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Abstract: The problem of almost disturbance decoupling for a class of nonlinear
systems is considered. The controlled systems consist of a chain of power integrators
perturbed by a lower-triangular vector field with nonlinear parametrization. By us-
ing the tool of adding a power integrator combined with the parameter separation
technique, under a set of growth conditions a smooth adaptive controller is explicitly
constructed to attenuate the influence of the disturbance on the output with an ar-
bitrary degree of accuracy. The designed adaptive controller is in its minimum-order
property, since the order of the dynamic compensator is equal to one. An illustrative
example is given to verify the effectiveness of the proposed approach.
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1 Introduction

One of the main objectives in control theory is to suppress unknown disturbances. It will
be ideal if the influence of disturbances on the output can be eliminated completely, or
in other words, the disturbances are decoupled from the output. Unfortunately, in most
practical situations it is impossible to achieve the exact disturbance decoupling. In this
case, it is reasonable to aim at almost disturbance decoupling (ADD), which means that
the influence of the disturbance on the output is attenuated to an arbitrary degree of
accuracy via feedback control design. More precisely, the problem of ADD can be stated
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as: given a system and a prescribed positive scalar, find a feedback control law such that
the resultant closed-loop system is stable and the gain between the exogenous input and
the regulated output is less than or equal to the prescribed positive number. The start
point of the problem of ADD on nonlinear systems is associated with the papers [I], [2]
in the late 1980s. The performance of the ADD in [2] is characterized in terms of the
Lo-induced norm from the disturbance to the outputs, and the solution of the problem
of ADD is explicitly constructed by applying singular perturbation methods. However,
a drawback of the result in [2] is that internal stability, which is crucial for a meaningful
application or a practical implementation, is not taken into account. Therefore, the
internal stability of the closed-loop systems cannot be guaranteed even in the absence
of the disturbance. This problem is solved later in [3]. By applying a recursive design
technique, a global solution to the ADD problem with internal stability was presented
for a chain of integrators perturbed by a lower triangular vector field. The result in
[3] was later generalized to a larger class of nonlinear minimum phase systems in [4].
These two results in [3] and [4] were further extended to a class of nonminimum-phase
nonlinear systems in [5]. The proposed approach in [5] required that the unstable part
of the zero-dynamics was not affected by the disturbance. Such a restriction was relaxed
in the results of [6] and [7]. The construction of control law in [7] is based on a recursive
Lyapunov-based design approach. In the case of systems with vector relative degree
[1,1,---,1], the ADD problem was tackled in [8] for a general minimum phase system
subject to parameter uncertainty and with a controlled output that may be affected by
the disturbance. In addition, the problem of ADD for general affine nonlinear systems
was addressed in [9] for the case of state feedback and the solution was converted into
the solution of the so-called Hamilton-Jacobi-Isaacs equation (HJIE). The global inverse
Ls-gain design for a chain of integrators perturbed by lower triangular vector field was
reported in [10]. For a class of multi-input multi-output nonlinear systems, the ADD
problem was addressed in [I1] for the systems with nested lower triangular structure, and
the controller was explicitly constructed by applying the backstepping design technique.

If only the output information is available for the feedback design, only a few results
are devoted to the ADD problem via output feedback in the existing literature. In [12],
the problem of ADD via output feedback for general affine nonlinear systems was con-
verted into the solution of Hamilton-Jacobi-Isaacs equation. In [I3], a systematic design
procedure to output feedback controller with the function of ADD was given for a class
of systems with the nonlinear terms depending only on the output. For the nonlinear
systems in the so-called output feedback form, in [I4] the polynomial gain disturbance
attenuation property was achieved via output feedback. For a class of nonlinear systems
satisfying linear growth conditions, in [I5] a linear dynamic output compensator atten-
uating the influence of the disturbance on the output was explicitly constructed by the
feedback domination design. In the above-mentioned literature on the ADD problem,
most of the considered nonlinear systems are feedback (partial) linearizable and/or lin-
ear in control input. Recently, the ADD problem was addressed in [16] for a class of
inherently nonlinear systems. The class of the systems is in the form of a chain of power
integrators perturbed by a lower-triangular vector field. Different from some previous
results, the ADD problem is formulated in terms of Lo — Lo, gain for the inherently
nonlinear systems, rather than the standard Ls-gain. The controller was explicitly con-
structed by applying the so-called technique of adding a power integrator developed in
7).

