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Abstract: In this paper, we consider the H filtering problem for discrete-time
singularly-perturbed (two time-scale) nonlinear systems. Two types of filters, namely,
(i) decomposition; and (ii) aggregate, are discussed, and sufficient conditions for the
approximate solvability of the problem in terms of discrete-time Hamilton—Jacobi—
Isaacs equations (DHJIES) are presented. In addition, for each type of filter above,
reduced-order filters are also derived in each case. The results are also specialized
to linear systems, in which case the HJIEs reduce to a system of linear-matrix-
inequalities (LMIs) which are computationally efficient. An example is also given
to demonstrate the approach.
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1 Introduction

The optimal control problem for linear and nonlinear discrete-time singularly-perturbed
systems has been considered by several authors [SHI0], [16,18]. On the other hand,
the filtering problem for linear singularly-perturbed systems has received little attention
[BII8I22]. Kalman filtering techniques have generally been considered, and various types
of filters have been proposed, including composite and reduced-order filters. However, to
the best of our knowledge, the nonlinear filtering problem and in particular the problem
for affine nonlinear singularly-perturbed systems has not been considered by any authors.
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Moreover, recently the authors have discussed the Kalman filtering problem for this class
of systems and it is therefore our aim in this paper to discuss the nonlinear H, filtering
problem for discrete-time singularly-perturbed systems.

Singularly-perturbed systems are those class of systems that are characterized by a
discontinuous dependence of the system properties on a small perturbation parameter
e. They arise in many physical systems such as electrical power systems and electrical
machines (eg. an asynchronous generator, a dc motor, electrical converters), electronic
systems (e.g. oscillators) mechanical systems (eg. fighter aircrafts), biological systems
(eg. bacterial-yeast-virus cultures, heart) and also economic systems with various com-
peting sectors. This class of systems has two time-scales, namely, a “fast” and a “slow”
dynamics. This makes their analysis and control more complicated than regular systems.
Nevertheless, they have been studied extensively [I5,[17].

Furthermore, statistical discrete-time nonlinear filtering techniques developed using
minimum-variance, Bayesian and maximum-likelihood criteria [6,[19,21] are too com-
plicated, and approximations [I4,20] are still computationally intensive to implement.
On the other hand, the nonlinear H, filter is easy to derive using a deterministic ap-
proach and relies on finding a smooth solution to a discrete-time Hamilton—Jacobi-Isaac’s
(DHJI) partial-differential-equation (PDE) or DHJIE in short, which can be found us-
ing polynomial approximations or other methods. Therefore, Ho, filtering techniques
for nonlinear discrete-time systems have been considered by several authors [24H26] in-
cluding the authors [21[3]. As is well-known, the H filter has several advantages over
the extended-Kalman filter [4], among which are robustness towards L2-bounded dis-
turbances and uncertainties, as well as the fact that it is derived from a completely
deterministic setting.

A solution to the discrete-time (sub-optimal) nonlinear H, filtering problem is given
in [24] under the simplifying assumption that the solution to the DHJIE is quadratic
in the estimation error. This approach is very useful for practical applications, but a
complete solution to the problem is also desirable in its own right. Hence recently, the
authors have presented exact and approximate solutions to the problem [21[3]. Moreover,
the authors have proposed two-degree-of-freedom (2-DOF) proportional-derivative (PD)
and proportional-integral (PI)-filters, and the advantages of these approaches over the
1-DOF filters have also been demonstrated. Thus, in this paper, we extend some of these
results to discrete-time singularly-perturbed nonlinear systems which hitherto have not
been considered by any authors.

In this paper, we propose to discuss the H, filtering problem for discrete-time affine
nonlinear singularly-perturbed systems. Two types of filters, namely, (i) decomposition,
and (ii) aggregate filters will be considered, and sufficient conditions for the solvability
of the problem in terms of Hamilton—Jacobi-Isaacs equations (HJIEs) will be presented.
The paper is organized as follows. In the remainder of this section, we introduce nota-
tions. Then in Section 2, we define the problem and give also some other preliminary
definitions. In Section 3, we present a solution to the filtering problem using decomposi-
tion filters. This is followed in Section 4 by an alternative solution using aggregate filters.
An example is then presented in Section 5, and finally in Section 6, we give conclusions.

The notation is standard, except where otherwise stated. Moreover, ||(.)|| will denote
the standard Euclidean vector norm on R™, the spaces ¢5([ko, 00), ™) Loo ([0, 00), R™) are
the time-domain standard Lebesgue spaces of square-summable and essentially bounded
vector-valued sequences. While Ho, (jR) is the corresponding frequency-domain subspace
of the counterpart frenquency-domain space of ¢ ([ko, 00), R™) of vector functions that
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are analytic on the open right-hand complex plane C,.. We shall only use this notation to
refer to stable input-output maps and when there is no confusion. The norm on the above

05, and Loo-spaces are defined accordingly as ()3 2 S5 12 1() s 2 supy [[()]]-
Other notations will be defined accordingly.

2 Problem Definition and Preliminaries

The general set-up for studying H.o filtering problems is shown in Figure 1, where Py
is the plant, while F, is the filter. The noise signal w € P’ is in general a bounded
power signal (e.g. a Gaussian white-noise signal) which belongs to the set P’ of bounded
spectral signals, and similarly Z € P’, is also a bounded power signal or £5 signal. Thus,
the induced norm from w to Z (the penalty variable to be defined later) is the ¢..-norm
of the interconnected system Fj o Py, i.e.

