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Abstract: A new result for existence of homoclinic orbits is obtained for the second
order Hamiltonian systems % (¢)+V' (¢, z(t)) = f(t), wheret € R, x € RY,V € C*(Rx
RY R), V(t,z) = —K(t,x) + W(t,z) is T—periodic in ¢, T > 0 and f : R — RV
is a continuous bounded function, under an assumption weaker than the so-called
Ambrosetti-Rabinowitz-type condition.

Keywords: homoclinic orbits; Hamiltonian systems; critical point; diagonal method.

Mathematics Subject Classification (2010): 34C37, 35A15, 37J45.

1 Introduction

In this paper we are concerned with the study of the existence of homoclinic solutions
for second order time-dependent Hamiltonian systems of the type

B(t) + V(L x(t) = f(D), (HS)

where = (21,...,zn), V € C*(R x RN R), V'(t,x) = %—‘;(t,x) and f: R — RV is
a continuous function. Here, as usual, we say that a solution x of (HS) is homoclinic
(to 0) if z(t) — 0 as t — Foo. In addition «x is called nontrivial if z # 0.

The existence of homoclinic solutions for (HS) has been extensively investigated in
many papers via the critical point theory, see [8,11]. These results were obtained under
the fact that the potential V is of the type

V(t,z) = —%L(t):z:.:z: + W(t, z),

where L € C(R,RN’) is a symmetric matrix-valued function and W € C1(R x RN R).
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Recently, in [2], Izydorek and Janczewska have studied the existence of such solutions
when the potential V is of the form

V(ta ZL') = 7K(t7 :C) =+ W(tv SC),
where K, W € C*(R x RV R). Precisely, they established the following result.

Theorem 1.1 Assume that V' and f satisfy the conditions
(Vi) V(t,z) = —K(t,x) + W(t,x), where K,W : R x RY — R are C'-maps, T—periodic
with respect to t, T > 0,
(Vo) there are constants by, by > 0 such that by |z|> < K(t,z) < by |x|® for all (t,z) €
R x RV,
(V3) for all (t,x) e Rx RN K(t,r) < K'(t,x).x < 2K(t,x),
(Vi) W'(t,2) = o(|z|), as |x| = 0 uniformly with respect to t,
(V) there is a constant p > 2 such that 0 < pW (t,z) < W'(t,z).x for every t € R and
x € R\ {0},
(Vo) f: R — RN is a bounded continuous function,

_ 1/2 _
(V7) by = min{1,2b1} > 2M and (fR | () dt) < %, where 0 < B < by —2M, M =
sup {W(t,z) t € [0,T],z € RN, |z| =1} and C is a positive Sobolev constant defined in
[2]. Then the system (HS) possesses a nontrivial homoclinic solution.

Here and in the following 2.y denotes the inner product of =,y € R and |.| denotes
the associated norm.

The so-called Ambrosetti-Rabinowitz-type condition (V5) appears frequently in the
studying of existence of homoclinic solutions for (H.S). The goal of this work is to prove
that Theorem 1.1 still holds if (V5) is replaced by a weaker condition. The motivation for
the paper comes mainly from a paper by An [14], in which he dealt with the existence
of periodic solutions for (HS) with a condition weaker than (V).

Definition 1.1 A vector field v defined on RY is called positive if v(z).x > 0 for
all z € RV\ {0}. We call v a normalized positive vector field if v is positive, linear and
satisfies the following condition:

v(z).z =z, VoeRY. (v1)

Consider the following assumptions:
(V4) there exists normalized positive vector field v such that for all (¢,x) € R x RY

K(t,z) < K'(t,x)v(z) < 2K(t,z),

(VZ) there exists constant p > 2 such that for every t € R and x € RV\ {0}
0 < uW(t,x) < W'(t,z).v(z).
The main result of this paper is as follows.

Theorem 1.2 Assume that V and f satisfy V1), (V2), (V5), V), (VZ), (V5), (V7)

and the following assumption:
W(t,a) < Mlal", VtE€R, Y]z <1, (Vi)

Then the system (HS) possesses a nontrivial homoclinic solution.
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It is obvious that if v(z) = x, then (VY) becomes (V3) and (V{) becomes (V5).
Consider the following examples.