It is well-known that adaptive control is one of the effective ways to deal with control
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systems with parametric uncertainty [I8]. When the ADD problem for nonlinear systems
with unknown parameters is investigated, a natural idea is to design an adaptive control
law to solve this problem. However, only a few results on adaptive regulation with almost
adaptive decoupling for nonlinear systems are available in the existing literature. In [19],
[20] and [21], adaptive controllers are designed to guarantee arbitrary disturbance atten-
uation on the output tracking error for smooth reference signals for uncertain systems
with output depending nonlinearities. In [I9] and [20], the disturbance enters linearly in
the state space equation, while in [21I] the disturbance enters nonlinearly. Very recently,
in [22] the ADD problem was discussed for power integrator lower triangular nonlin-
ear systems. The function of disturbance attenuation is characterized by Loy, — Lamp
gain. The adaptive control law was explicitly constructed by employing the adaptive
adding a power integrator technique proposed in [23]. However, the result in [22] is only
applicable to the case where the unknown parameter enters linearly in the state space
equation. In this paper we will deal with the almost disturbance decoupling problem for
power integrator triangular systems with nonlinear parametrization. With the help of
the parameter separation technique proposed in [24], a constructive solution that solves
the ADD problem is derived by using the adaptive adding one power integrator. A key
feature of our proposed adaptive controller with the function of disturbance attenuation
is its minimum-order property, since the order of the dynamic compensator is equal to
one.

It should be pointed out that some other problems have been investigated for non-
linear systems. In [25], by using a constructed Lyapunov function, the conditions of
ultimate boundedness of solutions for a class of nonlinear systems were given. In [26],
an original practical criterion of global stability analysis of nonlinear polynomial systems
was proposed. In [27], as a generalization of Gronwalls inequality, generalized dynamic
inequalities were introduced to the time scales scene. Then, linear systems with linear
and nonlinear perturbations and their stability characteristics versus the unperturbed
system were investigated.

For simplicity, throughout this paper we use I[m,n| to denote the set
{m,m+1,--- ,n} for two integers m < n. For a group of scalars x;, i € I[1,j], we

use z[;) to denote the vector [ 1 @y -+ ]T. [I]| is used to denote the Euclidean
norm of a vector.

2 Problem Formulation

We consider the following single-input single-output power integrator lower-triangular
system with an unknown parameter vector 6:

& = afyy + filzp) + gi(zp)w + bz, 0), i € I[1,n — 1],
Ty = uPr +fn(1'[n])+gn(x[n])w+¢n(x[n]79)v (1)
Y= h(l‘1),

where u € R, z = z,) € R", y € R and w € R® are the control input, system state,
system output and disturbance signal, respectively; p;, i € I[1,n], are positive integers
and fi(+),9:(+), © € I[1,n], and h(-), are smooth functions with f;(0) =0, i € I[1,n], and
h(0) = 0; ¢i(-), 7 € I[1,n] are continuous functions with ¢;(0,6) = 0.

The objective of this paper is to design, under appropriate conditions, a smooth
adaptive controller such that the closed-loop system is globally stable in the sense of
Lyapunov, and the influence of the disturbance w(t) on the output y(¢) is not greater
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than the prescribed level. To be specific, the following problem called the adaptive
regulation with almost disturbance decoupling will be dealt with in this paper. In [28§],
some new results regarding the boundedness, stability and attractivity were provided
for a class of initial-boundary-value problems characterized by a quasi-linear third order
equation which may contain time-dependent coefficients.

Adaptive Regulation with Almost Disturbance Decoupling (ARADD):
Consider the power integrators with nonlinearly parameterized lower triangular struc-
ture (). Given any real number v > 0, find, if possible, a smooth adaptive controller

{ 6 = b(aiag.0), (0,0) =0, @
u = u(2p,),0), uw0,0)=0,

such that the closed-loop system (Il) — (2)) satisfies the following:

1) when w = 0, the closed-loop system is globally stable in the sense of Lyapunov,
and globally asymptotical regulation of the state is achieved, i.e., lim; o0 2, () = 0.

2) for any disturbance w € Lo, the response of the closed-loop system starting from
the initial state (0) = 0 is such that

t t
/ ly(s)|*"* ds < 72/ lw(s)|| ds, for any ¢ > 0.
0 0
In order to solve the ARADD problem, the following assumptions are needed.

Assumption Al: p; > py > --- > p, are odd integers.
Assumption A2: For any i € I[1,n],

}fz < az

; 3)

where a;(+) is a nonnegative smooth function

Assumption A3: For any i € I[1,n], H91 )H < wi(wp)), where @;(-) is known
bounding function that is nonnegatlve and smooth _

Assumption A4: For any i € I[1,n], |¢i(z),0)| < Bi(zp, 0)> - z;|”, where
Bi(+) is a nonnegative continuous functlon

Before ending this section, we provide some useful lemmas. The first lemma is a slight
extension of the well-known Young’s inequality, and will be repeatedly used in the design
of the adaptive controller. The proof can be found in [I7].

Lemma 2.1 For any positive integers m,n, and any real-valued function v(z,y) > 0,
the following inequality holds:
m+n n

"N —m/n
m+nv(fc,y)|fc| o (z,9) |yl

2™ [yI" < e

By applying the above lemma, one can easily obtain the following conclusion [16].
This result will also play a vital role in the adding a power integrator design.