A Z||
IEpoPyle. 2 sup Ll 1)

where

P2 {w: w € lo, Ryw(k), Sww(jw) exist for all k£ and all w resp., ||w||, < oo},

A 1 &
el 2 Jim o 3 P
k=—K

and Ry, Sww(jw) are the autocorrelation and power spectral density matrices of w.
Notice also that, ||(.)||»/ is a seminorm. In addition, if the plant is stable, we replace the
induced {.,-norm above by the equivalent H., subspace norms.

At the outset, we consider the following singularly-perturbed affine nonlinear causal
discrete-time state-space model of the plant which is defined on X C R™ "2 with zero
control input:

T1ipr1 = fi(@ig zek) + g11(T1 g w2 k)wk; 21 (ko) = 210,
20

Pl o emgp1 = fol@ik Tak,,€) + 921 (w1 k, o k)wrs wa(ko,€) = 2%, (2)
ye = hoi(x1k) + haa(zo k) + ko1 (21,5, T2,k )Wk,

1

where x = € X is the state vector with x; the slow state which is ni-dimensional

and xo the fast, which is ng-dimensional; w € W C R" is an unknown disturbance (or
noise) signal, which belongs to the set W C {3]ko,00) C P’ of admissible exogenous
inputs; y € Y C R™ is the measured output (or observation) of the system, and belongs
to ), the set of admissible measured-outputs; while ¢ is a small perturbation parameter.

The functions f; : X — R, X C R o X x R — N2 g1 1 X — MMX7(X),
go1 : X — M™2X"(X), where M**J is the ring of i X j smooth matrices over X, ha1, ha :
X — R™ and kay 1 X = M™*7(X) are real C™ functions of 2. More specifically, fs is of
the form fo (1, T2k, €) = (€Tak+ f2(21 k, T2.) for some smooth function fo : X — R"=2.
Furthermore, we assume without any loss of generality that the system (2]) has an isolated
equilibrium-point at (27, 21) = (0,0) such that f1(0,0) = 0, f2(0,0) = 0, h21(0,0) =
ha2(0,0) = 0. We also assume that there exists a unique solution x(k, ko, o, w, &) Vk € Z
for the system, for all initial conditions (k) 220 = (leT, zQOT)T, for all w € W, and
alle € R.

The suboptimal H local filtering/state estimation problem is defined as follows.
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Figure 1: Set-up for discrete-time Hoo filtering.

Definition 2.1 (Sub-optimal H., Local State Estimation (Filtering) Problem). Find
a filter, F, for estimating the state x, or a function of it, z;, = hi(xy), from observations

Y 2 {y; : i <k} of y; up to time k, to obtain the estimate
&y = Fi(Yy),

such that, the Hoo-norm from the input w € W to some suitable penalty function z is
locally rendered less than or equal to a given number ~ for all initial conditions z° €
O C X, for all w € W. Moreover, if the filter solves the problem for all z° € X, we say
the problem is solved globally.

In the above definition, the condition that the H..-norm is less than or equal to 7, is
more correctly referred to as the ¢9-gain condition

S lzll? <4 fwel?, 2® €0 cx, Ywew. (3)
ko kO

We shall adopt the following definition of observability.

Definition 2.2 For the nonlinear system Pg,, we say that, it is locally zero-input

observable, if for all states x1, o € U C X and input w(.) =0,
y(kyz1, w) = y(k; w2, w) = 21 = 22,

where y(., z;,w),i = 1,2 is the output of the system with the initial condition zx, = x;.
Moreover, the system is said to be zero-input observable, if it is locally observable at
eachz’ € X or U = X.

3 Solution to the 7, Filtering Problem Using Decomposition Filters

In this section, we present a decomposition approach to the H., estimation problem de-
fined in the previous section, while in the next section, we present an aggregate approach.

We construct two time-scale filters corresponding to the decomposition of the system
into a “fast” and “slow” subsystems. As in the linear case [BII2IT6[I822], we first assume
that there exists locally a smooth invertible coordinate transformation (a diffeomorphism)
p:x— & ie.

§1=w1(z), »1(0) =0, & =pa2(x), ¢2(0)=0, & € N™, & € R™, (4)
such that the system (2) is locally decomposed into the form
_ Cirr = filéire) + gulérwr,  &i(ko) = ¢1(2°,e),
PO g chonnt = [fol€on,e) + Gar(Ery©wns  Ealko) = pa(a®,e), (5)
ue = ho1(&k,2.k,) + hoo(&k, S,k €) + Kot (k. €)w.
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_ Remark 3.1 It is virtually impossible to find a coordinate transformation such that
haj = ha;(&;),j = 1,2. Thus, we have made the more practical assumption that he; =

ﬁ?j(&lvéé)vj = 15 2.

