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Abstract: In the present work, we establish first the existence of a unique local mild
solution using contraction mapping theorem and after that the existence of a local
classical solution to a class of quasilinear implicit integrodifferential equations in a
Banach space. Finally, we demonstrate one application of the results established.
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1 Introduction

Let X and Y be two real Banach spaces such that the embedding ¥ < X is dense and
continuous. Consider the following quasilinear implicit integrodifferential equation in X
du(t)

dt

+ At u(@®)u(t) = f(tut),Gu)(®), 0<t<T, u(0)=uo, (1)

where 0 < T < oo, A(t,u) is a linear operator in X for each u in an open subset W of
X, G is a nonlinear Volterra integral operator defined from C(J, X) into C(J, X) where
J =[0,T] and the nonlinear map f is defined from J x W x W into X. We follow the
approach of T. Kato [I3] [I6], [I7] to establish the existence of a unique classical solution
to (1) under the assumptions (H1)-(HS8) to be stated in the next section.
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Crandall and Souganidis [4] have used a different method to prove the existence,
uniqueness and continuous dependence of a continuously differentiable solution to the
quasilinear evolution equation

du(t)
dt

+Au))u) =0, 0<t<T, u(0)=uo,

under similar assumptions considered by T. Kato [16].
T. Kato [I6] has proved two general theorems on the nonhomogeneous quasilinear
evolution equation

du(t)

T + At u(t)u(t) = f(t,u(®), 0<t<T, u(0)=uo, (2)
one on the existence and uniqueness, and the other on the continuous dependence of
a solution on the initial data. Also, he has shown that these theorems are applicable
to the different kinds of quasilinear differential equations such as Korteweg-de Vries
equation, Navier-Stokes equation and Euler equation, equations for compressible fluids,
magnetohydrodynamics equations, coupled Maxwell and Dirac equations etc. The results
in [I6] are based on the theory of linear ‘hyperbolic’ equation which was developed in
[14], [15].

Murphy [19] constructed a family of approximate solutions to the homogeneous quasi-
linear evolution equation

du(t)
dt

+ A u()u(t) =0, 0<t<T, u(0)=up. (3)

He showed that the approximate solution converges to a “limit solution” and this “limit
solution” becomes a unique solution to (B]) under certain additional assumptions. [I2]
has extended the result in [I9] to the nonhomogeneous equation ([2) under slightly more
general conditions than those of [16].

In [2], Bahuguna had used the method of lines (also known as Rothe’s method) and
the techniques of Crandall and Souganidis [4] to prove the existence, uniqueness and
continuous dependence of a strong solution to the quasilinear explicit integrodifferential
equaton

du(t)
dt

+A(u(®)u(t) = K(u)(®) + f(t), 0<t<T, u(0)=uo,

in a Banach space X whose dual X* is assumed to be uniformly convex under the
additional assumption of compactness on the embedding of ¥ in X and where K is
the nonlinear Volterra operator. Using technique of [2], Bahuguna and Shukla [3] have
established similar results for the quasilinear implicit integrodifferential equation

du(t)

S Aw@)u(t) = (6 u), GE)B), 0<t<T, u(0) = u,
in Banach spaces. Further, using same technique of papers [2] and [3], Dubey [5] has
established the similar result for the equation ().

For the application of analytic semigroups to related quasilinear evolution equations
we refer to Amann [1I], Lunardy [I8] while for the applications of fixed point theorems
the reader may refer to Kartsatos [9 [10], Kartsatos and Parrott [11] and references cited
therein.
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Dubey [6] has established the local existence and uniqueness of a classical solution
of an abstract second order integrodifferential equation in a Banach space by using the
theory of analytic semigroups and contraction mapping theorem . The continuation of
classical solution, the maximal interval of the existence and the global existence of the
classical solution have been also studied. Pandey, Ujlayan and Bahuguna [§]considered
an abstract semilinear hyperbolic integrodifferential equation and used the theory of
resolvent operators to establish the existence and uniqueness of a mild solution under
local Lipschitz conditions on the nonlinear maps and an integrability condition on the
kernel. Under some additional conditions on the nonlinear maps they also proved the
existence of a classical solution.