Lemma 2.2 Let z,y and z, be real variables. Assume that g1 : R? — R is a smooth
function. Then, for any positive integers m,n and real number N > 0, there exists a
nonnegative smooth function hy : R3 — R such that the following relation holds:

— + |y|m+n h’l(za Y, Z)

|2 [(y + 291(2,2))" = (291 (2, 2))"]] = —
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The following lemma provides the parameter separation principle. It is this principle
that enables us to deal with nonlinear parameterization. A constructive proof of the
result can be found in [24].

Lemma 2.3 For any real-valued continuous function f(x,y), where x € R™, y € R™,
there are smooth scalar functions a(x) > 1 and b(y) > 1, such that |f(x,y)| < a(x)b(y).

3 Global Adaptive Regulation

In this section we solve the problem of adaptive regulation with almost disturbance
decoupling for the power integrator lower triangular system (). Using the adding a power
integrator technique as the design tool, we will explicitly construct a one-dimensional
adaptive controller that solves the problem of ARADD with the help of the parameter
separation technique provided in Lemma [2:31 Now we are ready to present the main
result.

Theorem 3.1 Under the condition of Assumptions A1 — A4, the ARADD problem
for system (dl) is solvable by a one-dimensional smooth adaptive controller

{ 6 (@), ©), O €R, 1(0,0) =0, (4)
" .

Proof The proof is based on a feedback domination design approach which combines
the technique of adding one power integrator [17, 23] with the parameter separation
method [24]. The conclusion is obtained by applying mathematical induction method.
Firstly, we need some preliminaries with the help of the parameter separation technique
given in Lemma

By Lemma 23] there exist two smooth functions ¢;(0) > 1 and v;(z[;)) > 1 satisfying

Bi(xp),0) < vilwpy)ei(0).
Since 6 is a constant vector, ¢;(f) is also a constant. Let © := Y7 | ¢;(f) be a new un-
known constant. Then Assumption A4 implies that there are smooth function ;(xf;) > 1
and an unknown constant © > 1, such that

|pi (2, 0)| < vi(2})© Z;Zl |7 . (5)

Now we proceed to construct the smooth adaptive controller to solve the ARADD prob-
lem for the system ().

Step 1: Define © = © — é, where (:)(t) is the estimate of © to be designed later.
Consider the Lyapunov function

~ 1 ~
Vi(z1,0) —ac’f”‘l + -02%.
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By @), () and Lemma 2T there exist a smooth function pg(z1) > 0, such that for any
>0

Vi(z1,0) +y* — B |w|?
= 2P (@5 + fi(z1) + gi(z)w + ¢1(21,0)) — OO + y* — B ||w|?

eV el + 2 o (z1) + |21 (1) [w]| + 237 1 (21)(© + ©) — 66

<
+a7" po(w1) — B w]*
< ol e (a) + - plfg(%) + 23" 1 (21)0
+ai” po(a1) + (V1 (21,0) - ©)O
< aabt + xl p1($17é) + (W1 (21, é) - é)(:),
where
p1(x1, é) = a1(z1) +71(z1)y 62+1+ 90%4(;1) + po(x1) >0
and

\Ifl(ﬂfl,é) = 1’1 ’)’1(1’1) > 0.

It is easy to check that that the virtual controller

~ ~ 11/p1
x5 (21,0) = =1 |n+ 01(3017@)}

satisfies

Vi, 0) 477 — B lull® < —na +aBt (@~ a3") + (W1 (21,0) ~ ©) (6 -+ m) (7)

with 71 = 0. Moreover, the virtual control function z3 (xl,é)) is smooth due to the
smooth nonnegativeness of functions oy (21),71(z1) and ¢1(z1). In addition

¥1(61,0)| < 11 @1(61,6), @1(61,0) = (&) = 0. ®)

Step 2: Consider the (z1,x2)-subsystem of (). For convenience, we let 27 = 0 in
the sequential discussion. The change of coordinate

&L=z1, §o =2 —553(51;@)

transforms the (21, z3)-subsystem of () into

&1 =01(2,0) + @1(£1,0,0) + G1(&)w — wl(é)év
o = B2 + Do(§12,0) + Pa(§2), 0, 0) + Ga(€))w — wa(é1,0)0,
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where 5
61125 ) (&2 + x5)Pr + f1(§1)*, A
Ao (&), ©) = fal) + 2fy) — azf 01(&p2),©),
®1(61,0,0) = ¢1(&1,0), ) A
Do (€2, ©,0) = 2(&yy +apy,0) — 2—2@1(51,6,9)7
G1(&1) = g1(61), .
G2(&2)) = 92(p2) + 2y) — Z—EGl(&),
wi(©) =0,
wi(1,0) = 52 — 520, (6).

Under the condition of Assumption A4, it follows from the relation (Bl that

[01(6,6,0)| < " Br(&1,0)0, Ai(61,0) = (&) 2 0.

