.14.4], we get the following estimates

From (I5) and (I8)), it is clear that

H[U(t—l—h,O) - U(tao)]uOHoz < C(aauo)hﬂ_QQ (15)

t+h t
/0 U(t+ h,s)fo(s)ds /0 Ul(t,s)fu(s)ds|| < C(a)Nih'~*(1+ |logh|).  (16)

[e3

| Fv(t + h) — Fo(t)||la < h"C(a,u0)0 =" + C(a)N16"R* """ (| log h| + 1)]
for any v > 0 and v < 1 — a — 1. Hence, for sufficiently small § > 0 , we have
|Fo(t+h) = Fo)]la < Kh"

for some K > 0. Thus F maps S, into itself.
Finally, we show that F'is a contraction map. We choose d, > 0 such that

C(a)

11—«

Li(2+ LoLp)dy, * <

| =

Let v1,v3 € Sy and t € [0, 4]. Then we have [19, cf. inequality (1.65), page 23],

[Foi(t) = Foa(t)]la < Cle) Ly /Ot(t =) (llvr(s) = v2(8)|o
+ o ([R(v1(s), 8)]) = v2([A(v2(s), 8)])[[a—1)ds
< C()Ly(2+ LaLn) /Ot(t —8) " vi(s) = v2(s)lads
C(a)

l1—«

= Ly(2+ LaLn)d; = sup o1 (t) — v2(t)a- (17)
tel

Then, from (7)), it is clear that F is a contraction map. Since S, is a complete metric
space, by the Banach fixed-point theorem, there exists u € S, such that Fu = u. From
Lemma 1] and Theorem 1] it follows that u € C1((0,68); X). Thus u is a solution to
Problem () on [0, 6], where § = min{ds, d4}.

3.2 Global existence of solution

In this section, we prove the global existence of a solution to Problem ().

Theorem 3.2 Assume that (A1)—(A4) hold. Suppose that there are positive con-
stants k1 and ko such that

1f (2, y)
h(z, 1)

Ei(L+ ||z|la + lylla=1) for 0<a <1, (18)

<
< ka(1+Iz]la) (19)

forallt, where 0 <t < T, z,z € X, and y € Xo_1, then the initial value problem () has
a unique solution that exists for all t € [0,T], for each ug € Wa, where 0 < v < < 1.
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Proof. Let § > 0 be sufficiently small such that u(t), t € (0,4], be the local solution
of () obtained in Theorem Bl So for the global existence of a solution to problem (),
it is enough to show that ||u(¢)||s is bounded as ¢ 1T § and this bound is independent of ¢.

Now using (@), (@), (I8) and ([IJ), we get, for u(.) € X7,

’/0 Ul(t,s)f(s,u(s),u(h(u(s),s)))ds
< JAO)*At) AU (t,0)A(0) =7 A(0) o

[u(®)lla < U 0)uolla +

(e

t
+k / (t =) (1 + [[w(s)lla + Lalh(ul(s), s) = h(uo, 0)] + [luol|a—1]ds.
0
(20)
Using [4] inequality (I1.14.12) and (I1.14.14)] in 20), we get

[u(@)lla < (C" + D)lluolla + k[l + (1 + Lakz)]/o (t = 5)" (1 + [lu(s)[a)ds,

t
where D = sup Kkl/ (t — s)~“ds, K is the constant in the bounded inclusion X C
te[0,T) 0

Xq—1 and C’ is some positive constant. Applying the Gronwall lemma, we get that
|lu(t)]| o is bounded as ¢ 1 6.

Remark 3.1 In the case when A(t) is a self adjoint positive definite operator in a
Hilbert space X, Theorem[B.Iland TheoremB.2lcan be strengthened. Assumptions (A1),
(A2) and (A3) imply that, for 0 < a <1 and for all s,¢ € [0,7] [I3] p. 185],

[A®)*As)~] < CA®)A(s) ™ < C, (21)

where C, C" > 0. Then we can prove Theorem [3.]] and Theorem 3.2l with a less regularity
assumption on ug.

3.3  Existence of solution with regularity

In this section, we give a theorem with more regularity on f and ug. We denote D(A(0))
by Xi1. We equipped this space X; with the graph norm

]l = (l=]* + | A(0)2]*)2,

that is equivalent to the usual norm ||A(0)z|| for z € D(A(0)).

Let f and h be two continuous functions. Let W; and W be open sets in X; and X,
respectively. For each u € W; and ' € W, there are balls such that By (u,r) C Wy and
B(vw',r") € W. We will make use of the following stronger assumptions:

(A4)’ (a) There exist constants Ly = L(t,u,u’,r,7') >0 and 0 < 6; < 1, such that the
nonlinear map f : [0,7] x W1 x W — X, satisfies:

£t 2,2") = f(s,9,9 ) o < Ly(lt = s + [l =yl + ll2" = y'll) (22)

for all x,y € By, 2/,y' € B, for all s,t € [0,T] and « € (0, 1).
(b) There exist constants Ly, = Ly (t,u',7") > 0 and 0 < 02 < 1, such that h(-,0) =
0, h: W1 x [0,T] — [0,T] satisfies:

[P (x,t) = h(y, )| < La(llz =yl + [t = 5|%) (23)
for all z,y € By and for all s,t € [0,T].
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Then we have the following theorem.

