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Abstract: We continue investigating an antagonistic game of two players modeled
by stochastic processes describing mutual casualties. The game is observed at some
random epochs of time. We consider the paths of the game in which one player loses
the game. A related functional in our recent work was expressed in terms of the
inverse of two-dimensional Laplace-Carson transform. Using operational calculus we
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players upon the exit from the game in terms of modified Bessel functions. All are
concluded by numerical examples.
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1 Introduction

We continue our studies initiated in [3] in which we modeled an antagonistic stochastic
game by two marked Poisson processes

A:= ZdjsTj and B: = szawk (1.1)

i>1 E>1

on a filtered probability space (Q, F(Q), &, P) specified by
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EevAC) = ralllha)=1] " p () = Ee 41| Re(u) > 0, (1.2)

Ee™vBC) = rollhs =1 " p () = Be™"% | Re(v) >0, (1.3)

representing casualties incurred to players A and B. The game starts with hostile actions
initiated by one of the players A or B at times r; or w; (whichever comes first). The
players can exchange with several more strikes before the information is first noticed by
an observer at time tg > max{ry,w; }. The observation of the game continues after ¢y in
accordance with a point renewal process S =) .., &, and it is further extrapolated to
the past moment ¢_; : = min{ry, w;} thereby forming an extended observation process
T = {t_1,t0,t1,...}. The entire information on the game is available only upon 7 and
thus the game is reduced to its embedding A7 @ By. We stop the game when one of the
players is ruined, and of all paths of the game we focused on those where player A loses
to player B.

Given independent sub-c-algebras F 4, Fi, Fs C F(2) we assume that the processes
A, B, and S are, respectively, measurable. Let & and n; be the corresponding iid incre-
ments of damages to A and B and A; = t; —t;_1 € [A] (an equivalent class of r.v.’s),
j=1,2,..., with

g(u,v,0) : = Be %~ =%8 " Re(u) > 0, Re(v) >0, Re(f) >0, j > 1, (1.4)

presumably known. The initial observation is defined as ty = max{ry,w;} + Ap, where
Ay € [A] and Ay is independent from the rest of the A’s. The random ezit indices are

pr=if{j>0:a;=ac+& +...+& > M}, (1.5)

v:=inf{k>0:8t,=00o+m—+...+n > N}, (1.6)

with ap and Sy being the casualties to A and B at ¢y, and M and N are respective
tolerance thresholds. Related on p and v are the following r.v.’s:

t,, is the nearest observation epoch when player A’s damages exceed threshold M.

t, is the first observation of 7" when player B’s damages exceed threshold N.
Apparently, o, and §, are the respective cumulative damages to players A and B at
their ruin times. We will be concerned, however, with the ruin time of player A and thus
restrict our game to the trace o-algebra F(2) N {x < v}. Accordingly, we studied in [3],
among other things,

o = pu(u,v,9) = E[efua‘“*”ﬁ“fet“l{ucj}] (1.7)
and obtained

1—9(%”"'%9)
1.
1—g(u—|—9c,v—i—y,6‘))7 (18)

Pu = ‘CC;yl (¢0(Ia 07 Oa u, ’U+y, 9) - ¢0(Oa 07 Oa U—'—.I, ’U+y, 9)
where £C~! is the inverse of the two-dimensional Laplace-Carson transform

C( V)i =y [ [ e d,0), ele) >0, Rer) >0, (19

According to [3],
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@o(x,0,0,u,v,0) = E[e_m‘*l_“"‘”_”ﬁo_et”]
AaAp6(0%) 1 1
9+)\A+)\B(9A+)\B Al@+u) B(v)+93+)\A

hA(u)hB(v)), (1.10)

$0(0,0,0,u,v,0) = E[et@o—vho=0bto)