With this relation combined with (&), we have by applying Lemma 2]

‘@2(5[2]7(:)79)‘ < ‘¢2(§[2] +$[*2]79)‘ + ?)Z% ‘1)1(5149)‘
< (6 4l + 3 ) (e + 20 + ‘27 o1 ()0
< (&l + 16[™) B2 (&2, ©)0 + |§1|p1 71(51)
for a smooth function fB(-) > 0. This inequality implies that
“1’2(5[2]7@,9)‘ < (|&]P? + [&]7*) B2 (&, ©)O 9)

for a smooth function Ba(-) > 0, because p; > po. By similar ways, it is easy to show
that the following two relations hold

91(62, 0] < (&0 + 162" (€12, ©).

[A2(&p, >y (601" + (12" 72(€21. ©), (10)

for two nonnegative smooth functions 7 (g, é) and 7o (E[Q],é). By Assumption A3, it
is known that there exist smooth nonnegative functions ¢1(&1) and P2(j9)), satisfying

IG1(E)]I < p1(61) = p1(&),

N ors .
Ga (& < ||92(&21 + 2y) — a—ngl('El) < @2(&2))- (11)
Again using Lemma 2] we have from (@) and ([I0) that
2 o 2
PPy (2, ©,6) | < L +&67 pa(§2,0) | ©
‘52 2(§12) )‘ = 30t e90m) " p2(&2, ©)
2p1
2p1 2p1 — A A2 1 O
+ ,0)\/02+1+ - + C)
E 5" p2(&21,0) R IREE) & pa(§2,0) | ©,(12)
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1 2p1 2P1v A
< S8 L8 plEn ©), (13)

‘55?1 “P2p, (5[2] 7 é)
for some nonnegative smooth functions pa (&}, A) and p2 (&2, é) By applying Lemma

22 it is easy to show from (@) that
2p1
(14)

o + &7 p2(Ep2, 0),

€ (& + a3 — o) < L

for some nonnegative smooth function pa (&2, @) Now, consider the Lyapunov function
V€. ©) = Vi, ) + 52
2p1 —p2+1
which is positive definite and radially unbounded. With the relations (7)), (I2)), (I3 and

(@), a straightforward computation gives

Va(E ©) + v — 26
)+ (W1(01,0) - 6) (6 +m1)

< g (G o) o
+€2;D1—;D2 (xlé’? + A2(§[2], é) + @2(5[2], é, 9) + G2(§[2 ) )
—& TPy (G, )@ B [lw]|*
< - (n - %) P +§2plp2(€[2], ) (U 1(I1,é) é) (@ —|—771) +€2p1 2G5 (&)
+E7 TP ak? 4 €37 o (€, )+€2p1p2(£[2],é) 02 +1— 8w (15)
2p1 .
1 2171 = A 2171 P2, A
— —(n—%) 2p1+§2p1 b2 p2+€2p1[ 2], +p2€[2 \/ 241+ pa(€ }
+ P Galeao — Aol + (W2(62.0) - ©) (64 (6. ©)) + Ta(e
where
A 2p1 ~
Vs (€2, 0) = ¥1(&) + 311 é;)(l 7 + 67 pa (€2, ©),
12(&2),©) = m1 + &P 2wa (61, 0),
2p1
A — 2p1—p2 1 2p1 e
Iy (§12,0) = —Ta(£p2, ©)E3 2(61,0) — RN + & pa(&2,0) | m-
(16)
By applying Lemma [Z] again, it is easy to derive from the relation (&) that
(17)

“1’2 5[2],é)‘ < (g™ +§2p1)a2(§[2]; 0)
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for a smooth function @z (&, © ) > 0. By the completion of square, it is easily derived
from (II) that

2p1—2p2 ~2
37|t o < 3 2 P4

In view of the relation (), by using Lemma [ZT] it is easily obtained from (I6) that the
following relation holds

|87 Gatggaul| + 8 [wl*.(18)

‘H2(€[2]’ é)‘ (19
< (&P + 6P )as(€), 0) ‘fgplfpzm(fl, 0)| + §2p1 &7 pa(é2), ©) Vi + 1
2p1

< 25 + &7 p2(82), ©).

for a nonnegative smooth functions po(-). With the relations (I4) — (I9) in mind, it
follows from (IH]) that

VQ(E[Q], é) < (n — 1) 2p1 + (‘112(5[2], é) — é) (é + n2(€[2], é))
+§2p1 (5[2]7(;)) + égpl_fb ($§2 _ x;pz) + g%p1-pzx§p27

where

2p1—2p2 ~2
P2(€[2]7é)=ﬁ2(§[2]7é)+ﬁ2(§[2]7é)+ﬁ2(§[2]7é) V 02 + 1+pa (&[] ,0)+ §4—5(€[2]) >0

