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1 Introduction

Let X and Y be two real reflexive Banach spaces such that Y is densely and compactly
embedded in X. In the present analysis we are concerned with the following quasilinear
integro-differential equation

%(t) + A(t, u(t))u(t) = fot k(t,s)A(s,u(s))u(s)ds + f(t,us), 0 <t <T, O
Uy = ¢ € C([*Tv 0]7X)a

where A(t,u) is a linear operator in X, depending on ¢t and u, defined on an open subset
W of Y. We denote by J = [0, 7], k is a real valued function defined on J x J — R and f
is defined from J x C([-T,0], X) into Y. Here C([a,b], Z), for —oo < a < b < o0, is the
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Banach space of all continuous functions from [a, b] into Z endowed with the supremum
norm

Ixlle a2y == sup [x(s)llz,  x € C(la,b], 2).
a<s<b
For u € C([-T,1], X), we denote by u; € C([—T,0], X) a history function defined by
w(0) =u(t+0), 6e[-T,0].

By a strong solution to () on [0,7"], 0 < 7" < T, we mean an absolutely continuous
function u from [T, 7] into X such that u(t) € W with uy = ¢ and satisfies (IJ) almost
everywhere on [0, 7"].

Kato [8] has proved the existence of a unique continuously differentiable solution to
the quasilinear evolution equation in X

% +A(wu = f(u), 0<t<T, u(0)=up, (2)
under the assumptions that there exists an open subset W of Y such that for each w € W
the operator A(w) generates a Cp-semigroup in X, A(-) is locally Lipschitz continuous
on W from X into X, f defined from W into Y, is bounded and globally Lipschitz
continuous from Y into Y, and there exists an isometric isomorphism S : Y — X such
that

SA(w)S™! = A(w) + B(w), (3)

where B(w) is in the set B(X) of all bounded linear operators from X into X.
Crandall and Souganidis [6] have established the existence of a unique continuously
differentiable solution to the quasilinear evolution equation (2)) with f = 0 under more
general assumptions on A(w). Kato [I0] has proved the existence of a strong solution to
the quasilinear evolution equation
du

E—l—A(t,u)u:f(t,u), 0<t<T, u(0)=uo, (4)

under similar conditions on A(t,u) and f(¢,u) as considered by Crandall and Souganidis
[6].

Recently Oka [I1] has dealt with the abstract quasilinear Volterra integrodifferential
equation

{‘fl—(t) + A(t,u(t))u(t) = f(f b(t — s)A(s,u(s))u(s)ds + f(t), t € [0,T7, (5)

in a pair of Banach spaces X DY, where b: [0,7] — R is a scalar kernel and A(t, w) is
a linear operator in X, depending on ¢ and w, defined on an open subset W of Y. Oka
has proved the existence, uniqueness and continuous dependence on the data.

Our analysis is motivated by the work of Bahuguna [I]. In [I] the author considered
the following quasilinear integrodifferential equation in a Banach space

du(t)
dt

+ A(u(t))u(t) = /o a(t — s)k(s,u(s))ds + f(t), 0 <t <T, u(0) =wug, (6)

by using the application of Rothe’s method, the author has established the existence and
uniqueness of a strong solution which depends continuously on the initial data.
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We shall use Rothe’s method to establish the existence and uniqueness results.
Rothe’s method, introduced by Rothe [I5] in 1930, is a powerful tool for proving the
existence and uniqueness of a solution to a linear, nonlinear parabolic or a hyperbolic
problem of higher order. This method is oriented towards the numerical approximations.
For instance, we refer to Rektorys [14] for a rich illustration of the method applied to
various interesting physical problems. It has been further developed for nonlinear differ-
ential and Volterra integro-differential equations (VIDEs) see [IH4L[7,[14] and references
cited in these papers.