Necessary conditions that such a transformation must satisfy are given in [I]. The
filter is then designed based on this transformed model as follows

Elpr1 = f1(€1ik,5) + 911 (€, ©)w) + L (Ek, Yk €) [y — han €k ) —
ha2(&k, €)];
Fda. ) &i(koe) =0, X o (6)
e eoktr = fa(Eok,€) + G21(Ek, €)wy + Lok, Yk, €)[yk — o1&k, €)—
ha2(&k,€)];
fg(ko,{:‘) = 0,

where f € X is the filter state, L1 € R™"*™ Ly € R™*™ are the filter gains, and w*
is the worst-case noise, while all the other variables have their corresponding previous
meanings and dimensions. We can then define the penalty variable or estimation error
at each instant k as

k= Yk — il21(§:k) - ilm(ék)- (7)

The problem can then be formulated as a dynamic optimization problem with the
following cost functional

ming, p,epnxm SUPyew J1(L1, Lo, w) = 5 35575 {llzell® = 22 [lwel?} (8)
s.t. (@) and with w =0 limgeo{& — &k} = 0.

To solve the problem, we form the Hamiltonian function H : X x W x ) x R x
Rr2Xm x B — RN

H(E,w,y, L1, La,V,e) = V(fl(él,f?) + g€ e)w+ Ly (&9, €)(y — har (§1,¢) —
haa(é2¢)), éﬁ(fzaﬁ) + 21 (6, €)w + §L2(€A, v &)y — har(€,€) — has(, ), y) -
V(€ o) + 51212 = 72lhwl) )
for some C* positive-definite function V : X x ) — R, and where él = él,k, 52 = 521]6
Y= Yk, 2 = {zk}, w = {wg}. We then determine the worst-case noise w* and the

optimal gains L} and L3 by maximizing and minimizing H with respect to w and Ly,
L, respectively in the above expression (), as

w" = argsupH(é,w,y,Ll,Lg,V,E), (10)
[L;’LE] = arnglil H(év U}*avaleQ;VaE)' (11)

However, because the Hamiltonian function (@) is not a linear or quadratic function
of w and L, Lo, only implicit solutions may be obtained [I]. Thus, the only way to
obtain an explicit solution is to use an approximate scheme. In [I] we have used a
second-order Taylor series approximationn of the Hamiltonian about ( fi (él), % fo (ég), Y)

in the direction of the state vectors (51, ég) It is believed that, this would capture most,
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if not all, of the system dynamics. However, for the H,, problem at hand, such an
approximation becomes too messy and the solution becomes more involved. Therefore,
instead we would rather use a first-order Taylor approximation which is given by

ﬁ(éawayaﬁlai’QaV’E) = V(fl(élag)a%fQ(EQ;g)ay)_V(éayk—l)'i_

Ve, (filére), éfz(é%f)ay)[gn(éa e)w +
Li(§,y,2)(y — har(€,€) — haa(€,2)] +
éf/ég,e(fl(élve)vé.f;(é?ve)v )[921(5 )
Lo(&,y,)(y — har(€,€) — haa(€,2)] +
%(H?HQ*72||1f1||2)+0(||5||2), (12)
where V, 4, Ly, Ly are the corresponding approximate functions, and Vg , V¢, are the

row vectors of first-partial derivatives of V with respect to 51, §2 respectwely We can
now obtain w* as

0 = S €AV (60 ol 2) ) + ZTRE VL (alér,). 2 olanc)n))
Then substituting & = @* in (), we have 1)
B0 L0, L0, V,0) m V(7612 2aer2) ) — V) +
53 Ve, (61, 2, . )3 (€20 GV (i), 2ol )

—‘A/gl(fl(éhf)vgfz(ézvf)vy)gu(é,5)951(5,5)‘758@1(51, £), %f(fm £), )} +

Ve, (71(60,), 212060, ),0)Ea 69,0y — s (6,) = b6, ) +
1 1~ = - 1~ . y PN PPN PP

2,2 gvgz(fl(fl,é“),—fz(fz),y)ﬁzl(é,5)§1T1(§,5)Vg(f1(§175)7gf2(§275)7y)+
if/&(ﬁ(éh £), f2(§27 £), )921(5)921(5)‘75(f1(£1,5),§f2(§c2,€),y)} +

2V (Fi61,9)s 2 o000, ) EaEoy )y — Fen(6.2) — Pon(,) + 51211 (14)

3

Completing the squares now for L1 (€, y) and Lo(€,y) in (), we get

B0y, E, B, V,0) m V(i6r,0), 2 olla, ),9) — VE i) +

1 1~ 2 1~ - - NSRS 1~ .
2—72_Vgl(fl(flvf),gfz(ézvf)vy)gu(f,5)§1T1(§75)Vg(f1(§1,5),gf2(§2,€),y)
2V (16,0, 2ol ), m)in (6, 2)FR € VL (i (6r,), 2 P, ), )]

2
% filT(é,y)Vg(fl(él,E),%f2(é2,€),y)+(?J—Bm(éag)—h22(£,€))

+

+
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N
292 Le

. ) PR 1. .
+—2 (f1(§175)7gf2(§2),y)gzl(f)gm(f)vg(fl(fl,5),gf2(§2,€),y)} -

‘752(f~1(5175)7 fa(éa,2),9)gan (€, )§1T1(§A,€)Vg(f1(§ch€),éfz(&ﬁ)vy)

—_

SV (Fi61,2), 2 o(€0),0) (6, 0T (€,,0) T (a1, 0), fallor ) )
Ve (Fi(61,0). 2 oG, 2), ) ol ) E (€, )V (o (61,), 2 Folnr)ov)
R (IO A N A SIS ) |
Sl
Hence, setting the optimal gains as
Ve (Fi60) s Falln ) ) EiE ) = ~(y— ()~ k(G e)T,  (19)
Ve ((6,9), 2 ol ) )ESE 00) = —cly—hm(€e) ~ haa(6 )T, (16)

minimizes the Hamiltonian H (40 Ly, Lo, ., .) and guarantees that the saddle-point con-
dition [7]