Example 1.1 Let 6(z) be the argument of z = (£;,&;) € R?\ {0} defined by

arctcm(g—f), if & >0,6 >0,
%a Zf 51 = 0552 > 07
O(x) = arctan(é—f) +m, if & <O,
37777 Zf 61 :0752 < 05
arctcm(g—f) +2m, if & > 0,6 <O0.

Define a function K € C'(R x R? R) as follows:

|| .
K(t, SC) = { (e)wp(jcsin 4(1131\-1-9(:3)))’ fo 7é 0,
, v x=0U.

1 1

11 > z. An easy computation

Define a normalized positive vector field v by v(z) = <
shows that K satisfies (V2) and (V7).

Example 1.2 For any p > 2, define a function W € C1(R x R? R) as follows:

|| .
W(t,x) = { cap(u(2+sin 4(Infe[+0(x))))’ if x#0,

, if x=0.

A direct computation (see [14]) shows that W satisfies (V4), (V7) and (Vg). Moreover, W
does not satisfy (Vs).

In order to obtain homoclinic solution of (H.S), we consider a sequence of systems of
differential equations:

B(t) + VI(t (1) = fiu(), (HSk)

where fi, : R — R¥ is a 2kT-periodic extension of f to the interval [-kT, kT[, k € N. We
will prove the existence of a homoclinic solution of (HS) as the limit of the 2kT-periodic
solution of (HS) as in [2,8].

2 Preliminaries

Foreach k € N, let Fy, = W21k2T (R, RY) denote the Hilbert space of 2kT-periodic functions
from R into RY under the norm

kT 1/2
ol 5, = < Rl |x<t>|2>dt> ,

and let L3, (R, RY) denote the Hilbert space of 2kT-periodic functions from R into R

under the norm
kT )
lell,, = [ lo0

1
2
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Furthermore, let L3% (R, RY) be the space of 2kT-periodic essentially bounded measur-
able functions from R into RY under the norm

||x||L§2T = esssup{|z(t)| : t € [-kT,kT]}.

Let ¢ : Er, — R be defined by

—kT

kT 1 )
qbk(x)z/ [5 l2()|]" + K(t,z(t)) — W(t,z(t)) + fr(t).z(t)| dt. (2.1)

It is well known that ¢y, € C! (Ej,R) and for all x,y € Ej

kT
¢%($)y:[kT [£(8)-4(8) + K'(t, x(t).y(t) — W' (t, 2(t).y (@) + fr()y()] dt.  (2.2)

Moreover, the critical points of ¢y, in Fj are exactly the classical 2kT-periodic solution of
(HSy) (see [6,9]). We will obtain a critical point of ¢, by using the following Mountain
Pass Theorem.

Theorem 2.1 [8] Let E be a real Banach space and ¢ € CY(E,R) satisfying the
Palais-Smale condition. If ¢ satisfies the following conditions:

(i) (0) =0,

(4i) there exist constants p,a > 0 such that ¢,5p,0) > «,

(i) there exist e € E\B,(0) such that ¢(e) < 0.

Then ¢ possesses a critical value ¢ > « given by ¢ = inf max ¢(g(s)), where

g€l s€(0,1]
I'={g € C([0,1], E) : 9(0) = 0,9(1) = €}

Lemma 2.1 [2] Let x : R — RY be a continuous mapping such that & € L} (R, RN).
For every t € R the following inequality holds:

t 2 2 v
|z<t>|s\/§< / ((s)” + |(5)] >ds> ,

1
2

where L?

h lOC(R,RN) denotes the space of locally square integrable functions from R into
RY.

Lemma 2.2 [14] Denote by ps the flow of the linear vector field v with property (v1),
then
lpsx| = e |z|,Vs € R, Vo € RY.

Lemma 2.3 There exist a1,as > 0 such that
W (t,z) > ay |z|" — a2, Vt € R,Vo € RY. (2.3)

Proof. Denote by SV~1 the unit sphere in R. For any x € RV\ {0}, since

d
E(Iwm?) = 2psz.0(ps(2)) >0,

(|<psx|2) is increasing in s. Hence, there exist s € R and ¢ € SV~! such that & = ¢
(see[13] for details). Since |z| = |¢@s&| = €°, by (V) we have
d

E[W(ta (Psg)] = Wl(tv (Psf)-’U((Psf) > /LW(ﬁ, SDSE) >0,Vs,t € R. (2-4)
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Let R > 0, integrating (2.4) over [In R, s] we obtain

/S FWt,eif)]
InR W(tv@lf)

By (V§) the quantity a1 = infyep 5= (W (t, 2))R™* is strictly positive and

dl > ps — puln R.