The plan of the paper is as follows. In the second section, we collect some prelimi-
naries, notations and some results which easily follow from the hypotheses. In the third
section, first, we establish the existence of a unique local mild solution using contraction
mapping theorem and also the existence of a local classical solution to (IJ). Finally, in the
last section, we demonstrate one application of the results established in earlier sections.

2 Preliminaries

Let X and Y be as in the earlier section. The norm in any Banach space Z is denoted
by ||.llz. Bz(r,20) is the closure of the open ball Bz(r,z) = {z € Z | ||z — z0|lz < r}
with radius r and center at zo in the Banach space Z. The space of all bounded linear
operators from a Banach space X to a Banach space Y is denoted by B(X,Y) and
B(X,X) is written as B(X). Let J denote the interval [0,7]. The space C™(J, Z)
represents the space of all m-times continuously differentiable functions defined from J

into Z, m = 1,2, ...; endowed with the supremum norm
lulemzy= Y swu@@)], wel™(/,2),
1<i<m

where u(?) denotes the ith derivative of u with u(®) = u. Let W be a subset of X. A family
{A(t,w) : (t,w) € J x W}, of infinitesimal generators of Cy-semigroups St ,(s),s > 0 on
X is called stable if there exists real numbers M > 1 and w, known as stability constants,
such that

p(A(t,w)) D (w,00) for (t,w)e JxW,

where p(A(t,w)) is the resolvent set of A(t,w) and

k
IT B A, w))) <MA—w)™ forA>w
= B(X)
and every finite sequence

0<t; <ty <. <tr <T, w; €W, 1<j<Ek.

For a linear operator S in X, by the part S of S in a subspace Y of X, we mean a linear
operator S with domain D(S) = {z € D(S)NY | Sz € Y} and values Sz = Sz for
z € D(S).

Let St w(s), s > 0, be the Cy-semigroup generated by A(t,w), (t,w) € J x W. A
subset Y of X called A(t, w)-admissible if Y is an invariant subspace of operator S; 4, (s),

s > 0, and the restriction of St ,,(s) to Y is a Cy-semigroup in Y.
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For more details of the above mentioned notions, one may refer to the chapters 5 and
6 in Pazy [7]. On the family of operators {A(t,w) : (t,w) € J x W}, we make the same
assumptions (H1)-(H4) considered in §6.6.4 in Pazy [7] for the homogeneous quasilinear
evolution equation, as restated below.
(H1) The family {A(t,w) : (t,w) € J x W} is stable.
(H2) Y is A(t, w)-admissible for (t,w) € Jx W and the family {A(t,w) : (t,w) € Jx W}
of the parts of A(t,w) in Y is stable in Y.
(H3) For (t,w) € J x W, D(A(t,w)) DY, A(t,w) is a bounded linear operator from Y’
to X, and the map ¢ — A(t,w) is continuous in B(Y, X) with associated norm ||.||y - x
for every w € W.
(H4) There is a positive constant L4 such that

A, w1) — A, w2)|ly»x < Lallwi —wal/x

for every wy,we € W and 0 <t < T.

A two parameter family of bounded linear operators U(t,s), 0 < s <t <T, on X is
called an evolution system if the following two conditions are satisfied:

(i) U(s,s) =T and U(t,r)U(r,s) =U(t,s) for 0 < s<r<t<T.

(ii) The map (¢, s) — U(t, s) is strongly continuous for 0 < s <t < T.

If uw € C(J,X) has values in W and the family {A(t,w) : (t,w) € J x W} of the
operators satisfies the assumptions(H1)-(H4) then there exists a unique evolution system
Uy(t,s) in X satisfying

@) Ut s)llx < Me“t=) (4)

for 0 < s <t <T, where M and w are the stability constants;

o+
(ii) EUu(t,s)wh:S = A(s,u(s))w (5)
forweY and0<s<T;
(iil) %Uu(t, s)w = —U,(t, s)A(s,u(s))w (6)

forweY and 0<s<T.
Further, there exists a positive constant Cy such that for every u,v € C(J, X) with
values in W and for every y € Y, we have

[Uu(t, 8)y = Un(t, s)ylx < Coll?/lly/ lu(r) = v(7) xdr. (7)

For details of the above mentioned results, one may refer to Theorem 6.4.3 and Lemma
6.4.4 in Pazy [7].