H(,w* LY, L5, ) < H(, 0" Ly, Lo,.,.) VL € RM*™ Ly e R™2X™  (17)
is satisfied. Finally, substituting the above optimal gains in ([I2]) and setting
ﬁ(éa w*v Y, i{v EE; ‘75 5) = 07

results in the following discrete Hamilton-Jacobi-Isaacs equation (DHJIE)

V(ng(élﬂ)a %ﬁ(&ﬁ)ay) - V(é, Yk—1) +

7l Ve (600 2Ren) Vi, (Alde) Liaone)) | %
gll(g)gﬂ(A,F—f) %~11(A:€)§gl(éj€) :| ‘A/g;( :1({1;5);%.{2(€255);y B
Eg21(§5€)§?1(§7€) é§21(§7€)§§1(§’€) ‘A/g;( 1(5155)5% 2(525€)ﬂy)

g(y — ho1(€,€) — haa(€,€))T (y — ha1(§,€) — haa(§,)) =0 V(0,0,0) = 0.(18)

We then have the following result.

Proposition 3.1 Consider the nonlinear discrete system (3) and the Hoo-filtering
problem for this system. Suppose the plant ng 18 locally asymptotically stable about the
equilibrium-point x = 0 and zero-input observable. Further, suppose there exist a local
diffeomorphism ¢ that transforms the system to the partially decoupled form (ﬂ) a C1
positive-semidefinite function V:NxT— Ry locally defined in a neighborhood NxYcC
X x Y of the origin (§ y) = (0,0), and matriz functions Li: NxT— Rrixm =12,
satisfying the DHJIE (I8) together with the side-conditions (13), {I8) for some v > 0.
Then, the filter F9% solves the Hoo filtering problem for the system locally in N.
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Proof The optimality of the filter gains l:’{, IA/§ has already been shown above. It
remains to show that the sadle-point conditions [7]

H(., o, L3, L5, ) < H(.,w*, L, L3,.,.) < H(,0*, L, La, ., ),
VL, € RMX™ Ly € R™2X7 Y € lo[kg, 00). (19)

and the ¢3-gain condition (@) hold for all w € W. Moreover, that there is asymptotic
convergence of the estimation error vector.

Now, the right-hand-side of the above inequality (I9) has already been shown. It
remains to show that the left hand side also holds. Accordingly, it can be shown from

(@2, [@I8) that

T(E A * T x 77 Ax T Tx Y 1 A ~
H(E,w, L}, L5, V) = H(& 0", L, L3, V, €) = 59* [ — ]

Therefore, we also have the left-hand side of (IJ) satisfied, and the pair (@*,[L*, L3])
constitute a saddle-point solution to the dynamic game (g]), (@]).

Next, let V > 0 be a C! solution of the DHJIE ([I8). Then, consider the time-variation
of V along a trajectory of (@), with L= l:’{, Ly = I:g, and w € W, to get

V(él,k-l—laé&k-i—la?/) ~ V(fl(éla E)a %fQ(EQa E)a y) + VAI (fl(élag)a éfQ(EQaE)ay)

(g€ @) + Ly (€, y,€)(y — ha1(€, ) — hao(,€))]

+%‘752 (fl(élag)a éfQ(EQaE)ay)[g21(éa E)’LU + i’g(éayag)(y - il‘Ql(éaE) - h22(§a€))]
— V(£ Vs ez Loag e 5112
= V(& yr—1) = S0 = @"[1" + S (7@l 11Z]1%)

N 1, 5 i A
SV(Eye—1) + 570 = [I2)7) v e W, (20)

where we have used the first-order Taylor approximation in the above, and the last in-
equality follows from using the DHJIE ([I8]). Moreover, the last inequality is the discrete-
time dissipation-inequality [?] which also implies that the ¢o-gain inequality (B]) is satis-
fied.

In addition, setting w = 0 in (20) implies that

NI - NN ) 1
V(§1,k+1,§2,k+179) - V(fl,k,&,k,yk—l) = *§||Zk||2

Therefore, the filter dynamics is stable, and V(é ,¥) is non-increasing along a trajectory of
(). Further, the condition that V(€11k+1,€21k+1,y) = V(élyk,égyk,ykfl) Vk > ks (say!)
implies that Z;, = 0, which further implies that y, = hoi (k) + haa($x) Vk > ks. By
the zero-input observability of the system, this implies that é = £. Finally, since ¢ is
invertible and ¢(0) = 0, £ = ¢ implies £ = = 1(§) = p71(§) = 2. O

Next, we consider the limiting behavior of the filter (6]) and the corresponding DHJIE
([I8). Letting | 0, we obtain from (G

0= fo(bor) + L2(&k, yk) (W — ho1(&k) — hoa (&) Vk,
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and since fg() is asymptotically stable, we have {& — 0. Therefore H(,....) in @)
becomes
Ho(é,w,9, L1, 12,V,0) = V(fi(é) + au@w + Lié,y)(y — har(€) — haa(€2)),0,)
) 1
V(& 1) + 5 (1207 = 7 [lwl?). (21)