In the present study we extend the application of the method of lines to a class of
nonlinear VIDEs. In earlier works on the application of the method of lines to integro-
differential equations, only bounded perturbations to the heat equation in the integrands
have been dealt with. In the problem considered in our paper we have a differential oper-
ator appearing in the integrand and hence we have the case of unbounded perturbation.

2 Preliminaries

Let X and Y be as in the first section. Let Z be either X or Y. We use || ||z to denote
the norm of Z and by B(X,Y) the set of all bounded linear maps on X to Y, with
associated norm || |[p(x,y). We write B(X) for B(X,X) and corresponding norm by
|l | B¢x)- The domain of the operator T"is denoted by D(T'). We denote by C(Jo, Z) and
Lip(Jo, Z) the sets of all continuous and Lipschtz continuous functions from a subinterval
Jo of J into Z, respectively. Let B,.(zg,r) be the Z-ball of radius r at zp € Z, i.e. the
set {z€ Z| ||z — 20z <r}.

For a real number 3, N(Z, B) represents the set of all densely defined linear operators
L in Z such that if A > 0 and A8 < 1, then (I + AL) is one to one with a bounded inverse
defined everywhere on Z and

[(T+AL) gz <A+ A8)71,

where I is the identity operator on Z. The Hille-Yosida theorem states that L € N(Z, 8) if
and only if —L is the infinitesimal generator of a strongly continuous semigroup e~ *¥, t >
0 on Z satisfying |le | p(z) < €7, t > 0.
A linear operator L on D(L) C Z into Z is said to be accretive in Z if for every
u € D(L)
(Lu,u™) >0 for some u* € F(u),

where F : Z — 27", Z* is the dual of Z
F(z) ={z" € Z | (z,2") = ||l2]* = |I="|*},

and (z, f) is the value of f € Z* at z € Z. If L € N(Z,3) then (L + SI) is m-accretive
in Z,i.e. (L+ BI) accretive and the range R(L + A\I) = Z for some A > 3. (see corollary
1.3.8 and the remarks preceding it in Pazy [13], p.12). If Z* is uniformly convex then F’
is single-valued and uniformly continuous on bounded subsets of Z.

In most of this paper X and Y will be related via a linear isometric isomorphism
S :Y — X. We assume, in addition, that the embedding of Y in X is compact and the
dual of X* is uniformly convex. Further, we make the following hypotheses.

(A1) There exists an open subset W of Y and ug € W. Furthermore, there exists § > 0
such that A:[0,7] x W — N(X, 3).
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(A2) Y C D(A(t,w)), for each (t,w) € [0,T] x W, which implies that A(¢,w) € B(Y,X)
by the closed graph theorem. For each w € W, t — A(t,w) is continuous in
B(Y, X)-norm, and for each t € [0,T], t — A(t,w) is Lipschitz continuous in the
sense that

[(A(t1, wr) = Alta, w2))oll pv.x) < pallts = to| + [lwr — wa x]||vlly,
where 14 is a constant and there exists a constant y4 such that
[A(t, w)vllpy,x) < vallvlly,
for all v € Y and (t,w) € [0,T] x W.
(A3) There is a family {S} of isometric isomorphism Y onto X such that
SA(t,w)S™' = A(t,w) + P(t,w),

where P : [0,T] x W — B(X), [|[P(t,w)|px) < vp for (t,w) € [0,T] x W, with
vp > 0, is a constant and

|P(t,w1) — P(t,w2)| x) < ppllwr —wally, VYwy,weeW,
where up is a positive constant.

(A4) The function k: J x J — R and f : J x C([-T,0],X) — Y satisfy the Lipschitz

conditions

|k(t2’ S) - k(tla S)l
£t u) — f(s,0)llx

Lk|t2 - 2‘:1|a

<
< Lyllt = s+ lu = vlle-1.0.x)

where Ly and Ly are Lipschitz constant.