W(t,x) > ay |z|",V|z| > R,Vt € R.

Let a2 = supcp |oj<gr W(t @), then (2.3) holds. O Let v be the normalized positive
vector field in (V4) and (V) of Theorem 1.2. Then v is an invertible linear operator from

RY to RN, Let a = ”ULH,b = ||v||, where |[v|| and Hv’lH are operator norms. For any
xz € RV, one has

alz| < |v(x)] < blz|. (2.5)
Define a vector field v on Ej by

(0(2))(t) = v(=(t)). (2.6)

Using condition (v1) and a direct computation we have the following Lemma.

Lemma 2.4 For any x € Ey, there hold

kT kT A~
/ &) dt :/ i(t). o(x) (t)dt. (2.7)
—kT —kT
allzllg, < llo@@)lg, <bllzlg, - (2.8)

Lemma 2.5 Let Y : [0, +oo[— [0, 4+o0[ be given as follows

W'(t,x).v(z)
Y(S) = ma’Xte[OﬂT]70<‘z|SS T? s> 0;
0, s=0.

Then'Y is continuous, nondecreasing, Y (s) > 0 for s >0 and Y (s) = +00 as s = +oc.
It is easy to prove this lemma by applying (Va), (VZ), (Vs), (2.3) and (2.5).
Remark 2.1 Assumptions (V3), (VZ), (Vs) and (2.5) imply that W (t,z) = o(|z|*) as

x — 0 uniformly for ¢ € [0,7] and W (t,0) = 0, W'(¢,0) = 0. Moreover, from (V2) and
(V) we conclude that K(¢,0) =0, K'(¢,0) = 0.

3 Proof of Theorem 1.2

Let v : Er — [0, 400[ be given by

kT 1/2
() = </kT (£ + 2K (1, 2(1))| dt) . (3.1)

Let by = max {1,2bs}, by (V) we have

7 2 7 2
b ||zlls, <7i() < b2zl - (3.2)
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By (2.1) and (3.1) we have:

kT kT

o) = 3R @) ~ [ Witao)dt+ [ gl (33)
—kT —kT

Moreover, using (V4), (2.6) and (2.7) we obtain

kT

¢;(x).a(x)g/ (|9b(t)|2+2K(t,x(t))) dt

—kT

kT kT
- W' (t,z(t)).v(z(t))dt + fe(®).v(x(t))dt
—kT —kT
kT kT

=i (z) — o W'(t, x(t)).v(z(t))dt + . Sfe(®).v(x(t))dt. (3.4)

Lemma 3.1 Assume thatV and f satisfy (V1), (V2), (V4), (Va), (VZ), and (Vs)—(Vs).
Then for every k € N the system (HSy) possesses a 2kT-periodic solution xy, € Ej.

Proof. Tt is clear that ¢, (0) = 0. We show that ¢, satisfies the Palais-Smale con-
dition. Assume that (z;);en C Ej is a sequence such that (¢x(z;)) en is bounded and
@) (xj) = 0 as j — +oo. Then there exists a constant Cy > 0 such that

|6k (2)] < Ck, Dk ()l g < Ch, (3.5)
for every j € N. By (3.3) and (VZ) we have
9 KT kT
Ti(z5) < 20n(x5) + = W (¢, x(t)).o(x(t))dt — 2 fu(t)-; (t)dt. (3.6)
wJ kT —kT
From (3.4) and (3.6) we obtain
9 9 kT o kT
(1= =)i()) < 20n(;) = = G (25)0(x;) —2 (). (t)di+— fr(t)v(z; (t))dt.
w 1 —kT K J—kT
(3.7)
By (2.8), (3.2) and (3.7) we have
200 02 2. o .\
(1= =)bu |zl < 260k(z5) + — 104 ()l g; bllill g, +2 / [fe@F dt | izl g,
7] 1% k —kT
NN
— d bl|x,; . .
+ ( ] t) I, (39
From (3.5),(3.8) and (V7) we obtain
2. - 2C 2b
(1= 2ol = 220yl — 2+ )55 ol 260 0. (39)