Theorem 3.3 Let ug € Wy. Suppose that the assumptions (A1)-(A3) and (A4)
hold. Then there exist a positive number 6 = §(ug) and a unique solution u(t) of Prob-
lem () on the interval [0,0] such that € Cr(I; X) N CY((0,6); X) N C(I; X), where

Cr(l; X) = {¢ € C(I; Xa) = [9(t) = (s)|| < LIt = 8|, for allt,s € I},

for some L > 0. Further, we assume that there are positive constants k1 and ko such
that

||f(t,x,y)|\a
h(z,1)]

kil lzlls + llylD) for 0 <a <1, (24)

<
< k(A lz]), (25)

forallt, z,z € X1 and y € X, where 0 <t <T. Then the unique solution of () exists
for allt > 0.
Proof. We denote the interval [0, ] by I. For each v € C(I, By), we define a map F
by
t
Fo(t) = U(t,0)ug —|—/ U(t,s)f(s,v(s),v(h(v(s),s)))ds foreacht e I.
0

By Lemma 22 the map F from C(I, B;) into C(I; X1) is well defined. The proof of
this Theorem can be obtained by the same argument as in the proof of Theorem .1l and
Theorem Thus, we omit the details of the proof.

3.4 Asymptotic stability of solution

In this section, we discuss the asymptotic stability of a solution to Problem () in X.
The proof is based on the ideas of Friedman [4] and Webb [21].

Theorem 3.4 Suppose that the assumptions (A1)-(A4) hold, uo € Xga, where
0 < a< B <1 and there exists a continuous solution u € X.. Suppose there exist a
continuous function € : [0,00) — [0,00) and a constant ks > 0 such that

I1F (& u(®), ulh(u(t), )] < ka(e(t) + [lu(®)lla + [u@lla-1) for 0 <a<1,¢>0. (26)

Then

(i) if €(t) is bounded on [0,00), then ||u(t)||q is bounded on [0, 00);
(ii) if e(t) = O(e??) for some —1 < o <0, then |lu(t)]|o = O(e”);
(i11) if e(t) = o(1), then ||u(t)|lo = o(1).
Proof. Tt is known [4] p. 176] that there exists 0 < 6 < d, such that

AU 0)] < Ce i £ 0, (27)

for any 0 <~y < 1.
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Now, for t > 0, put ¢(t) = e*||u(t)||. Using 27) to the solution of Problem (I), we
obtain

p(t) < Ct™*|Juoll + C/ *(t = s)"“ksle(s) + [lu(s)[la + [[uls)lla—1]ds
< Ct=|luo|| + Cks /Ot e (t — s)"%e(s)ds + Cks(1 + K) /Ot(t —5)"%p(s)ds
< {cot-amou ~a [ . s>-%<s>ds} o [ (-5 el (28)
where Cy = max{C, Cks, Cks(1 + K)}. We denote

t
x(t) = Cot™%||luo|| + CO/ e (t — s)"%e(s)ds.
0

Then it is clear that

x(t) < Cot™%||luo|| + Ceft sup €(s), (29)
0<s5<00

for some constant C' > 0. We get from (28)) by the method of iteration that [21],

gﬁ(t) / Z t*SJ ]a[r(la)]]lx(s)ds

5 I'(j - ja)
We note that the series in the bracket is bounded by Bj(t — s)™“exp[Ba(t — 5)'7¢] for
some constants By, Bo > 0. Thus it follows that, for ¢ > 1 and for any A > 0,

p(t) < BseM |luoll + Bae™ sup e(s), (30)

<s<oo

where B3 and By are some positive constants. Thus, for any 0 < 6y < 0, we get

[u(t)la < Bse™®"[|uo|| + Ba sup e(s). (31)
0<s<00

The proof follows from the inequality (3TI).

4 Example

Consider the following differential equation with deviated argument [6,[10]:

ou 0 o ~

B Lkt a)ule) = H(wu(t2) + Gltw,ult, o),
w(t,0) = wu(t,1), t>0; (32)
w(0,2) = wup(x), x€(0,1).

Here, ﬁ(x,u(t,z)) = / K(z,y)u(g(t)|u(t,y)],y)dy for all (t,z) € (0,00) x (0,1).

Assume that g : Ry %O Ry is locally Holder continuous in ¢ with g(0) = 0 and
K € C*([0,1] x [0,1];R). The function G : Ry x [0,1] x R — R is measurable in z,
locally Holder continuous in ¢, locally Lipschitz continuous in u, uniformly in z [6].

We assume that k is positive function with continuous partial derivative k, such that,
for all 0 <t < oo and z € (0,1),
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(i) 0< ko < k(t,z) < ky,

(ii

)

) [k (t, )| < K,

(iii) [k(t,2) = k(s, )| < CJt = 5[,
)

(iv

|k (t, 2) — ka(s, x)| < CJt — 5],

for some € with 0 < € < 1, some constants kg, k:/o, and C > 0.
Let X = L%((0,1); R). We define X; = D(A(0)) = H%(0,1)NHE(0,1) and A(t)u(t) =
0 0
—a—(k:(t,x)a—u(ac)) Then X;/2 = D((A(0))"/?) = H{(0,1). Then the family {A(t)
x x
t > 0} satisfies the assumptions (A1), (A2) and (A3) on each bounded interval [0, 7]
[10].
For x € (0,1), we define f: Ry x H%(0,1) x L?*(0,1) — HZ(0,1) by

f(t,6,0) = H(z,¥) + G(t,z, ),

where H(z,¢(z,t)) = /Z K(z,9)d(y,t)dy and G : Ry x [0,1] x H2(0,1) — HE(0,1)
0

satisfies ||(~¥(t,z,u)||Hé(011) < C(1 + [Jullg2(0,1)), for some C' > 0. Then it can be shown
that f satisfies the condition [22))( see Gal [6]) and h : H?(0,1) x Ry — R, defined by
h(p(x,t),t) = g(t)|¢p(z,t)| satisfies @3)) (see Gal [6]). Thus, we can apply the results of
previous sections to study the existence, uniqueness and asymptotic stability of solution

of (B2).
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