 AaAgS(67) 1 1
= e (9A Ty halwhn() + mhA(u)hB(v)), (1.11)
and
05 =0+ a1 —ha(u) +Ag(1 —hp(v)),56(0) : = Ee 2, (1.12)
9A:ZH—AA(hA(u)—l),HB229—)\3(]7,3(’1})—1). (1.13)

The involvement of the inverse of the Laplace—Carson transform in (1.8) at first does
not look like the above formulas are analytically tractable. We demonstrate that this
is not the case and consider a number of special cases (of independent interest) which
are all Laplace-Carson invertible and thus provide the first vivid argument for analytical
tractability of the results obtained in [3]. They are shown to be numerically tame and
as such are rendered by trivial computational procedures. Most of them are reduced
to definite integrals of the modified Bessel functions. In one case an explicit marginal
probability density function is obtained. The original MATLAB routine is also attached.

2 A Special Case

We assume that the intervals Ag, Aj,... between the successive observation times
to,t1, ..., are exponentially distributed with parameter ¢, i.e.
5(0) : = Be 980 = 0 (2.1)
' 546 '

Furthermore, we assume that the marks in the processes A and B specified by h4 and
hp in (1.2) and (1.3), respectively, are exponential with parameters h and H, i.e.

h H
=W and hp(v) = Tro (2.2)

hA(u)

(1.8) for this special case reduces to a form for which we can find the Laplace—Carson
inverse explicitly. We start with the first factor, ¢o(x,0,0,u,v + y, 8) of (1.10):

¢0((E,0,0,U,’U + yue)

_ AaAphp(v+y)
0+ X4+ 2B

1 1
< (; e ey Y e L A el By ey wa ey raray 1)’“(“))'

X 80+ Aa(1 —ha(u) + A1 —hp(v+1y)))
(2.3)

Continuing with calculations, after some algebra, we arrive at
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¢0(1’,0,0,U,’U + yue)

B AaAphH
B ESYVEDY:
" d(h+u)
(H+v+y)[1(5+9)(h+u)—I—)\Au—l-/\B(h—l—u)] —/\BH(h1+ u) (2.4)
—T
% ((9+/\B)(h+u)+)\Au+ O+ A5)(h+u)+ A au h+tu+a
H+4+v+y 1
* (O+Aa+Ag)(H+v+y)—AgH h+u)'

Now we apply the Laplace—Carson inverse to (2.4):
LC) (¢o(x,0,0,u,v +y,0))(p, q)
or proceed with Sgyl being the two-dimensional Laplace inverse, in the form
= £, (55 90(2,0,0,u,0+y,0))(p, q)

(by Fubini’s Theorem, we can apply single-variate Laplace inverses first in « and later
on in y)

Sl{/\A)\BhHé(h—l-u) 1 1
v 0G, R

1 -1 _ 1 ApH 1
X (5 4 5 e Pt 4 + = : } )
(G2 Ga O(h + u) 92(h+u) H—l—v—i—y—%) (@)

then
_ AaABhHO 1

] (H+v)G1 — ApH(h +u)
(h—l—u H+v _h+u'€7p(h+u)

Ga  9(H +v)-A\gH G2
n {—/\EH . 1 n -Gh }e_q(H.H,_M)

6

0  O(H+v)—AgH 0Gs

—(htw)  htu, htu “pli ) —q(H+v- 2000
+{ G + s + el e e 1

)

where

0=0+X1+ s, (2.6)

Gr = (6+0)(h+u) — Aah, Go = 0(h+u) — Aah, (2.7)
Gy = 6(h+u) — Aah. (2.8)

We turn to the second term ¢ (0,0,0,u+x,v+ 1y, 9)% of (1.8). Continuing

with similar but more tedious calculations, we have its Laplace-Carson inverse in variable
x:
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B 1—g(u,v+%9)
1
Ecw {¢O(O,O,O,U+$7U+y79)1_g(u+x7v+y,9) (p)