For all u,v € Bx(ug, R). Let R > 0 be such that Wr = By (ug, R) C W and let

Ry = (4™ 7)
My = Thkr(ya+vpCe)R+ Lf[T + [lio — dlle-r.0,x)] + 1 (0,9 x, (8)
My = Tkr(ya+vpCe)R+ Lf[T + |[ij-1 — dlle-r.0.x)] + [1£(0,9)lx,  (9)

where C. is a positive embedding constant, § = 8 + ||P|x and kr = supy ;¢ |k(t, s)].
Let zo € Y and Tp,0 < Ty < T be such that for i = 1,2

[[Suo — 20llx < Ro, (10)
To[yallzolly +pll20llx + Mi] < Ro. (11)
We notice that (I0) and () imply that
20T R
(1+e*)[[|Suo — 20l x + To{vallzolly +vrllz0llx + M;}] < 3 (12)

We shall use later the following lemma due to Crandall and Souganidis [6].
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Lemma 2.1 Let S: Y — X be a linear isometric isomorphism, Q € N(X, ), Y C
D(Q), domain of Q, P € B(X), the space of all bounded linear operators on X and
SQ = QS+ PS. Set 0 = 3+ ||P||px). Then for every y € X and X > 0 such that
A0 < 1, the problem

x4+ AQr =y, T+ NQZ+ PI) =y,

has a unique solution x and T in X. Moreover
lzllx < @ =20 lylx,  IZllx < (1 =207 lylx.
and ify €Y, thenx €Y and
lzlly < (@ =20)"Hylly-
We have the following main result.

Theorem 2.1 Suppose that (A1)-(A4) hold. Then there exists a unique strong so-
lution u to () such that u € Lip(Jy, X), Jo = [0,To]. Furthermore, if vg € By (ug, Ro)
then there exists a strong solution v to ({d) on [0,To] with the initial point v(0) = 1 such
that

[ut) = v(®)llx < Clluo = wvollx, ¢ € [0,To], (13)

where C' is positive constant.
3 Construction of the Scheme and the Convergence

To apply Rothe’s method, we use the following procedure For any positive integer n we
consider a partition ¢ defined by ¢} = jh; h = 72, j =0,1,2,...,n. We set ug = ¢(0)

foralln € N. Let wy = Sug forn 2 N where N is a posmve 1nteger such that (L) < 1.
We consider the following scheme

5“ +A(] 15U _] 1 _hz l’ U u +f]’ (14)

where

n
71 -~ . .

We define a8 (t) = ¢(t) for t € [-T,0], ag(t) = ¢(0) for t € [0,Tp] and for 2< j <n

I up y + (t—tj_1)oup, 0 € [—t7,,_,,—t7 ], 1<i<j.

<

For notational convenience, we occasionally suppress the superscript n, throughout, C'
will represent a generic constant independent of j, h and n. Our first result is concerned
with the solvability of (I4)) in Wg.

Lemma 3.1 For each n > N, there exists a unique uj,j = 1,2,...,n, in Wg satis-

fying (T4).
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Proof Lemma 2.1l implies that there exists a unique u; € Y such that
up + hA(to, ’LL())U1 = Ug + h2k/’10A(t0, Uo)’uO + hfi. (16)
Applying S on both the sides in (I6) using (A3) and letting wy; = Suq, we have

(w1 — Zo) + hA(to, uo)(w1 — Zo) + hP(to, uo)(w1 — Zo)
= (’wo — Zo) — hA(to, UO)ZO — hP(to, Uo)ZO
+h2k/’10[14(t0, UO) + P(to, UO)]’LUO + hSf1.

The estimates in Lemma 2.I] imply that
[wn = zollx < (1 —h8) " |lwo — zollx + A{vallz0lly +vrll20llx + Mi}].

Since hf < %, we have

lwi = z0llx < €2[|lwo — 2ol x + h{yallzolly +vrllzollx + Mi}].