We further assume that
(H5) For every u € C(J, X) satisfying u(t) € W for t € J, we have

Uu(t,s)Y CY, for t,seJ and s<t

and U,(t, s) is strongly continuous in Y for s,¢t € J and s < t.
(H6) Closed convex subsets of Y are also closed in X.
(H7) The nonlinear map G : C(J, X) — C(J, X) satisfy the following:
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(a) For all u,v € Bc('],X)('JO; r),

1G(w) = G)llc,x) < ne()llu—vllewx),

where pug(r) is a nonnegative nondecreasing function and iy € C(J, X) is defined by
g = ug for all t € J.

(b) The subspace C(J,Y) of space C(J, X) is an invariant subspace of the map G,
i.e. the map G: C(J,Y) — C(J,Y) satisfies

IG()(®)|ly < Aa(r) for u € By (ug,7),

where Ag(r) is a nonnegative nondecreasing function. In particular, we may take operator
G as a Volterra operator defined by

G(u)(t) = /0 a(t — s)k(s,u(s))ds,

where a is a real valued continuous function defined on J and k is defined on J x Y into
Y and ||k(t,w)|ly < Cy for every (t,w) € J x Y. Clearly, the map G satisfies (b).
(H8) The nonlinear map f: J x W x W — X satisfies

(a) For (t,u,v) € Ix (WNY)x (WnNY) and f(t,u,v) €Y, we have

1t u, v)lly < Af(r)

for all (t,u,v) € J x W x W with |lul]ly + |[v]ly < r, where A¢(r) is a nonnegative
nondecreasing function.
(b) In both Z = X, Y, the map f satisfies the Lipschitz like condition

[f(t1, w1, 01) = f (b2, ug,02)[ 2 < pp(r)[[@(t) — d(t2)] + [[ur = wallz + [lor = va2ll2],

for all t1,t5 € [0, T] and all u;, v; € By (ug,7), i = 1,2, where ¢ is a real-valued continuous
function of bounded variation on [0, 7] and p () is a nonnegative nondecreasing function.

By a mild solution to () on J = [0,T], we mean a function v € C(J, X) with values
in W satisfying the integral equation

u(t) = Uy(t, 0)uo +/O Uu(t, s)f(s,u(s), G(u)(s))ds, te.J. (8)

By the Classical solution u to [0l) on J = [0, T], we mean a function u € C(J, X) such
that u(t) e Y N W for t € (0,T], u € C*((0,T],X) and satisfies () in X. If there exists
a T’ with 0 < T' < T and a function v € C(J', X), where J' = [0,T"] such that v is a
mild (classical) solution to ([l) on J’, then w is called a local mild (classical) solution to

@.

3 Main Result

In this section, we prove the following result.

Theorem 3.1 Suppose that ug € Y and the family {A(t,w)} of linear operators for
teJ =0T andw € W ={y €Y : |ly —uoly < r}, for fized r > 0, satisfy the
assumptions (H1)-(H6) and A(t,w)ug € Y satisfies

At w)uolly < Ca 9)
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for all (t,w) € J x W.
Further, suppose that the nonlinear maps G and f satisfy (H7) and (H8), respectively.
Then, there exists a unique local classical solution to ().

Proof First, we establish the existence of a unique local mild solution to (). We
note that from assumption (H5), it follows that

1Uu(t, 8)lBvy < Ch (10)
for s <t, s,t € J and every u € C(J, X) with values in W. We choose
r r 1
To =minq T — 11
0 mm{ ’2CAC’1’201>\f(R1)’2P}’ (11)
where
P = Colluolly + Me“Tpg(Ri)(1 + pe(r)) + CoAp(R1)T
and

Ri=7r+ ||U0||y + Ag(r).
Let S be the subset of C(Jy, X) defined by
S ={ueC(Jy,X)|u(0) =ug, andu(t) € Wiort € Jp},
where Jy = [0,Tp]. From (H6), it follows that S is a closed convex subset of C(Jp, X).
Next, we define a mapping F : S — S by