Choose 1
. P2
T3 =—& [n =14 p2(€p2, @)}

This smooth virtual controller will satisfy
1 2 *
Va6, ) + 97 =28 [[w|® < —(n—1E" + &™) + &M (a7 — 237

+ (‘112(5[2]7(;)) - 9) (6+m(2.0))-

Inductive Step: Suppose for the system () with dimension k, there is a global change
of coordinates &; = x; — 27 ({i—1],©), i € I[1, k], transforming () into the system

& = 61(£2,0) + 21(£1,0,0) + G1(&)w — wi(0)6,

(20)
€ho1 = Ok 1(&m) 0) + &y 1(&pr— 1],@ 0) + Gr— 1(§[k—1])w*wkq(f[k—Q]vé)éa
& = 2%+ A€ ©) + Brl€ry. ©,0) + Giul(€pry)w — wi (E—1), ©)O,
where
* . A 1/1’1—1 )
z; = —&-1 [n*1+2+m71(§[i—1],@)} ;1 € 12, K], (21)
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@i(¢3,0,0)| < B¢, 6 ez|g]|f’l, i€ I[L,H, (22)
Jj=1
51-(5[“1],@,9)\ Eisn), Z|g] i I[Lk— 1], (23)
k
‘Ak €1, ©, 9)‘ &k)» © Z|€ 7*, (24)
Jj=1
1G:(&a)|| < @i (&), (25)

for some nonnegative smooth functions 3;(-), @i(-), i € I[1,k], 7&(-), and p;(-), 7(-),
i € I[1,k — 1]. Moreover, there is a virtual controller

T2 (2141, 0) = =& [0 = K+ 1+ pe(€ag, ©)

/Pk R
i|1 ' ) pk‘(&[k]a@) Z 07 (26)

such that the closed-loop system 20) — (26]) satisfies

k
Vi, ©) + v — kBllwl* < —(n—k+1)Y_ &P + &P (abh, — a)(27)
=1

+ (%(E[k]a 0) - 9) (é + ”k(‘s[k]’é)> ’

where
€2p1 —pit+1

A 1

is a positive definite and proper Lyapunov function. Moreover,

‘\I/k(g[k] ,0)| <

k]a Z 521)1 (28)

Then, in the case when the dimension of system ([ is equal to k41, introduce the trans-
formation 11 = 1 — 25, (§r), ©). This, together with (26]), leads to the augmented
system

& = 51(5[2]7(;))4—(1)1(«517@79) + Gi(61) —wi(©)8,
(29)
& = k€t O) + Prl(€nys ©,0) + Grl€py) — wi(Ep—1], ©)O,
S = 25+ D1 (€t ©) + Pttty ©,0),

+ 1 (€)W — Wi (Exy, ©)0,

where

*
8$k+1 0T}

00

[’L 1]» é)+

wi+1 (ks 0) = Z

Y
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Sk (€11, ©) = Ak(€rt1), ©) + (Errr + 25 1),

R or; R
A1 (€115 ©) = frr1 1) + Tfeyr)) — Z 82 £6i(&pit1), ©),
i=1
o 6,6 (%’““@ 10,0
k1 (§(p+1], ©,0) = Pt (§r1) + Tpega)s 0 Z 7€, ,0),

k
ox;
Grr1(Epr11) = grr1(Em) Z k+1 Gi(€i

Under the condition of Assumption 4, the relation (Bl holds. Combining this relation
with the inductive assumption ([22)) and 2IJ), and applying Lemma 2] we have

k
. ox: R
D1 (), © 9)‘ < ‘¢k+1(§[k+1] +$[k+1],9)‘ + Z‘ a?_rl (81,0, 0)
i=1 v
k+1
< 1 Gy + )@Y &+ [
i=1
+ Z + @)@ Z |€j |pz
j=1
Ip view of tl}e fact that and p; > ps > -+ > pgy1, there exists a smooth function
Br+1(§k+1),©) > 0, such that
k+1
Ppei1(Epr)s ©,0)| < OBy (Eprs, © Z |&[PF (30)

Under the condition of Assumption A3, by applying the inductive assumption (25) and
the smoothness of x}, i € I[1, k], it is known that there is a smooth function Pg1(§[x+1])
to satisfy

Grr1 (Epsa) || < Brr1 (Easn))- (31)

According to the inductive assumptions (24]) and (ZI]), we can obtain by using Lemma

2.1 again

Ok (Epr) ©)] < ‘Ak(‘f[k]aé) )P |
k
< 0) > &I + |(&rsr + Th )P (32)
=1

k+1

< Tt ©) Y lG I
=1
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for some smooth function %k(g[kﬂ],é) > 0. According to Assumption 2 and by the
relations (32)) and (23)), it can be derived that

k
A Oxy
Aki1(Gr1 ©)| < | fera €y +x{k+1])72—8’; ~6i(€ji41), ©)
i=1 '
k+1
< a1 (G + @) Y 16 + @ (33)
i=1
k i+1
ox},
+Z 62+1 7__1 z+1 Z|£]
i=1 ¢
k+1
< Fog1 (Epeg], © Z|§ [Preet

for a smooth function 7y 1 (&1, ©) > 0. Again using Lemma [Z1] we have from (30)