Therefore,
lwi = 2ol x < (1+€*)[[lwo = zollx + P{vallz0lly +vpllz0llx + Mi}] < R,

in view of the estimates (I2). Hence, u; € Wg. Now, suppose that u; € Wg for
i=1,2,...,7 — 1. Again, Lemma 2.1] implies that for 2 < j < n, there exists a unique
u; € Y such that

Jj—1
Uj + hA(tjfl, ’(,Lj,1>uj' =Uj-1 + h2 Z kﬂA(t“ uz)’uz + hfj (17)
=0

Proceeding as before and letting w; = Su;, we get the estimate

2h9[

lw; — zollx < e [llwj—1 — z0llx + ~{vall20|ly +vP|20llx + Ma}].

Reiterating the above inequality, we get

2jh0[|

lwj — 20llx <e lw1 — zol|x + jh{vall20lly + 7P l20llx + M2}].

Hence
lw; — zollx < (14 ") [lwr — 20]lx + To{vallzolly +vellzollx + Ma}] < R.

The above inequality and equations (I6]) and (I7) imply that u; € Wg satisfy (I4) for
1< j<n,n>N. This completes the proof of the lemma. O

Lemma 3.2 There exists a positive constant C, independent of j, h and n such that
||(5u]||X§C, jZl,Q,...,?’L;nZN.
Proof In ([I4) for j =1, we get

ouq + hA(to, U0)5U1 = —A(to, Uo)’uO + hkloA(to, ’LL())U() + f1.
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Using Lemma 2.1 we have
[6urllx < €T [(1 + hkr)valluolly + fr] := Ch,

where fr = Ly[T + iio — lleq_m,0,x)] + | £(0, @)l x. Now, from (@) for 2 < j < n, we
have

duj +hA(tj—1,uj-1)0u; = Suj1 —[A(tj—1,uj1) — Altj—2,uj—2)luj 1
+hkm VA -1, uj-1)uj1

+hz ji — kj—1i] At ui)ug + fj — fi—1.

Applying Lemma 2T and using (A2) and (A4) we get
ulx < € [(1 + pahR)||ouj—1llx + pahR + hyaR{|k;; 1|

+Z|kﬂ— i1} + 15— fi-ally)

S 62h0 [(1 + ,LLAhR)”(S’U,j,lHX + Mgh + th”éﬁjleC([—T,O],X)];
where M3 = ppaR + yaR(kr + LyT) + L¢T. Denoting by Cy = paR + Ly, we have

11,213,)( H(SUZHX < the [(1 + Cgh) <ma.X H(SU/Z”X + Mgh}

Reiterating the above inequality, we get

[max [[0usl|x < e (1 + Coh)! [||our]|x + M5T],

hence
[|0u;]|x < e2OFCIT[Cy + M3T) := C.

This completes the proof of the lemma. O
Definition 3.1 We define the Rothe sequence {U"} € C([-T,T],Y) given by
Un(e) = {w),  telTO (18)
uj 1+Tj(t—tj 1), teftj—1,t], j=1,2,...,n
Further, we define a sequence of functions {X"} from [T, 7] into Y given by
X™t) =¢(t) for te(-T,0], X"(t)=wu; for te (tj—1,t;]. (19)

Remark 3.1 Each of the functions {X"(t)} lies in Wg for all t € (—h, Tp] and {U™}
is Lipschitz continuous with uniform Lipschitz constant, i.e.,

[U"(t) =U™(s)|lx < Clt =], t,5€Jo.

Furthermore, |[U™(t) — X"(t)||x < €. Also, we define

j—1

Kn(t) = hz k:jiA(ti,ui)ui, te (tj_l,tj], (20)
=0

fn(t) = f(tj,uj 1) te (tj_l,tj]. (21)

A"(t,u) = A(tj_l,u), te (tj_l,tj), i=12,...,n. (22)
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Lemma 3.3 Under the given assumptions we have

(a) {K™(t)} is uniformly bounded;

(b)  Jo A (5, X" (s — h) X" (s)ds = ug — U™(t) + [y K™(s)ds + [ f"(s)ds
(c) < U”(t) + A, X (t — h)X™(t) = K™(t) + f(t), t€ (0,To],

where “r is the left-derivative.