A first-order Taylor approximation of this Hamiltonian about ( fi (é 1), 0, y) similarly yields

Ho(&,,y, L10,V,0) = V(f1(&1),0,9) + Ve, (f1(€1),0,9) L1o(&, 1) (y — ha1(€) — has(€))
Jrvél (fl(gl); O,y)gn(é)w — V(é, Yk_1) + %(”2H2 . 'YQH'LD”Q) n
O(él1%) (22)

for some corresponding positive-semidefinite function V : X x Y — R, and gain L.
Minimizing again this Hamiltonian, we obtain the worst-case noise wj, and optimal gain
L7, given by
. ~T T
Wy, = *911(5)‘/51 (
‘751 (fl(gl)voay)L{O(gay)v = 7(y7h21(§

where V satisfies the reduced-order DHJIE

V(fl(él)a an) + QLfY?‘?él (fl(él)’ 0, y)gll(é)g,{l(g) _éq;(fl(él)a 0, y) - V(éla ank—l) -

g(y — h21(8) = ha2(€)")(y — h21(§) — ha2(§)) =0, V(0,0,0) = 0. (25)

The corresponding reduced-order filter is given by

Fie . { 51 = fil&) + Dfo(él,y)(y — ha1(€) — haa(€)) + O(e). (26)

Moreover, since the gain ﬁ{o is such that the estimation error e, = yi — ﬁgl(ék) —
hos(€x) — 0, and the vector-field fy(&) is locally asymptotically stable, we have
ﬁg(ék,yk) — 0 as € | 0. Correspondingly, the solution V of the DHJIE (23] can be
represented as the asymptotic limit of the solution of the DHJIE ([I8) as € | 0, i.e.,

V(€ y) = V(&,y) +O).

We can specialize the result of Proposition 3] to the following discrete-time linear
singularly-perturbed system (DLSPS) [5l16l18.22] in the slow coordinate:

Tipyr = Az + Axag + Briwg;  x1(ko) = 219,
Pldsp : eTa g1 = Anxi+ (Eln, + A2)Tok + Barwy;  w2(ko) = 270, (27)
yr = Corz1p + Coaxa i + wy,

where A; € §Rn1><n1, Ap € §Rn1><n27 Ay € §Rn2><n1, Ay € §Rn2><n2, B € §Rn1><s, and
B € R™2*5 while the other matrices have compatible dimensions. Then, an explicit
form of the required transformation ¢ above is given by the Chang transformation [12]:

[gl]:[l"lfm }HHH (28)
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where the matrices L and H satisfy the equations

0 = (EIn2 + AQ)L — A21 — EL(Al — A12L),
0 = —H[(EInZ +A2)+€LA12]+A12+5(A1 —AlgL)H.
The system is then represented in the new coordinates by
) Eiky1 = z{h&,k + B;uwk; &1 (ko) = €19,
Pip it 3 o = Asbor+ Bawk; &a(ko) = €2, (29)
Y = Cou&ir+ Canéor + wi,
where
A = Ay —Apl = Ay — Ap(el,, + A2) " Ag 4+ O(e),
Bii = By —¢HLBy —HBgy = By — A2 Ay Bay + O(e),
A2 = (EIng + AQ) + ELA12 = AQ + O(E),
321 = DBy +¢lLByjy = Bo + O(E)a
Cy1 = Co — Cool = Oy — Caa(el,, + Ag) 1 Azy + O(e),
Cr = Caa+e(Cy1 — Ca2)H = Car + O(e).
Adapting the filter (@) to the system ([29]) yields the following filter
Fl . { éil,kJrl = x‘:héiuc + J?nwz + f?l(yk - C?méiuc - C:'zzé:z,k), (30)
te elokr1 = Ao+ Borwy + La(yr — Co1&1,k — Co26o k).
Taking

A A 1 ~pr ~ A A N

V(€ y) = §(€1TP1€1 +& Poto +y7Qy),
for some symmetric positive-definite matrices P;, Py, Q, the DHJIE ([I8) reduces to the
following algebraic equation

o~ A~ A 1 amo~rm oA o~ a ~ A A A A A A ~
(T AT PLAL G + €—2§2TA5P2A2T§2 +y7Qy) — (& P& + &5 Polo + yi_1Qui—1) +
1 [ap omn = =moa o~ & 1 apospa = moa o~ 1 opoempa = =A< A
3 [ngAlTPlBuBlTlPlAlgl + §§2TA2TP232131T1P1A1§1 + 6—2ngAlTPlBH192T1132/1252
1 am oo a o~ oA~ A  ~ JUPNN JUSN JUSRN
+€7§2TA§P232132T1P2A2§2 =3y — & Cly —y CH& —yT Ot —yT Chhbo —
é;‘FC'gTQy + élTC';‘qém& + élTéngé22€2 + 5305202151 + 5565262252) =0. (31)

Subtracting now %yTRy for some symmetric matrix R > 0 from the left-hand side of the
above equation (and abosorbing Rin Q), we have the following matrix-inequality

AlTplAl — Pl + %A{ﬁlgnéflﬁlﬁl - 30;1021
,ﬁ%AgszmBlTlPlfh +3C5Ca

3Ca
0
o ~ﬁ{11TP1B11B~2T1{52{12 + 3(?51?22 o 3(?2Tl 0
ELZAQTPQAQ — P+ W2154 A%:PQBngQTlPQAQ —3CL,Co0 A3Cg2 0 <0. (32)
3Chas O-31 0

0 0o -0
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While the side conditions (IH), ([IG) reduce to the following LMIs

0 0 3ATAL -CF)
0 0 -1C% <0, (33)
LATP L, - CT)T —LCF, (1—6)I
0 0 —3Ch
0 0 (AT PyLy — CL) | <0 (34)
—1Cy (AT Py — CH)T (1 —82)1

for some numbers d1, do > 1. The above matrix inequality [B2)) can be further simplified
using Schur’s complements, but cannot be made linear because of the off-diagonal and
coupling terms. This is primarily because the assumed transformation ¢ can only achieve
a partial decoupling of the original system, and a complete decoupling of the states will
require more stringent assumptions and conditions.