= A1 —g(u,v+9,0)) -y

[( -1 L 1 n i+ G2~+h+u} 1 )1
Aah O(H +v)—AgH 0 Mahf G2 Ga(H+v) = ApH(h+u)/y
L1 1 . 1

Aah G(H +v) - gH H+v+y— 281
_{i_'_ G2~+h+u} 1 ' 1

0 aaht Gr PGa(H+v) = ApH(h+u) H gy y— et
* AB;IGQ ' i e P(ru=g)

n {( -1 N 1 1
ABHG2 ~ Aah Q(H +v) — A\pH
-1 -Gy  —(h+u) 1 1
+ + -
0 Aahf Gs }GQ(H+U) —)\BH(h—l—u))y

-1 1 1
+ = .
Aah §(H +v) = A\pH H+v+y— 288
1 Gs h+u 1
+49=+ — +
{0 Aahd G }GQ(H+U)—/\BH(h+u)
1 } —p(htut 20
x W, (2.9)
H—i—v—i—y— ABHCEZ+u)
where
AaAghHE ~
A=2A28200 Oy = 0(H +v+y) — AgH, D(y) = = ah(H+v+y). (2.10)

0

Now, we will apply the single-variate Laplace-Carson inverse in y to (2.9). We will
use the following formula for the Laplace inverse (cf. [1, 2]):

1

y+by evii)(q) = e "Ly (2,/ag)

o

p (2.11)
+ (by — by) - e~ b24 / e(b2=P2 7 (2V/az)dz,

2=0

where Zj is the modified Bessel function of order zero. Using (2.11) in (2.9) in combination
with (2.5), we finally have

@H(uu v, 9) L= E{e—uozu—v,@”—étul{#<y}}
= L) (¢0(2,0,0,u,v+y,0))(p.q)

1—9(%“"'1%9)
1—9(U+x,v+y,9))(p’Q)

_E;yl (QSO(O, 0,0, u+z,v+y,0)
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_ —)\Aj\BhH(S ' h+u 'eip(thu)(l_e_q(H_,_v_%f*“))
0Go (H 4+v)G1 — ApH(h +u)
+(—/\Ah5 H+wv +)\A)\BhH5 h+u )
] (H 4+v)G1 — ApH(h +u) 0G (H+v)G1 — ApH(h +u)
o o Plhtu—24%)
n (—)\Ahé Aahd H+wv
gGl 5 (H+1))G1 —/\BH(h—F’U,)
_ MdphHE e
0Go (H+U)G1 —)\BH(h—F’U,)
+ /\NAh(S .e*P(thuf%) e A(HAv— A%H)IO(Q )‘A/\ﬁ?Hpq)
0G 0
L Aahd (H +wv)* ophtu—2am)
0 (H+v)Gy — ApH(h +u)
q /
></ ef(HJ”’*%)ZIO@ 7/\A)\E1?sz)dz
2=0 0
(/\A)\BhHé(h—i-u) n —AarphHS(h + u) H+w )
e 5, (T + 0)Cr — s H(h+ )

_ _Aakh _ _ApH(htu)
« o Phtu="5") —a(H+v—"FgG—)

¢ ampresy. [N\ AghH
xj/ e (2 —11—23——£E)dz, (2.12)
z=0

where G1, Gz, G5 are defined in (2.7-2.8).

3 Marginal Functionals
Our next goal is to get marginal transforms. This can be directly obtained from
ou(u,v,0) of (2.12).