Pu(t) = Ua(t, 0)uo + /O Un(t, ) f(s5, u(s), G(u)(s))ds (12)

and check that F' is well defined. Clearly, Fu(0) = ug, Fu € C(Jy, X) and (H5) implies
that Fu(t) € Y for t € Jy. It remains to show that ||Fu(t) — ug|ly < r for t € Jy. Now,

Fu(t) —ug = Uy(t,0)ug — ug + /Ot Uu(t,s)f(s,u(s), G(u)(s))ds. (13)
Integrating (@) in X from 0 to ¢, we get

Uu(t,0)ug — up = /Ot U, (t, 7)A(T, u(T))uodr. (14)

Using (@) and (I0) in ([I4]), we obtain
[Uu(t, 0)uo — uolly < C1CATH < g (15)

Further, using (I0) and (H8), we get
‘ /Ot Uu(t, s)f(s,u(s), G(u)(s))ds|| < Ciig(R1)To < g, (16)

Y

since |Ju(s)|ly + [|G(u)(s)|]ly < Ri. Using ([I3) and () in ([I3]), we see that F is well
defined. For u,v € S, we have

Fu(t) — Fo(t) = (Uy(t,0) — Uy(t,0))uo
+/O [Uu(t, s) f(s,u(s), G(u)(s)) — Us(t, s) f(s,v(s), G(v)(s))]ds
11 + 15, (17)
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where Ty and T represent the first and second terms on the right hand side of [I7). We

use (@) to obtain ||T1||x < ColluollyTollu — vl c (s, x)- Further, from (H7), (H8) and ()
it follows that

+

T2 x

IN

/O Uu(t, 8)[f (s, u(s), G(u)(s)) — f(s,v(s), G(v)(s))]ds

Awwm—mwmmm&awmwx

< [MeTpp(R) (L + pa(r)) + Corp(R)TTollu — vl ey, x)-

Also,

£ (s, u(s), G(u)(s)) f(s,v,(8),G(v)(s)]|x

pp(R)[llu(s) —v(s)|lx + [|G(v)(s) — G(u)(s) x]
pg(R)[llu = vllew,x) + 1G(w) = G)|lew,,x)]
(

pp (B + pe(r)llu = vlle,.x)-

INIACIA

Hence, from (7)), we have

1
[ Fu — Fvlcge,x) < Plollu —vllo,x) < §||U —vlle.x)-

This shows that, F' is a contraction map from S to S. Since S is closed in X, by the
contraction mapping theorem, F' has a unique fixed point u € S which is the local mild
solution to ().

Now, we show that u € C(Jp,Y). For s,t € Jy with s <, we have

u(t) —u(s) = (Uy(t,0) — Uy(s,0))ug
+Aamwm—m@mvmwmﬂwmmm

+/im@mﬂmwm0wmm@.

Since U, (t, s) is strongly continuous in Y for s,¢ € J and s < t. So, for every € > 0,
there exist d1, do > 0 such that

t, s € JO with |t — S| < 51 = ||Uu(t,0) — U (S O)HB(Y) < m
and
€

ith |t —s| < Uu(t,n) — Uu(s, <o
t,s€Jo with |t —s|<d = |Udlt,n) (s,MlBv) 53 ()T

Let 6 = min{dy, da, m} Then, for s,t € Jy
[t —s| <6 = |lu(t) —u(s)]ly <e
Thus, u € C(Jo,Y).
Consider the following linear evolution equation

du(t)

St BMu(t) = ht), 0<t<T, v(0)=muo, (18)
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where B(t) = A(t,u(t)) and h(t) = f(t,u(t), G(u)(t)) for t € Jy and u being the unique
fixed point of F' in S. We note that B(t) satisfies (H1)-(H3) of §5.5.3 in Pazy [7].