Since p > 2, (3.9) shows that (z;);jen is bounded in Ej. In a similar way to Proposition
4.3 in [6], we can prove that (z;);en has a convergent subsequence in Ej. Hence, ¢
satisfies the Palais-Smale condition.
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Now, let us show that there exist constants p,a > 0 independent of k£ such that ¢y
satisfies the assumption (i7) of Theorem 2.1 with these constants. Let x € Ej such that
0< ||$||L§ZT < 1. By (Vg) we have

kT kT
W(t, 2(8))dt < M/ w(t)[2dt < M |l2])%, - (3.10)
—kT —kT

From (3.2), (3.10) and (V%) we have

1- 2 2
00(2) 2 b el — M lall%, — il ol
1 2 2 8
> 2l = M ol — s Nl
1 2 B 2 B
> 20— - 200) el + 2 Nl — L el @)

Note that (V) implies by — 3 — 2M > 0. Set
1 b —B-2M
P=C 47 T e

(3.11) shows that [|z||, = p implies that ¢x(z) > a for k € N. Finally, it remains to
show that ¢y satisfies assumption (i47) of Theorem 2.1. By the use of (3.2),(3.3) and
(2.3), for every r € R\ {0} and = € E}\ {0}, the following inequality holds:

627’2 2 kT
or(rz) < 5 lzllz, — a1 |7’|‘u/kT |z ()| dt + |r] ka”L§kT Hx”ng +2kTas. (3.12)

Take X € Ej such that X(£7T) = 0. Since g > 2 and a; > 0, (3.12) implies that there
exists 79 € R\ {0} such that ||roX||5 > p and ¢1(roX) < 0. Set e1(t) = 79X () and

_Joa), [t T
ek(t){ 0 < | < kT (3.13)

for k > 0. Then ey, € Ek, [lex|| 5, = lle1llz, > p and ¢x(ex) = ¢1(e1) < 0 for every k € N.
By Theorem 2.1, ¢y, possesses a critical value ¢x > a given by

ok = inf Jnax or(9(s)), (3.14)

where I'y, = {g € C([0, 1], Ex) : g(0) = 0,9(1) = ex} . Hence, for every k € N, there exists
x € Ej such that
or(zr) = cr, Pp(wr) = 0. (3.15)

The function zy is a desired classical 2kT—periodic solution of (HSy) for k € N. Since
¢k > 0, z is a nontrivial solution even if fr(t) = 0.0

Lemma 3.2 Let xi, € Ey, be a solution of system (HSy) satisfying (3.15). Then there
exists a positive constant My independent of k such that

kaHLZZT < My, Vk e N. (3.16)
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Proof. For k € N, let g : [0,1] — Eji be a curve given by gi(s) = sex, where ey, is
defined by (3.13). Then gy € T'y and ¢x(gx(s)) = ¢1(g1(s)) for all k € N and s € [0,1].
Therefore, by (3.14)

e < m[%)i] #1(g1(s)) = My, Vk € N, (3.17)
se|0,

where My is independent of k. Since ¢} (z1) = 0, we get from (2.7), (3.3), (V3) and (V)

k= Ou(ex) — 30400 (a)

kT kT kT

1
>E -y [ W@+ [ felan@)dt - [ fut)ole(0)dt,
2 —kT —kT 2 ) kr
and hence
kT 9 kT 1 kT
< . . - ) .
. W(t, zx(t))dt < Pl fr(t).z(t)dt + =2 ) Ji(@)v(z(t))dt
(3.18)
Combining (3.18) with (2.8), (3.2), (3.17) and (V7) we obtain
by 2 Mo B +b)
— < . Nl
X ol < 220 4 2 o, (3.19)

Since by > 0 and all coefficients of (3.19) are independent of k, we see that there exist
M > 0 independent of k such that

ekl g, < M{, Vk €N, (3.20)

which, together with [2, Proposition 1.1] impliy that (3.16) holds. O
Let C7 (R,RY), where p € N, denotes the space of CP functions from R into RV
under the topology of almost uniformly convergence of functions and all derivatives up

to the order p.

Lemma 3.3 Let x, € Ei be a solution of system (HSYy) satisfying (3.16). Then
there exists a subsequence (xy, ) of (xx)ren convergent to a certain xo € C1(R,RY) in

Clloc (R’ RN) .