Special case 1, with v = § = 0 we have the marginal Laplace-Stieltjes transform of
the amount of casualties to player A (who is supposed to lose) at the exit of the game:

0u(u,0,0) : = Ele " 1,0 (3.1)

Correspondingly, we modify the above components in (2.12) to

0 =Xa+ Ag, (3.2)
Aah
Gi=0+ )\ AB)(h - 3.3
1=+ a+Ap)(h+u 5+/\A+/\B)’ (3.3)
Aah
Gy = (A AB)(h - 3.4
2=Aa+Ag)(h+u /\A+/\B)7 (3.4)
Aah Ash 55)

h+u— " =u+ :
R Py
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ApH(h+u)  H(S+ Aa) —AaAphH 1
H+v — = : ) (3'6)
G1 d+Aa+As (0+2a+2Ap)? u+%
ApH A H
H4v+ 2870 = , 3.7
! 0 Aa+ 2B (3.7)
ApHGs ApHS
G, (Aa +AB)(0 + Aa + AB)
—AuAphH 1 (3.8)
2 S+Ap)h ’
(5+AA+/\B) u + ﬁ
1 1 1 39)
(H+v)Gy —AgH(h+u) HE+Xa) h+u— ol '
0(H +v) — AgH = A H. (3.10)
Substituting (3.2-3.10) into (2.12), we arrive at
—Aarphé 1 h+u o
00 = | | e
a Aa+AB)2(6+Aa) h4u— )\:‘_’:23 h+u— 6:’*/\};
H(+ M) —AaAgphH 1
X {1 — exp —q( + 5 )
(5+Ap)h
( S+da+Ap  (G+Aa+Ap)* o4 LR )
n ( —Aahd 1
(Aa+2AB)(0+Xa) h4u— FAL
AaAphd . 1 . h+tu ) Pl TRE)
(Aa+AB)% (0 +Aa) h+u— 240 htu— 24l
n ( —Aahd 1
Aahd 1
(Aa+AB)(0+Aa) h4u— 24k
" —AaAghé . 1 ' h+u > .e_p(u_,_%)
Aa+2AB)2(0+Xa) h+4u— )\:‘j‘;};\B h+u— 6{‘&};
xexp(—q( H(0+ M\a) —AaAphH . 1 ))
2 d+Ap)h
d+Aa+As (0+2a+AB) u+ﬁ
n Aahd 1
(Aa+AB) 0+ A+ AB) h+u— 34l
—put2Bh )y _g(2Af AaAphHpq
<oty s o M,
AahH§ . 1 _ Pt xpsg)
(Aa+AB)(0+Aa) h+u— 24l

4 aaH AaAphHpz
(24l )y, AAghHDp

X e AatAB T (24 | ———————=)dz
/zzo 0( ()\A+)\B)2
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+( AaABhHO h+wu
Aa+2AB)(0+Aa+2AB)? (h+u— %)2
n —AaAphHS 1 h+u )
Ma+28) 0+ )@ +Aa+A8) htu— s34l hpu— Aal
_ Agh H(6—|—/\A) —AaA\gphH 1
(o ~ |
2 S+AB)h
( d+Ada+Ap (0+Aa+2AB) u+m)
X/q . [( ApH6 L _—AadphH 1 )Z}
. .
=0 P Aa+2B)0+Aa+Ag)  (0+Aa+ )2 o4 Of2AB)h
O+Aa+ApB
hH
« Ty(oy | ARz ) (311)

(Aa + Ap)?

Special case 2. Setting u = 6§ = 0 gets us to the marginal Laplace-Stiltjes transform
of the casualties to player B at the exit of the game to be lost by player A:

0,(0,0,0) : = E{e‘”ﬁﬂl{#@}] (3.12)

The Laplace inverse formula (cf. [1, 2]) that we will use along with (2.11) is:

a
evtb

-1 _ 19 —bq
L, (m)(q) = \E-e 7, (2y/aq), (3.13)

where Z; is the modified Bessel function of order one. After setting u =60 =0 in (1.8),
we arrive at

(i) Case § # Aa,

—AaHo 1 _
L(0,v,0) = ~ e Ph
u(0:0.0) = o, o r 0 am)n €
AAH(S 1 —ph. 7(1(’U+ HJS )