Proof (a) This is a direct consequence of the assumptions (A2)-(A4).
(b) For 2 < j <mnandt € (tj_1,t;], by Definition B.Il we have

/O An(s, X" (s — h)) X" (s)ds

Jj—1

7Z/t A"(s, X" (s — h))X"(s )der/ A" (s, X" (s — h))X"(s)ds

] 1

Jj—1

:72 i — i) ;L(tft]—,l)( — 1)+ hZ[thwA tpy Up)U ]
+ (=t hzkwA tp Up)up] + han tj-1)f}
= o — U™(t) /K" ds+/f"

When j =1, t € (0,t1], we have

/OA"(S,X"(S—h))X"(s)ds = tA(tog,uo)ur

t
= h(u1 — ’U,()) + thkloA(to, ’u,o ug + tfl

= wug—U"(t) /K" ds+/f" ds.

(C) for t € (tj_l,tj],

d-u" 1
An(t,Xn(t — h))Xn(t) = A(tj_l,uj_l)uj and dt (t) = E(u] ’u]_l)
Therefore,
du " " n 1
o O - AT X (E-)XT(E) = (uy —ui-1) = Alt-1, w1y
-1
= h Z kji A(ts, ui)u; + f7
i=0

= K"(t)+ ().

This completes the proof of the lemma. O
In the next lemma we prove the local uniform convergence of the Rothe sequence.
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Lemma 3.4 There exists a subsequence {U™} of the sequence {U™} and a function
w in Lip(Jo, X) such that
U™ —u in C(Jy,X),

with supremum norm as k — oo.

Proof Since {X™(t)} is uniformly bounded in Y, the compact imbedding of Y implies
that there exists a subsequence {X"*} of {X"} and a function u : Jy — X such that
X" (t) = u(t) in X as k — oco. The reflexivity of Y implies that u(t) is the weak limit of
X" (t) in Y hence u(t) € Y in fact in Wg since X"+ (t) € Wg. Now, X (¢t)—U"*(t) — 0
in X, U™ (t) — u(t) as k — oco. The uniform Lipschitz continuity of {U™*} on Jy implies
that {U™} is an equicontinuous family in C'(Jp, X) and the strong convergence of U™* ()
to u(t) in X implies that {U™(¢)} is relatively compact in X. We use the Ascoli-Arzela
theorem to assert that U™ — w in C'(Jy, X) as k — oo. Since U™ are in Lip(Jy, X ) with
uniform Lipschitz constant, u €Lip(Jy, X). This completes the proof of the lemma. O

Lemma 3.5 Let v : [0,T] — X be given by () = A(t, u(t))u(t). Then 1 is Bochner
integrable on [0,T].

Proof Proof of this lemma can be established in similar way as that of Lemma 4.6
in Kato [9]. O

Lemma 3.6 Let {K"(t)} be the sequence of functions defined by (20) and

K@) = [ kit so()s
We have K™ (t) — K (¢)(t), uniformly on [0,Ty] as k — oo.

Proof For notational conveneince, we shall use the index n in place of ni for the
subsequence ny of n. We first show that K"(t) — K (,,)(t) — 0 uniformly on [0,Tp] as
n — oo where ¥, : [0,Tpo] — X is given by 1, (t) = A(t, X" (¢)) X" (t). For t € (t;_1,%;],
we have

K™(t) = K(a)(t) = Zk At s — /0 k(t, $)A(s, X" (5))X"(s) ds
-5 V i At 1) = b{1 ) A(s, X"(3))] d%

+  hk(tj,t0)A(to, uo)uo — l/ k(t, S)A(s,uj)ds] uj.