‘fiﬁlfpk“ D1 (1), O, 9)‘
Tt &7
314+ 02)(1 +ni(xy, 0))

K
1 A ~
G D&+ G Preyr (ke ©)V O2 41 (34)

(C)

+ &P Brr1 (€1, ©)

<
=1
Sk e . -
LN P (€, ©)| O, 35
301 61+ g, 0y e e ©) )
. 1< .
€2 A (€es )| < 5 Do+ 6P (€. O) (36)

for some nonnegative smooth functions ﬁkJrl(f[Q],é) and ﬁk+1(§[k+1],é). By applying
Lemma [2.2] it is easy to show that

— * * 1 s
‘gim PE((Eppr + 25 )" — xk;jrkl)‘ < - PP+ G Pt (S ©), (37)

for some nonnegative smooth function pr1(&11), é) Now consider the Lyapunov func-
tion
521’1 —Pr+1+1

k+1

i 10) = Vi€, ©) + 3
w1 (E k1) ©) = Vi, ©) 2p1 — prr1 + 1
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With the relations (30)), (B8) and (B7) and the inductive assumption ([27)), it is derived
that the time derivative of Vi1 along the trajectories of system (29)) satisfies

Vipr + 9% — (k+ 1B |Jw|®

k

< =k 1)) G G (o - oty

i=1

b (u(6.0) - 0) (64 mlcw. 6)

+ Eiﬁlfpk“ ( 2y 5+ Apy1 (Eer)s ©) + Proy1 (€t ©, 0

+ Grr1(§pr1)w — Wi (§rgs é)é> - Blw|?

S (n _ k + 1 Zé.Qpl + 262171 + (‘Ilk‘(é—[k ) ) (@ + nk(é‘[k}%é))

O T e p) [Pk+1(§[k+1]7é) VO2+ 1+ pry1 (€], ©)

+ ﬁk-‘rl(‘f[kJrl]aé)] — T w1 (€, ©)O

Zk—l & 2p1 5 9| €
+ ==l — + &0 Prt1(§kt11.©) | ©
B(1+62)(1+n2(gu, 0))  FHTE

+ 52?1 P Gt (i) w — B lw]?

= —(—Fk+-= Z &7 + &5, [pk+1(§[k+117é)\/ 02 + 1+ prs1 (§1): ©) (38)

+ 1 (Err) )} + §2prp2 Grr1(Epe))w — B ||w||2 + fiﬁlfpk“xilrzl (39)

+ (qjk+1(§[k+1]aé) - é) (é + 77k+1(§[k+1]7é)) + g1 (rra), ©),
where
k1 (k1) é) = ‘I’k(ﬂk]vé) + A iz gf”l T 513?15%1(‘5[“1]7@)’
3(1+02)(1 +ni(zp, 0))
M1 (Eer1)s ©) = Me(€a, ©) + E74 P wpey 1 (g, ©)

W1 (541, ©) = —Thp1 (Era], ©)ET ™ wpsr (., ©) (40)

_ Zi 152})1 +§k+1pk+1(§[k+1],é) nk(f[kﬂbé)'
| 3(1+62)(1 + n2(€pr1), ©))

By using Lemma 2] it is easily derived from (28] that the following relation holds

k1
Uir1(Ert1)5©)| < @1 (§pr1), © Z|§ |2p1 (41)
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for a smooth function a4 1(§k+1),©) > 0. In view of relation [@Il), we have

oy 1(Er), ©)
k+1

_ 2p1 — 1 2, 1 k L
< @ () [T wen (O Y lal 5 30 € (42)
i=1

k
1 = 1 1 1 A A
+ §iﬁlpk+1(')\/7li(') +1< B Eﬂ £r +§iﬁlpk+1(§[k+1]a@)

for a smooth function pr4+1(-). On the other hand, it follows from (3II) that

Hégm_mGk+1(€[k+u)wH < ’Egm_m Prr1 (Epgy) lw|
2p1—2p2 ~2
. Piev1(Ert1))
< Gt g gl (43)
4p
By substituting ([@2) and ({@3)) into ([BI), it is clear that the following virtual controller
T2 (€t ©) = —&et [n —k+ pr1 (), ©) |
with
2p1—2p2 ~

90%+1 (€[k+1])
43 ’

per1() = Pt (VY O2 + 14 i1 () + Prar () + praa () + 2

renders

k+1
. A ) 2p) — *
Vi1 (a1, ©) < —(n—k) D& + G077 [aphy) — o]
i=1

+ (‘Ifk+1(€[k+1],é) - @) (é + 77k+1(€[k+1]aé)> -

The aforementioned inductive argument shows that (2Z7) holds for k£ = n. In fact, in the
n-th step, one can construct explicitly a global change of coordinates (£1,82,- -+ ,§n), a
positive-definite and proper Lyapunov function V;,(£[,), ©) and a smooth controller