. . S+Ap
Aa+Ag Hé+ (6+ Ap)v ¢ ¢

( —Aa0 ' v
Aa+ 2B H(5+(5+/\B)’U

“AaHE 1 1R ) L PR ts)
(Aa+A)(6+Ap) Hé+ (6 + Ap)v

Aad Cp(DBE ) oAty AaAphHpq
+ . Aa+A . A+ I 2
DatrpOtrg © 00 S Do BT
2
n Aab . (H +v) .efp(ﬁ)/q 67(04’%).21-0(2 )\A)\Bth,;
Aa+Ap HS+ (5§+ Ap)v =0 (A4 + AB)
—AaNGH?9 1 ~p(2BE) | —a(ot s
Oa+25) 0 +Ap)2 HOI+ O+ g © ¢
9 ApHG-A) AaAphHpz
(ameiam 2T, (2, | 2ANBIDZ 3.14
X/Z:Oe A+t B B 0( (/\A+)\B)2 ( )
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(it) Case § = A4,

-\ H 1
2 A
07 70 = :
#u(0,v,0) (AA+AB MaH + (0 + Ag)v
N H . 1 -eq<v+%)) .~ Ph
Aa+As AMH+(Aa+ Ao
( —)\iv . 1
Aa+As AaH+ (Aa+ Ao
~NH ) 1 .e—q(v+%) _e—p(%>
Aa+2AB)%2 AaH+ (Aa+ Ay
N Cp(DB ) g Aty AaAphHpq
+ —_— . AatAip’ . Aa+AB T4 (2 - - - -
Ot rp)? € ‘ " s 02
X HA e
A+ A AaH 4+ (Ma+Ap)v
Ty RaH AaAghHpz
(v+>\ f‘H\ )z ANB p
X ARABTT(24 | —m—m———
J e "\ D+ An
L TNANBH? 1 ¢ e e+ 2A)
()\A +/\B)2 AaH + (/\A —l—)\B)’U AaAphHp
AaAphHpq
X T1(24 | —————=). 3.15
) ) (3.15)

Special case 3, with u = v = 0 look into the Laplace-Stieltjes transform of the exit
time of the game to be lost by player A:

00,02 B[ 1,0, 310
Proceeding similarly as special case 1, we have
(PM(O, 07 9) == _)\A)\Bé : e—ph + = )\A)\B(S . e_ph . eiq(%)
0(60 + Ap)(6 + 0) 0(60 + \p)(6 +0)
_ —Aad0 p(Emn)
00 + Ap)(6 +0)
_ —Aarpd? | —p(EAp) e_q(;ix)g)

" 00+ Xp)(6+0)(6+ 0+ Ap)

4 Aab ol @txp)ny e_‘J((H%A)H)IO(Q /\A/\BN?Hpq)
06+ 60+ Ap) 0
q
AaHo .e—p((“}B)h)/ (A @ /\AAEZLsz)dZ
= 0
e )

- T
0(6 +0) =0

_ —AAA2BH(S ) eip( (9+%B)h) ' —q( ;ix);;;
86+ 0)(5+ 6 + Ap)?

q ABH(G-2A) Y, AaghH
X/ e( otoran) To(2 /Agizpz)dz. (3.17)
z=0
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4 The Explicit Distribution of the Casualties Value to Player A

Now, we can find the pdf of the exit value of casualties to player A (special case 1) by
taking theinverse Laplace transform w.r.t. variable u. We distinguish two cases which
are  # Ap and § = Ap, respectively. The Laplace inverse formulas that we will use
along with (2.11) are:

1
-1/ —« —b(g—a
Ey (e Y- Y+ b)(Q) = et )1(a,oo)(Q)7 (41)
1
~1/ —« —b(g—a
Ey (6 v. (y i b)2 )(Q) = (q - a)e (a )1(a,oo) (q)u (42)
£ (e L) (q) = e M Ty(24/alg — )L (0,00 (@), (4.3)
ey €T bl
LM (@) = e TV T(21/alg = )L ao0) (@)
Yo o (4.4)
+ (by — b2) - e_bz(q_a)/ eP2 7021 (2/a2)d21 (o 00 (4),
z2=0
ey, €7 _ 1= Q ~bg—a) =
£ e ) = [ L Vel = ) e @, (05)
E_l —ay eyfbl _ ,—ba(q—a) - (b2_b1)ZI d
S ) = et~ T2/ 21 00 (4)
(y+ 2) z=0 (4.6)
qg—a
+ (by — b2) - eib2(q70‘)/ (g—a—2)- e(b27b1)zI0(2\/az)dzl(a700)(q).
2=0

Equations (4.4) and (4.6) can be readily proved, while the rest of the above formulas can
be found in references [1, 2].
After that, we apply the Laplace inverse in (3.11), arriving at

(¢) Case § # Ap,

_ AaAphd _ Aphs _ Xahp
1 1 _ . X by _ X Py
b {@“(U’O’O)}(S) BREvES v s A CeURR D
+( )\AABhé ) eiph + —AAhéz _ef/\:ah/’\pB)
(Aa+AB)(0+Aa)(d — AB) (Aa+2AB)(0+Aa)(0 — AB)
x e T 0 (5)
+( )\A)\Bh5 -e_ph + _/\A/\Bh52 e /\Z}T}@B)
(Aa+AB)%(6 + Aa) (Aa+AB)2(6+Aa)(d + A4+ AB)

Ha(5+24) _ h(+Arp)(s—p) AadphHq(s — p)
I0(2\/ )l(p,oo)(s)

X e STAaATAB . e SFAaTAp
(5 + A4 + )\3)2

A2)\ h252 _ Aphs 7Hq(5+>\4) _ Aahp
+ ANB .e Yatip .e THratip (e XA 1)
(/\A+/\B)3(5—)\B)(5+)\A+)\B)
TP (ph g AadshHquw
Sve: B w A phHq
X/w:O e Aatip  dtxa+Ap IO(2 m)dwl(ﬂw)(s)
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+( — A2 0225 g
()\A+/\B)(5+)\A)2(5_)\B)(5+)\A+)\B)

* Adsh )

Aa+AB)(0+Aa)2(6 = AB)(6 + Aa + Ap)
_ Hq(5+Xxp) s—p hs _ _(6+Ap)h y . )\A/\Bthw
X e FXafip /w_o (734 " Faiag) Zo(2 —(6+)\A+)\B)2)dw1(p7oo)(5)
)\Ah5 _ _ABhp _ XaHag _h(+rp)(s—p)

+ .e 2atiB .e 2atip .ge SFXaTAp

()\A+/\B)(5+)\A+)\B)

AaAphHpq
To(2, | 2A2B2 Py
X 0( ()\A+)\B)2) (;Dy )(S)
/\AhH5 _Aphp _hé(s—p)
e XATAB . otra
(Aa+AB)(0+ Aa)
9 _AaH= AaphHpz

x Sats To(24 | 22282 021 ) oo

/Z_Oe AtAB 0( ()\A+/\B)2) ZL(p, )(S)

‘ —AANLhHS AadshH (q — 2)(s — p)
+ ( To(2 —P))

=0 LN(Aa +AB)(0 +A4)(0+ Aa + Ap)? (0 + X4+ AB)

n N Ah*H§ \/ s—p
(Aa+2AB)(0 +Aa+AB)2V AaAphH(q — 2)

AaAphH(q — z)(s — p) _Aphp _ Ha(s4A4)
71(2 o T ZATAR .o TEAaTA
8 1(\/ 6+ A1+ )2 )) @ amee e

_ h(5+AB)(s—p) ApHéz AadphHpz
X e SHXATAE . e (CAFABIGHAAFAB) T (2, | —————— — s
0\ Ooa 4 ag)p Lo ®)