Proof. By (3.16), we know that (zj)ren is a uniformly bounded sequence. Next,
we will show that (Z)reny and (Zx)ken are also uniformly bounded sequences. Since xy,
satisfies (HSy), if t € [—kT, kT| we have

iR (@) < |fe@®]+ V(8 ze (@) = [F ()] + [V (t, 2 (1))

<sup|f(t)] + sup [V'(t,z(t))], t € [-KkT,kT]. (3.21)
teR (t,2)€[0,T)x [—M1,M;]

From (3.16), (3.21), (V1) and (V) there is My > 0 independent of k such that
”ik”L?fCT < M, Vk e N. (3.22)

Let i = —k, —k+1,...,k— 1. By the continuity of &4 (t), we can choose ¢, € [iT’, (i +1)T],
such that

(i+1)T
mw»=%ﬂw Bi(3)ds = o (ee((i + )T) — 2 (0T))
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it follows that for t € [iT, (i + 1)T], i = —k,—k+1,....k—1

t (i+1)T
(0] = | [ dnedsanttn)] < [l ds+ it

tki

< MoT 4T o ((i 4+ 1)T) — 2 (iT)| < MoT +2M T~ = Ms.

Consequently,
k|l e < M3, Vk €N, (3.23)
2kT

The task is now to show that (zj)ren and (Zx)ren are equicontinuous. Of course, it
suffices to prove that both sequences satisfy the Lipschitz condition with some constants
independent of k. Let £ € N and ¢,%y € R, we have by (3.23)

/tt i1 (s)ds /tt | (s)| ds

Analogously, we have by (3.22) |@y(t) — @k (to)| < Ma [t —to|. For each k € N, set C} =
CY([—kT,kT),RY) with the norm defined as follows:

|z (t) — zi(to)| = < < M |t —to].

— . 1
folley = _max, (0] + (0], @ € CF.
lOC(R’ RN)
First, let (zx)ken be restricted to [—T,T]. It is clear that (xx) and (&) are uniformly

bounded and equicontinuous. By Arzela-Ascoli theorem, there exist a subsequence (z},)
of (wk)kem (1}, ' € C([-T,T],RY) and y' € C([-T,T],RY) such that

Now, we will show that (2 )ren possesses a convergent subsequence (z,, ) in C}

— 0, as k — +oo. (3.24)

[k — $1HC([7T,T],]RN) =0, ||k — ylHC([fT,T],]RN)

Note that for ¢t € [-T, T

t
zh(t) = zh(=T) +/ iy (s)ds, k € N. (3.25)
-T
Let k — oo in (3.25) and using (3.24) we obtain
t
zt(t) = 2'(=T) —|—/ y'(s)ds, forte [-T,T] (3.26)
-T

which shows that y!(t) = #!(¢) for t € [-T,T] and z! € C}. Moreover, it follows from
(3.24) that
H:I:,lC - lec; —0, as k— +oo.

Secondly, let (z}) be restricted to [—2T,2T7]. It is clear that (z}.) and (#}.) are uniformly
bounded and equicontinuous. Similarly as above, by Arzela-Ascoli theorem, there exist
a subsequence (2%) of (x4 ) satisfying zo ¢ (z7) and 2 € CJ such that

||:L'i 7$2Hc; — 0, as k = 4o0.

By repeating this procedure for all k& € N, there exist (z*) C (z}*™'), o ¢ (27) and
™ € C}, such that

|zt — 2™ ||lcn =0, as k — +o0, m=1,2,.... (3.27)
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Moreover, we have
27 = 2™y < ™ = 2™ |y i = ey, + el =iy =0
as k — 400, which leads to
() = 2™(t), fort € [-mT,mT], m=1,2,.... (3.28)

Let
xo(t) = ™ (t), forte[-mT,mT], m=1,2,.... (3.29)

Then zp € C*(R,RY) and 2™ — x9 as m — +oo in CL_(R,RY). Now take a diag-

onal sequence (7, ) consisting of x{,z3, 23, ... (see [4]). For any m € N, (z})$2, is a
subsequence of (z}")ken, so it follows from (3.27) and (3.29) that
Hxi — £C0HCl = Hxi — mecl — 0, asi— 400, m=1,2,...
That is
Ty, — Lo, as m — 400 in CL (R, RY). (3.30)

Lemma 3.4 The function xq defined in Lemma 3.3 is the desired homoclinic solution

of (HS).