A A 1V/Pn

for some smooth functions p,(-) > 0 and Wy 1({x41], ©), such that

n
Val6), ©) + 9™ —mBfwl® < =3 &7+ &P (wh — )

+ (\Iln(ﬁ[n], 0) — 9) (é + 0 (€ é)) :

Therefore, the one-dimensional smooth adaptive controller

U= U*(E[n]; G)a



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 11 (3) (2011) 267

is such that

Vo (€n) ©) + 477 —nB lw|* < = &7 (45)
Set B = ~2/n, we have
V(€ ©) + 421 — 2 [Jwl* < = . (46)
i=1

When w = 0, it is derived that

Vo (&, © 252’“ (47)

According to the classical Lyapunov stability theory, it is known that the closed-loop
system is global stable at the equilibrium (¢, ©) = (0,0). Since the Lyapunov function
Vi (&) é) is positive definite and proper, it follows from (@) and La Salle’s invariance
principle that all the bounded trajectories of the closed-loop system approach the largest

invariant set contained in {(E[n], ): V= O} Hence, lim;_; o §fp1(t) = 0. This, com-

bined with @) with & = n, implies lim; o x,,)(t) = 0. Moreover, note that V,(-) is
positive definite with V,(0) = 0. It follows from (@8] that

t ¢
/ ly(s)[*" ds < 72/ wl]|?ds, V¢ > 0, when z(0) = 0.
0 0

This completes the proof of the theorem.

The proof of Theorem [B.] is constructive, thus the design procedure of the adaptive
controller solving the ARADD problem is actually given. When w = 0 and f;(z;) = 0,
i € I[1,n], it is easy to check that Theorem B.J] recovers the global stabilization results
obtained in [24]. In addition, for the case of linearly parameterized systems we have the
following corollary from Theorem [311

Corollary 3.1 Consider the power integrator triangular system () in which
Gi((i),0) = ¢i(wp))0. If Assumptions A1-A8 hold and

qbi(acm) < ’W(x[i]) Zj=1 |$j|pi , 1€ I[l,n],

then the ARADD problem is solvable by the one-dimensional smooth adaptive controller

).

According to the result in [22], for linearly parameterized system () with s-
dimensional unknown parameter 6, the designed adaptive controller is s-dimensional.
However, the results presented in this paper indicate that the global adaptive regu-
lation with almost disturbance decoupling for systems () is achievable by a smooth
one-dimensional adaptive controller, no matter how big the number of unknown param-
eters is. This shows the minimum-order property of the proposed adaptive controller
controller.
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4 An Illustrative Example

Consider the following high-order planar nonlinear system

3
o 3 Ozy
T1 =Ty + Tt (ow2)? + w,
i‘giu, )
Yy =,

where 6 and o are the unknown parameters and w is the disturbance. For this system,
one has

3
Ox3

pr=p2=3, fi=fo=0, g1=1,62=0, ¢1(z) = ———.
1+(O’£L’2)

By letting
Oél—OéQ—O (,01—1,902—0 Bl |9|

it is easy to check that Assumptions Al-A4 are satisfied since

3
Oz

7<9:c3.
T (ora)? < 16] ]|

|61 ()] =

In addition, it is easily obtained that © = || and v, = 1.
Define V; = 21 + 1©2. Then one has

Vi = 23i; + 60

x?(xg—i— G +> (:)é
L+ (ow)?

i ( ) + |21 ]? Jw] — 66
(6

IN

IN

riry 4+ 28 é)+—+ﬂw ~ 66

a3 4 a8 (\/1+®2+E+1)x?+ﬁ|w|2+(:c?(:)>(:).

Let p1 =V 1+ 62 + ﬁ +1, ¥, = :cff, po = 1. Then one can obtian

IN

Vi + 4% — Buw? < el + aSp + (‘1’1 - é) o.

By choosing z5 = —21 (2 + p1)1/3 , one can further obtain

Vi4 45 — pw? < —228 + 43 (23 — 23%) + (\Ill - (:)) O.
Define &2 = z9 — x5. Then it is derived that

3 8I2 81;2é:u3+A2+(I)2+G2w—(U2é,
alﬂl ©

EQZiQ—igzu
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where

*
O

8:E1

3 oxs O3 ox; oxs
+x3)°, Pog=— —, Ga=
(§2 2) 2 81’1 1+ (O'IQ)Q 2

Ay =

TS
By defining Vo = V; + ifg, one has

Vs 4 8 — 26w?

= Vi +4° - Bu’® — Bu’ + 656

< —2a8 4 23 (xg — x§3) + (\111 — é) 0 — fuw?