G-

Since ||A(t, u;)ujl|x < vaR, and k : [0,To] — R being Lipschitz continuous imply that
the last two terms on the right hand side tend to zero strongly and uniformly on [0, 7o)
as n — 0o we have

[K™(t) = K(dn)(@)]x < 7aR

Z/M i — k(¢ s)|ds] .
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Now, since k satisfies (A4), k(¢, s) is uniformly continuous in ¢ as well as in s on [0, Tp].
Hence for each € > 0 we can choose n sufficiently large such that for |[t; —to| + |51 — s2| <
h= %, ti, s € [0,Tp], i = 1,2, we have

€

k(tq, — k(t2, < .
|k (t1, s1) — k(t2, s2)| TART

Then for sufficiently large n, we have

K™ (8) = K (¢n) ()] x <

€
Rjh <
’yART,YA J €,

Which show that K™(t) — K(¢,)(t) — 0 as n — oo, uniformly on [0,7p]. Now we

show that K(v,)(t) — K(¢)(t) uniformly as n — oo. For any v € X, We note that
(A(t,u(t))u(t),v) is continuous hence we may write

<K(1/J)(t),v> = /Ot k(t, s)(A(s,u(s))u(s),v) ds.

Now, for any v € X,

—2

twl
< (wn Z/ 5 ui+1)ui+1,v>ds

=0

+ E(t, s)(A(t, uj)u;,v)ds.

tj71
This implies that (K (¢,)(t), v) = (K(¥)(s),v), as n — oo. This completes the proof of
the lemma. O
3.1 Proof of Theorem [2.71
Proof First we show that A™ (¢, X™(t—h))X™(t) = A(t,u(t))u(t) in X as m — oo,

where * =/ denotes the weak convergence in X,

Aty 1, Xt = h)) X () = A(t, u(t))u(t)

= [A(tj—1, X™(t = h)) — A(t, u(®))]X™(t) + At u(®))[X™(t) — u(t)].

Since,
[[A(tj—1, X™(t = b)) = A(t, u(@)]X™ ()| x < paR[[tj—1 —t|+ [X™( = h) —u(t)]x],

as m — oo the right hand side of the above equation tends to zero. Since X™(t) — u(t)
in X uniformly on Jy and A(t,u(t)) € N(X, ), BI + A(t,u) is m-accretive in X. We use
Lemma 2.5 due to Kato [9] and the fact that

[A(E u(@)[X™(E = h) —u(t)]|x <2paR,

to assert that A(t,u(t))X™(t) — A(t,u(t))u(t) in X and, hence, A™(t,X™(t —
h)X™(t) — A(t,u(t))u(t) in X as m — oo. Now we show that A(t, u(t))u(t) is weakly
continuous on Jy, let {t,} C Jy be a sequence such that t, — ¢, as p — oco. Then
u(ty) = u(t) in X as p — oo and we can follow the same arguments as above to prove
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that A(tp, u(ty))u(ty) = A, u(t))u(t) in X as p — co. Now from Lemma [B.3] for each
z* € X™* we have

(U (8), 27) = <u0,x*>+/0 (=A™ (5, X™ (5 — B))X™(5) + K™(5) + f™(s), 2")ds.

Letting m — oo using bounded convergence theorem and Lemma we get

U (1), 2" = (ug,a™) + / (= A(s,u(s))uls) + K()(s) + F(5,us),2°)ds.

Continuity of the integrand implies that (u(t),z*) is continuously differentiable on Jp.
The Bochner integrability of A(¢, u(t))u(t) implies that the strong derivative of u(t) exists
a.e. on Jy and

Ccll—?—l—A(t,u(t))u(t):/O k(t,s)A(s,u(s))u(s)ds + f(t,us), a.e on Jy.