Proof. Firstly we will show that x( satisfies (H.S). For every k € N, and ¢t € R we
have by Lemma 3.1:

B (1) = [, (t) = V' (t, 2, (1)) (3.31)
Take l1,l> € R such that [; < l3. There exists mg € N such that for all m > mg
iy, (t) = f(t) = V'(t, 2, (1), Vt € [l1,12]. (3.32)

Integrating (3.32) from [y to ¢ € [l1, 2], we have

G (8) — i (1) = / [F(s) = V(5,5 (5))]ds. (3.33)

U

Since (3.30) shows that xj,, — o uniformly on [l1, 2] and @k, — &o uniformly on [i1, l5]
as m — +o00, then by taking m — +oo in (3.33), we get

g'co(t)—gbo(ll):/ [F(s) = V' (s, 0(s))]ds, for t € [i1, 1] (3.34)

l

Since Iy and I are arbitrary, (3.34) shows that xo is a solution of (HS). Secondly, we
prove that zo(t) — 0, as t — too. We have, from (3.20)

kT
/ (i ())? + |ox(t)P)dt < M2, ¥k € N. (3.35)
—kT
For every [ € N, there exists m; € N such that for m > m;

T
/_ZT(H’“’" O + [, (1)[2)dt < MP. (3.36)
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Let m — 400 in (3.36) and use (3.30), it follows that for each | € N,

T
[ (a0 + o) e < 7. (3.37)

Letting I — 400 in (3.37), we obtain

+oo
[ oo + (o) )ae < 22, (3.39)
and so
/ (30(®)[2 + [z0(t)[2)dt — 0, as t — +oc. (3.39)
)2

Combining (3.39) with Lemma 2.3 we obtain our claim.
Now, we show that o(t) — 0, as t — £o00. To do this, observe that by Lemma 2.3

t+3 t+3
o (t)]? < 2/ (lzo(s)]” + |x'0(s)|2)ds+2/ |i0(s)|? ds. (3.40)
_1 t—1
From (3.39) and (3.40) it suffices to prove that
r+1
/ |io(s)[>ds — 0, as r — Foo. (3.41)

By (HS) we obtain

r+1 r+1 r+1
[ lPds= [ (V@) e -2 [ Vism().fs)ds

Since V'(t,0) = 0forallt € R,z — 0, ast — foo and f:+1 1£(s))* ds — 0, as r — +o0,
then (3.41) follows.

Finally, we will show that if f = 0 then zy # 0. For this purpose we will use the
properties of Y given by (2.9). The definition of Y implies that

kT
. Wt @ (t))vlen(®)dt < Y (lawl g ) llzel, - (3.42)
Since ¢}, (zx).v(zx) = 0, then (3.4) gives

kT kT

kT
Wt (t)).v(an (1)) dt = / e dt+ | K'(tan(0)o(@n(t)dt.  (3.43)
_kT —kT T

Substituting (3.43) into (3.42), and applying (V5) and (V2) we obtain

. 2
Y(llenll g, ) = min{1,b1} ok |5, ,

and hence
Y(”zk”LEZT) > min {1,b;} > 0. (3.44)
If ||zk,, HL;;; . — 0,asm — +o0, we would have Y (0) > min {1,b;} > 0, a contradiction.

Passing to a subsequence of (z,, )men if necessary, there is n > 0 such that

[kl g = (3.45)

2k, T
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Moreover, for all j € N, t — wxy,, ;j(t) = xk,, (t + jT) is also a 2k, T-periodic solution
of (HSy,,). Hence, if the maximum of |z | occurs in hy, € [—knT,knT)] then, the
maximum of |z, ;| occurs in sg,, ; = hg,, — jT. Then there exists a ji,, € Z such that
Skm.ji, € [T, T]. Consequently,

sz H = max |zk t‘.
mokm LS, te[-T,T) g, (1)

Suppose, contrary to our claim, that xg = 0. Then, by Lemma 3.3,

max ‘zkmajkm (t)‘ — 0,

(L =
moJkm ;Jva te[-T.T)

L
which contradicts (3.45). O
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