Consequently, we have the following corollary to Proposition 311

Corollary 3.1 Consider the DLSPS (Z7) and the Ho filtering problem for this sys-
tem. Suppose the plant P is locally asymptotically stable about the equilibrium-point
x = 0 and observable. Suppose further, it is transformable to the form M), and there
exist symmetric positive-definite matrices Py e Rmxmi | Py e jRr2xnz () € RMXM . gnd
matrices Ly € RM>™ Ly € R™2X™  satisfying the matma: mequahtzes 52), (33), (54
for some numbers 51,52 > 1 and v > 0. Then, the filter F& solves the Hoo filtering
problem for the system.

Similarly, for the reduced-order filter (28] and the DHJIE (25), we have respectively

Fiur : é1,k+1 = 121151,1@ + I:fo(yk - 6'2151,1@ — 6'2252,10 ) (35)
A P10A1 1510 - 36516'21 zzllTmen 3Cx 0
T PoA —~72T 0 0

11 104311 vy R < 0 36

3021 0 Q-3 0 | 7 (36)
0 0 0 Q

0 0 3(ATPioLi—CF)
0 0 —%CQTQ <0 (37)
%(A{PIOLIO — Cgl)T —%CIQTQ (1 - 610)[

for some symmetric positive-definite matrices ]510, Q 10, gain matrix L1 and some number
510 > 0.

Proposition [3.1] has not yet exploited the benefit of the coordinate transformation in
designing the filter (@) for the system (B). We shall now design separate reduced-order
filters for the decomposed subsystems which should be more efficient than the previous
one. If we let € | 0 in (), we obtain the following reduced system model:

N Elkr1 = f1(§1) + g (§w
Py 0 = [fo&)+ ga(Hw, (38)
ye = h21(§) + haa(&) + ka1 (§w

Then, we assume the following [1517].
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Assumption 3.1 The system [2)), (3]) is in the “standard form”, i.e., the equation

0= fa(€2) + G (E)w (39)

has [ > 1 isolated roots, we can denote any one of these solutions by

52 = q(£1,w) (40)
for some C! function ¢ : X x W — X.

Under Assumption Bl we obtain the reduced-order slow subsystem

Slpr1 = f1(§1,k) + 911 (&1, 4(&1 e, wi))wi + O(e),
PY: Yo = hor(&k, q(&1k, wk)) + hoa(€1k, (&1 k, wi))+
k21 (&1,k, (& ks wi))wi + O(e)

and a boundary-layer (or quasi-steady-state) subsystem as

5_2,m+1 = f2(§_2,m, ) + g21(&1,m, g2,m)wm7 (41)

where m = |k/e| is a stretched-time parameter. This subsystem is guaranteed to be
asymptotically stable for 0 < € < e* (see Theorem 8.2 in Ref. [I5]) if the original system
@) is asymptotically stable.

We can then proceed to redesign the filter (@) for the composite system (@Il), @I
separately as

fda . 511,1%1 = f}(f},k) + éll(fl,@)uv/ik + i}(f{,k,yk)(yk - Em(fvlv,k) _ﬁ22(§1,k))a
%) ebanar = fo(Eor€) + 21 (605 5 + Lo(onr Y) (i — 21 (€k) — haz (&),
(42)

where

o1 (€1 k) = ho1 (€1 k, 4(E1 ks w1 k), oo (€1 k) = hoi (€1, (€1, W5 1))

Notice also that, & cannot be estimated from ([@0) since this is a “quasi-steady-state”
approximation. Then, using a similar approximation procedure as in Proposition 31l we
arrive at the following result.

Theorem 3.1 Consider the nonlinear system (2) and the Hoo estimation problem for
this system. Suppose the plant ng 18 locally asymptotically stable about the equilibrium-
point x = 0 and zero-input observable. Further, suppose there exists a local diffeomor-
phism @ that transforms the system to the partially decoupled form (&), and Assumption
21 holds. In addition, suppose for some~y > 0, there exist ct positive-semidefinite func-
tions V; : Ny x T; — Ry, i =1,2, locally defined in neighborhoods N;xT; C XXY of the

v

origin (&,y) = (0,0) i =1,2 respectwely, and matriz functions L; : N; x T; — Rrixm
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Y.cy, i=12 satisfying the pair of DHJIEs:

Vl(fl(&),y)JrQ—iQ‘Z,gl(ﬁ(&),y)éu(&,Q(fl,ﬁ)f))éﬂ(futl(&ﬂf}f)) Ve (fi(é),y) -

Vi€ ye—1) — g(y hot (1, q(€1,10%)) — hao(&r, q(€1, 7)) T (y — har (€1, (&1, 0F)) —
haa(€1, (61, 107))) = 1”/1(0 0) =0, (43)

o1 1

V2(gf2(§2, ),y)+ 2 252( Fo€2,€),)721(€, €)1 (€, €) 252( Fa&a,0),y) —

‘72(527%—1) - g(y h21(§7 €) — il22(§v, 5))T(y - ilzl(gw‘?) - hzz(g,E)) =0,

V2(0,0) =0 (44)
together with the side-conditions

1

’L\[}Jl( = 72911(5 (515 ))Vngl(fl(él)vy)ﬂ (45)

w5 = OV Ry, (46)

Al,gl(fl(fvl))if(ghy) = —(y—hai(&1) — ha2 (€))7, (47)

Ve (Rl ) EsE ) = —ely— T (Ee) — (). (48)

Then the filter F 92 solves the Hoo filtering problem for the system locally in UN;.

Proof We define separately two Hamiltonian functions H; : X X WX Y xR X" xR —
R, i = 1,2 for each of the two separate components of the filter [@2]). Then the rest of
the proof follows along the same lines as Proposition 3.1l O

Remark 3.2 Comparing (3), {@T) with @24), [25), we see that the two reduced-
order filter approximations are similar. Moreover, notice that & appearing in [4S), (44)
is not considered as an additional variable, because it is assumed to be known from (@2h),
@7 respectively, and is therefore regarded as a parameter. In addition, we observe that,
the DHJIE ([@3]) is implicit in @}, and therefore, some sort of approximation is required
in order to obtain an explicit solution.

Remark 3.3 Notice also that, in the determination of W}, we assume & = (&1, w) is
frozen in the Hamiltonian Hs, and therefore the contribution to @} from g11(.,.), h21(.,.)
is neglected.

We can similarly specialize the result of Theorem[B.Ilto the discrete-time linear system
7)) in the following corollary.

Corollary 3.2 Consider the DLSPS (Z7) and the Hoo filtering problem for this sys-
tem. Suppose the plant Plsp 18 locally asymptotically stable about the equilibrium-point
x = 0 and observable. Suppose further, it is transformable to the form (29) and As-
sumption [31 is satisfied, i.e., Ay is nonsingular. In addition, suppose for some v > 0
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there exist symmetric positive-definite matrices P € Rrixni Q; € R™*™ and matriz
L; € Rrix™ ¢ =1,2 satisfying the following LMIs

ATPAy — P —3CLCy ATPBn 3CL 0
Tp A A2
By vhe 0 0 <o, (g
3Cn 0 Q1—-3I 0
0 0 0 -Q
—3CT,Coy —3CT Coy 0 3CT 0
—30;2021 AgPQAQ — P2 — 30;2022 AgPQBgl 3027“2 0
0 BI P, A, y2e2] 0 0 | <0, (50)
3C 3C5 0 Q,—3I—Ry 0
0 0 0 0 —Qs
1(ATD f. _ AT
1/ AT P ! STAT 2(A4 Pl = C2) <0, (51)
LATP L, - CF) (1—03)1
0 0 -icq
0 0 5z (A3 PyLy — Cy) | <0, (52)
—%021 %(AgPQLQ — CQTQ)T (1 — 54)[

for some numbers 03,4 > 0, where
~ - O ~ . 1 = o e -
Bi1 = By + Co2 A3 By, Oy = Coy — ?022142 !By BY, P A,
Then, the filter F4. solves the Hoo filtering problem for the system.
Proof We take similarly
“ A 1 orw o o
Viéy) = S(E P& +y' Quy),
o A 1 v o o
Va(€2,y) = §(€2TP2€2 + 3" Qay)
and apply the result of the Theorem. O
4 Aggregate Filters

In the absence of the coordinate transformation, ¢ discussed in the previous section, a
filter has to be designed to solve the problem for the aggregate system (2). We discuss
this class of filters in this section. Accordingly, consider the following class of filters
Fda .

3ag *
Trprr = fi(@x) + g (@r)wy + Ly (ke Yk, €) (Y — han (21.0) — hoo(Fa.r));
T (ko) = ,flo,
e¥okt1 = fo(@k,€) + go1 ()W + Lo(Zk, Yk, €) (Yk — h21 (21 k) — ho2(ax));  (53)
i‘g(ko) = ,fQO,
Zk = Yk — ho1(T1k) — hoo(Z2k),

where Ly, Ly € R"*™ are the filter gains, and % is the new penalty variable. We can
repeat the same kind of derivation above to arrive at the following.
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Theorem 4.1 Consider the nonlinear system (3) and the Ho estimation problem for
this system. Suppose the plant ng 18 locally asymptotically stable about the equilibrium-
point x = 0, and zero-input observable. Further, suppose there exist a C* positive-definite
function V:NxY - R, locally defined in a neighborhood NxYCXxxY of the origin
(Z1,22,y) = (0,0,0), and matriz functions Li: Nx T Ruixm =12 satisfying the
DHJIE:

V(). < fals)) — Vi) +
1 N N
2_72[ Vil(fl(‘%)a %fg(!f,&“),y) Vfﬁz(fl(i)’ %fQ(‘%aE)ay) ] X

911@)9?1(5\”) lgu(i)gzﬂ(i) } { ‘:/iTl(fl(ﬁc),%fQ(:\r,s),y)
Lo ()91 (2) g2 (2)g3, () VE(fi(2), L fa(2,€), )

=2y~ () — Paa(22)" (0 — haa (1) — ha(2)) =0, V(0,0)=0, (50

together with the side-conditions

Vi, (f1(2), éfz(fﬁaf)ay)if(ia y) = —(y—ha1(1) — haa(22))7, (55)
Vi, (f1(2), éfz(iivf),y)i’i(i, y) = —e(y —hai(d1) — haz(22)). (56)

Then, the filter F§,, solves the Heo filtering problem for the system locally in N.