— M4 A\ph2HS _Aphe _hiGs—p)  _ Ha(+Aa)
e AT .e 5tAa .e TTratrm
A+ 28)(0+A4)2(0 + Aa + AB)

T

ApHSz hH z S—Pp s (5+Ap)h
X e(AA+kB)(6+>\A+>\B)IO(2 LPQ (6+Lx4 5+>\A+>\B)w
()‘A + )‘B) w=0

AaABhH (¢ — 2)w
X 10(2\/ 0+ ra+tp)? )dwl(ppo)(s)} dz. (4.7)

(i) Case § = Ap,

—/\2 /\ h /\2 )\2 h2(8 —p) _/\A/\2 h __Aahp
£ 02(0.0.0 _ ANB A'\B B s g
“ {Qp“(u’ ’ )}(S) ((AA+AB)3+ (A + Ap)4 Oatrge 77

“AZA5h% (s —p)  _ rahe _ _Aphs
(f‘;\AB+ )\3)4 e AAHB) e taTe 1(10700)(5)

/\A/\Bh _ _Aphp _ AaHag _2\ph(s—p) /\A/\Bthq
—+ . XA+tAB . e XatAB . e Aat2xp T oo (5
(Aa +2AB)(Aa +2XB) c o ()\A+)\B)2) (p,00) (5)
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2 3 .
(M e Ph 4 —AaAph .e—AXiZB)
(Aa +AB)3 (Aa +AB)3(Aa +2XB)
_ Ha(Aa+Xp) _ 2Agh(s—p) /\A)\BhHQ(S_ )
X e *at2ip .e rat2rp 10(2\/ O+ 22502 )1(10700)( s)
AaAphH ,A’\Ii’j\s /q /\*Af;z /\A/\BthZ
—_— Zo( )dz1() o0
v AL SIS sy w2 I
N ( —2X% A% 2 N AAALR2 (A4 + 3)AB) AZ‘?KB) —anke
-e e
(/\A+/\B)4()\A+2)\B) (/\A-i-/\B (Aa +2AB)

Hq(MAA+2pB) Apgh _2Aph
o« o= e lE) / Al — s v AarshHqu )l e (8
w=0 (A +2Xp)?

—N4ABR® N3ALR Aat
+ ( + e *A“B)
(A4 +2AB)°(Aa +2X5) | (Aa +Ap)°(Aa + 2)p)

_ _Aphs _ Hq(Aa+Xp)
X e *aftrp .e ratirp

s—p Agh 2Xgh MadphHaw
— — . (>\ EA T Xat2X2pg +2>\ ANB q d 1
X/w_o (S P ’LU) € *ATAB A B /\A T 2/\3 w (ppo)

+/q [( —AaA5hH e 2;3;%2;3?)1 AaAphH ( q—z)(s—p))
2=0 L N(Aa +AB)%(Aa +2Ap)? (A4 +2Xp)?
/\?4)\2Bh2H _ 22ph(s—p)

e *at2ip

+ (Aa +AB)(Aa + 2XB)? \/)\A/\BhH(q —2)

AaAphH(q—2)(s—p)
x ZI1(2
1( \/ (/\A+2AB)2 )
— N Lh2H _2phts—p)

+ .e AatAp

(Aa 4+ A)2(Aa +2XB)

X/s— (% M)MI0(2\/)\A)\BhH(q_Z)w)dw) .67&3&@5

w=0 (A4 +2Xp)?
_Hqxpa+Ap) Ay H= /\A/\BthZ :|
X e  ratBp L eBaRBI0atE) - T5(24 | —————=)|dz1(, o0\ (). 4.8
0( (/\A+/\B)2) (p, )( ) ( )

5 The Loss Probability

A further special case is to get the probability that player A loses to player B. This can
be directly obtained from