We have to prove that h € C(Jy,Y). For s,t € Jy (we assume without loss of
generality that s < t), we have

[1(t) = h(s)lly = [t u(t), Gu)@) = f(s,uls), Gu)(s)) |y
< pp(R)[9() = @(s)] + [lu(t) = uls)lly + [G(u)(t) = Gu)(s)]lv]-
As ¢ is a continuous function of bounded variation on J, u € C(Jp,Y) and G(u) €

C(Jo,Y) for u € C(Jp,Y). So, for every e > 0, there exist 61 > 0, do > 0 and J5 > 0
such that

€

t,s € J ith |[t—s]<§ = t) — < —)
S 0 Wl | S| 1 |¢() ¢(S)| 3Mf(R1)

€
t,seJyg with [t—3s|<dy = u(t) —u(s)|ly < ———
= Jut) ~ )l < 3o
and

€

t,s€Jo with [t—s[<d3 = [G(u))—Gu)(s)lly < 3up(Ra)

Let ¢ = min{d1, d2,d3}. Then, for s,t € Jy, we have: [t —s| < J = ||h(t) = h(s)||y <e.
Thus, h € C(Jy,Y). Theorem 5.5.2 in Pazy [7] implies that there exists a unique function
v € C(Jo,Y) such that v € C1(Jy/{0}, X) satisfying (I8) in X and v is given by

v(t) = Uy (t,0)ug +/O Uu(t,8)f(s,u(s), G(u)(s))ds, te Jo,

where U,(t,s), 0 < s < t < Ty is the evolution system generated by the family
{A(t,u(t))}, t € Jo, of linear operators in X. The uniqueness of v implies that v = u on
Jo and hence u is a unique local classical solution to (Il). This completes the proof.

4 Application

Let Q C R™ be a bounded domain with smooth boundary 9. Consider the differential
operator

29 ow
A(t,z,u; D)w = — — (ai<(t,x,u(t, :E))—) + c(t, z,u(t, z))w,
i;l 81‘1 7 81']'

where a;;(t, z,u(t, z)) and ¢(t, z, u(t, z)) are real valued functions defined on I x xR and
I=10,T],0 <T < co. We assume that a;; € C[IxQxW,R], where W = C?*1(IxQ,R)
with 1/2 <1 <1, ai; = aj;, (1 <4,j <n) and there exists some § > 0 such that

n

> ay(tw,ut,2))qiq; > 6lgl>, g = (g1, qn) €R

ij=1

holds for each (t,z,u(t,z)) € I x Q x R.
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Consider the partial integrodifferential equation

ou(t, )
ot

+ A(t,z,u; D)u(t,z) = f(t,z,u(t,z), K(u)(t, ), (t,z) € (0, T]xQ (19)
with boundary condition
u(t,z) =0 for (¢, z)€ (0,T]x 9N
and initial condition
u(0,2) = ug(x) for z€Q,

where

K(u)(t,z) = /0 a(t — s)k(s,z,u(s, z), Vu(s, z))ds,

_ 0
o 81‘1',
the function a is a real valued continuous function of bounded variation in R and the

function f(t,z,u,v) is also a real valued continuous function defined on I x Q x W x W
and for every ¢o > 0, rg > 0 there exists Lo > 0 such that if |Ju1]| < 7o, [Juz|| < ro, then

V = (Dy,Ds,.....Dy), D;

1t 2,1, 01) = f(5, 2, ug, v2]| < Lo[[(t) — ¢ (s)| + [Jur — ua| + [[or — val]

for z € Q, u;,v; € W, i = 1,2 and ¥ is a real valued continuous function of bounded
variation. u : I X @ — R is unknown function and wug is its initial value.

Further, we assume that k : [0,00) X @ x W x W — R is continuous and for every
to > 0, rg > 0 there exists My > 0 such that if ||u]| < 7o, ||v|| < ro, then

1t 2, u, &) = k(t, 2, 0,m)|| < Mollu — vl + 1€ = nll]

forall 0 <t <tp, z € Qand u,v,{,n e W.
Let 5%y < p < oo and X = LP(Q) with the usual norm

1/p
lul, = [ / |u|pd4 ,
Q

then integrodifferential equation (I9) can be reformulated as abstract integrodifferential
equation () in Banach space X, where

A(t,uw)w = A(t, z,u; D)w
with domain
D(A(t,u)) ={w € W;(Q) cw(t,x) =0, (¢t ) € (0,T] x 902}

and
[t u, Gu))(z) = f(t,z,u(t,z), K(u)(t, 2)).

We note that the assumptions (H1)-(H8) are satisfied thus we may apply the result of
the earlier section to guarantee the existence of unique classical solution of (I9).
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