+ Eud + Ay + sy + Gow — wrO

< —22% + |2 (a3 — 23?) | + <\I/1 - (:)) 0 — puw?

+ €30+ 0] + 82| + |€3Gau] + [€26).

Simple computations yield

ox} 3
A _ 2 *
| 2| 8931 (€2+$2)
ozt . ,
— | 221 (&8 + a3 + 36203 + 332
6$1
al‘* * * *
< |52| (lgal” + I3 + 816 23] + 3162 las )
1
03 3 %13
<
<|52| (41l +a 3P
ox* p p
§4(2+p1) a—x? (|§2|3+|$1|3>7
* 3 *
|By| = Oxy LQ < | %2 o,
Oz1 | |1+ (ow2) Oy
3 x5 3 3 3
228 <42+ p) | 32| (161 +lal’) leo
ox3 ox? : :
< 4(2 21¢8 4 4(2 =20z &P
<4(2+m) 9z, & +4(2+p) e |z1]” |€2
1
< pafy + 5t

with

*

2
1

ox\ 2
+24(2+Pl)2< 2) ;

ox
Do = 4 (2
p2=4(2+ p1) o 02,
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a*
[©63] < feaf” ]| 522 | ©
B 3(03) , e2) e
= 3(1+é2)+4(3=’ﬂ1> (1+®)§2 ©

93(15 A9 6 zfls 6
<= +m\V1+026G )+ | ——— + 06
6 3 (1 + ®2>

with

|27 (25 — 35)|

= |3 [ + 25)° — 23]
s (5. 9.

|21 [&2] <§§§ + 59322)

) : 9
5 leil 16 + 1ol leal 2+ po)*?

IN

1 -
= 61(13 + p2£5,

with
75 15

jp = — + —9°(2 4
P2 4+64 (2+p1),

6] = |22y < & (22) g8 4 pu?
? 20y | T 4B \ 0z ) P '
As a result, one has

Va + 4% — 26uw?

36
S_§x1+

1 [(0x3\?
ﬁ2+ﬁ2+p2\/1+@2+@(8i2) 155
1

256) +tet + (12-6)6.

+ &

with
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Choose © = W,. Then one has

oxs - ox3 a$
3029 [ 6 1 = 6
=0 — N T
©96 ‘ |58 3(1+02) el
4 | 0x3 _ |03
< (B[22 r) |931|3|§2|3+P2 %l
==z + 93 + +1
=5 (3 20 |21 52 1 P 8@ (52 )52
. 1
< hafs + 5l
with
80w\ s 1 [[ox\?
n= (5) e (58) 1] @
Sequentially,
) o 1 [0x3
Vo + 95 —28uw? < —a% + P2+P2+P2\/1+@2+p+4ﬂ(8 ) £5 +u’e;.

- 2
Choose u = —&; [1 + p2]1/3 with po = po+ p2+p2V1+ 02+ p+ LB (%) . Then it
is easily derived that V5 + 3¢ — 28w? < -8 — 5.

10k I } il ik :IE I | | | | I—y i
gt moRd B E R AR aAn e w ]
ol ; -
i § ]
2t P i
o ARARAARANANARAA N e
2 :HE I‘l\; ' A
4l Ej il
Bl =
8l / .
SRR R RS i
0 é 1‘1 é é 1‘0 1‘2 1‘4 1‘5 1‘8 20

Figure 1: Disturbance signal and output response.
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10

A5}

20+

Figure 2: State response.

With the previous derivation, one can obtain the following control law

u=—& [1 + p2]1/3 )

A 1 [0x5\?
=0 0 0 1 2 0 N 2
p2=p2+ P2+ pa\/1+6 +p+4ﬁ (8351) :
8 /0x3\? 4 1 |[0x5\?
= — = — r 1
& 9(8@) nrr\ge) T

m= 2 (25) (1ver).

(&8 +1),

o 2 o 2
By = 4 (2 21 +24(2 2
p2 =42+ p1) P +24(2+ p1) (6301) :
75 15 4 s

A 1
— 1 2 1
pr=\1+62+ - +1,

a5 = —a1 (24 p1)'/3,

x5 1/3
=—(2

5‘11 ( +P1) B
5':C§ - T ,2/3 A9 _1/2 ~
o =3 2t (1+@) 0,

) 6

@::c?Jr 1 0
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Figures [l and 2] give the simulation results of the resulstant closed-loop system under
the obtained control law.

5 Conclusion

For the class of power integrator lower triangular systems with nonlinear parametrization,
we formulated the problem of adaptive regulation with almost disturbance decoupling.
Under a set of growth conditions, an explicit design of the adaptive smooth controller
solving the ADD problem was provided. A significant feature of the obtained adaptive
dynamical compensator is its minimum-order property. The results of this paper exploit
a new application of the parameter separation technique proposed recently in [24].
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