Since u(0) = ug, v is a strong solution to (). Now for the uniqueness of the solution of
(@. Let v be another strong solution to () on Jy. Let U = u — v, then for a.e. t € Jy

dt
= BIU@)I% + (At u(t)) — At v(t)v(t), F(U(1))

n < [ )G () — Al o) u(s)ds, F(U(t»>

<dU (t), F(U(t»> (BT + At u(t)U (), F(U (1))

([ kA v lute) = olo)lds, FU0))
+(f (@t ue) = [t v), F(U)).
Using m-accretivity of I + A(t, u(t))u(t) and Assumptions (A2) and (A4) we get

1d

>d UM% < CrlUNEo.4,x)>

where Cp = B+ paR+ kr(vaCe + paR) + L. Integrating the above inequality on (0, t)
and taking the supremum we get

1 t
§||U(t)||20([o,t],x) < CT/O U112 0,1, x)45-
Applying the Gronwall’s inequality we get U = 0 on Jp.
Continuous dependence. Let vy € By (ug, Ro). Then
||SUO — ZOHX < ||S’U0 — SU()”X + ||SUO — ZOHX < 2Ry.

Hence

R
(1 + €*)[||Svo — 20l x + To{vallzolly + vallzollx + M}] < 3Rg = 3
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We can proceed as before to prove the existence of v7 € Wr satisfying scheme (I4) with
u} and ug replaced by v7 and vy respectively. Convergence of v to v(t) can be proved in
a similar manner. Let U = u — v then following the steps used to prove the uniqueness,

we have for a.e. t € Jy
1d
5 dtHU( % < CrllUNZ 0.4.x)-

Integrating the above inequality on (0,¢) and taking the supremum we get

1d 1 ¢
ianU(t)HQC([O,t],X) < 5THU(0)II§< + CT/O HU(t)IIQqu,s],xy

Applying the Gronwall’s inequality we get

U1 0.0.x) < CIUO),

where C' is a positive constant. This completes the proof of the theorem. O

4 Application

For illustration, we consider the existence and uniqueness of a solutions for the following
model

ao(x, u) 2% o —I—ZJ La;(t,x u)gf = fETg(t,u(t+9,x)d9,
+Zj 1f0 a](sxu)gjds, 0<t<T, x€R™, (23)
u(@,x) = ¢o(0,x) for 6€[-T,0] and =z € R™,

where the unknown u = (ug,...,un) is an N-vector, ap and a;, j = 1,2,...,m, are
N x N symmetric matrix-valued smooth functions on © x RY and [0,7] x Q x R¥,
respectively, where €2 C R™ is a bounded domain with sufficiently smooth bounday. We
set

Y = H(QRY), Z=H"YQRY), X=H'(QRY), W=DB.(Y),
S=(1-A)2 s>m/2+1

A(t,w) = ag(z,w)” Zajtxw

and use the variable norm

||UH3}:/GO(-’E,U})U.’UCZ(E.
Q

We suppose that for j = 1,2,...,m, a;(t,z,u) are simultaneously diagonalizable by a
common nonsingular C! matrix ¢(¢,x,w) and ag(z,w) is positive-definite. The function
g :RT x RY — R is continuous and Lipschitzian with respect to the second argument,
the function ¢ : [—r,0] x @ — R will be specified later.

Note that A(t,w) € G(Xy, 1, ) with 8 depending on ||w|ly, and G(X,,, 1, 5) denotes
the set of all (negative) generators A of Cy-semigroups on X, such that |e~*4| < MeP*
for t > 0. Again verification of the conditions is straightforward, except that we have to
prove that —A(t,w) is the generator of Cyp-semigroup (for details see [g]).
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Let f:]0,7] x C([-T,0],X) = Y be defined by

0
f(t ) (@) = / ot x(0)(x)dd, 1> 0.

-T

The initial data ¢ € C([-T, 0], X) is defined by

o(0)(x) = ¢po(f,z) for 6€[-T,0].

Then (23] takes the following abstract form

Lu(t) + At u(t))u(t) = fot k(t — s)A(s,u(s))u(s)ds + f(t,us), 0<t<T,

(24)
ug = ¢ S C([—T, 0],X)
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