Proof Proof follows along the same lines as Proposition 3.1l O

For the DLSPS (21)), the Chang transformation ¢ is always available as given by (28]).
Moreover, the result of Theorem [£1] specialized to the DLSPS is horrendous, in the sense
that, the resulting inequalities are not linear and too involved. Thus, it is more useful
to consider the reduced-order filter which will be introduced shortly as a special case of
the nonlinear.

Using similar procedure as outlined in the previous section, we can obtain the limiting

behavior of the filter F§, ase |0
B Tiptr = f1(@k) + 911 (Tr)W0io x + Lo (ks yr) (Y — ho1 (&1,4));
Fggg : 21(ko) = 29, (57)
ig,k - 0

with )
Wiy = ?g?l(i')vﬁc];(fl(i'))

and the DHJIE (54) reduces to the DHJIE

: N 1 - N N T . SN
V(fi(21),y) + 2—72Vi1(f1($1), ¥)g11(2)gh (2)V3] , (f1(2) = V (21, y) —
3 N . .
Sy @) (b () =0, V(0) =0 (59)
together with the side-conditions

Vi, (f1(@20) Lo (2, y) = —(y— haa(31))7, (59)
Lo(x,y) — 0. (60)
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Similarly, specializing the above result to the DLSPS (27)), we obtain the following
reduced-order filter

FL { P = Avdig 4 Buide, + Liglyr — Corvn ) (61)
with 1
’Lb{o = _QBllplAl-Tl

and the DHJIE (B8) reduces to the LMI

A PioAy — Pio = 3C51Co1 - AT P1oBn 3C3) 0
BﬂPl()Al —’}/21 R 0 0 S 0’ (62)
3C9 0 Q1—3I 0
0 0 0 -Q
0 LAT PyoLyo — CF)
. . 2 1 21 < 0 63
(AT PioLyo — CH)T (1—85)1 - (63)

for some symmetric positive-definite matrices Pyg, @10, gain matrix L9 and some number
05 > 1.

Remark 4.1 If the nonlinear system (2]) is in the standard form, i.e., the equivalent
of Assumption B3] is satisfied, and there exists at least one root Ty = o(z1,w) to the
equation

0 = fo(x1, 22) + go1 (w1, 22)w,

then reduced-order filters can also be constructed for the system similar to the result of
Section 3 and Theorem Bl Such filters would take the following form

Tikrr = S1(@k, o(E1, 0 ) + 91121, 0 (21,07 )))0]  +
Ly (&1, Y, €) (Y — a1 (F1k) — hoa(o(E1, @7 1));  Z1(ko) = 1o,
Flagr - €¥a 1 = fal@g,€) + go1(T1,82)W5 ), + Lo(Zk, Yk, €)(Yk — ho1(F1,k)—
hoo(Z2k));  ®2(ko) = Za0,
Ze = Yk — har(¥1k) — hoa(Zak).

However, this filter would fall into the class of decomposition filters, rather than aggre-
gate, and because of this, we shall not discuss it further in this section.

In the next section, we consider an example.

5 Examples

Consider the following singularly-perturbed nonlinear system

1 1
Tips1 = i+ To, T w,
1 1
— 2 3
EL2k+1 = Ly T Lo,
Ye = X1+ T2kt w,

where w € £5[0,00) is a noise process, ¢ > 0. We construct the aggregate filter F5.,
presented in the previous section for the above system. It can be checked that the
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system is locally observable, and with v = 1, the function V(&) = (23 +£23), solves the
inequality form of the DHJIE (B4]) corresponding to system. Subsequently, we calculate
the gains of the filter as

N (Yy—21—22) 5 . (y — &1 — 22)
Ll(SC, y) = - 1 T ’ Lg(:c,y) = 1 1 ; (64)
¥ + a5 T3 +13

where the gains L1, Ly are set equal to zero if ||| < e (small) to avoid the singularity
at the origin & = 0.

6 Conclusion

In this paper, we have presented a solution to the H ., filtering problem for discrete-time
affine nonlinear singularly-perturbed systems. Two classes of filters, namely, decomposi-
tion and aggregate filters, have been discussed, and in each case, first-order approximate
filters have been presented. Reduced-order filters have also been derived as limiting cases
of the above filters as the singular parameter ¢ | 0. Sufficient conditions for the solvabil-
ity of the problem using each filter have been given in terms of DHJIEs. The results have
also been specialized to linear systems, in which case, the sufficient conditions reduce to
a system of matrix-inequalities or LMIs which are computationally efficient to solve. In
addition, an example has been presented to illustrate the approach.

Future efforts would concentrate in finding an explicit form for the coordinate trans-
formation discussed in Section 3, and developing computationally efficient algorithms for
solving the DHJIEs.
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