(p#(ua U, 9) =F efuau7v5u79tu1{u<y}:| (51)

by setting u =v =6 =0:
©.(0,0,0) : = E[1{,cy] = P{p <v} = P{t, <t,}. (5.2)
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With u =v =6 =0in (1.8), we have
(i) Case § # Aa,

-4 _ A B s
1 . ) .
07050 = P 4+ 2 . ph AL
#u(0:0.0) =7 e g ¢ e
A0 POty | aERs)
" Oa+25)(0 +2g) ¢ ariei-e B
AA(S 7,\>\i}f\p 7(1(/\>\¢f\1 ) )\A}\Bthq
' ' To(2, | 22227
’ (A4 +A5)(0 +Ap) e T e TRATE (Aa +Ap)?
AAH _ Xphp /q 7(&)2 AA)\BthZ
ty o T At gy (2, | FACELTEE
Aa + AB e B Z:Oe 57T (/\A+)\B)2) z
2
+ —AaApH .e—% ()
(Aa +AB)(6 + \p)2
T Hs Dl AaAphHpz
(55 ~xa 55 gy (2 | FACERERE ) g 5.3
X‘/Zzoe B At B 0( ()\A+)\B)2) Z. ()
(ii) Case § = Aa,
#,(0,0,0) = % ey % LePh L AR
A B A B
2 P
b i)
A B

/\124 _2Aphp —q(2A AaAphHpq
4+ —_— . Aatip . q Aa+xB T (2 - - - -
(Aa + Ap)? ‘ ‘ of (/\A+/\B)2)
M H _ﬂ/q S(LQAF AaAphHpz
4+ — . XatXp XAt B T (24 | —————— )
Mt s - o o ()\A+)\B)2) ¢

—/\A/\2BH q _2Bhp —q(242 AaAphHpq
M+ Ap)2 \ Zaxshdp € e e e L (2 (A +AB)?

7 ). (5.4)

6 Numerical Results

Since the above formulas may look a little bulky, some numerical results can well illustrate
them and add to their credibility. They also show how changing input parameters alters
the trend of the game. For the full completion of the demonstration we bring here a
detailed MATLAB routine, which can be utilized for anyone wanting to run their own
input parameters such as A4, Ag, h, H, p, ¢ and J.

%The probability that player A loses to player B when delta is not equal to
%lambda A.
%A=lambda A, B=lambda B, d=delta

Syms z
A=18, B=20, h=14, H=16, p=20, q=24, d=500;
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f11=-A/(A+B)*exp(-p*h)+A/(A+B)*exp(-p*h)*exp(-q*H*d/(d+B))
-A*d/((A+B)*(d+B))*exp(-p*B*h/(A+B))*exp(-qg*H*d/(d+B))
f12=A*d/((A+B)*(d+B))*exp(-p*B*h/(A+B))*exp(-q*A*H/(A+B))
*double(besseli(0,2*sqrt (A*B*h*H*p*q/(A+B)"2)))
f13=A*H/(A+B)*exp(-p*B*h/(A+B))*double(int(exp(-A*H*z/(A+B))
*besseli(0,2*sqrt(A*B*h*H*p*z/(A+B)"2)),0,q))
f14=-A*B"2*H/((A+B)*(d+B)"2)*exp(-p*B*h/(A+B)) *exp(-q*H*d/(d+B))
*double(int(exp((H*d/(d+B)-A*H/(A+B))*z)

*besseli(0,2*sqrt (A*B*h*H*p*z/(A+B)"2)),0,q))

Probability _A_Loses B_1=f11+f12+f13+{14

%The probability that player A loses to player B when delta is equal to
%lambda A.
%A=lambda A, B=lambda B

Syms z
A=10, B=5, h=24, H=12, p=30, q=25;

f21=-A/(A+B)*exp(-p*h)+A/(A+B)*exp(-p*h)*exp(-q*A*H/(A+B))
-A"2/(A+B)"2*exp(-p*B*h/(A+B))*exp(-q*A*H/(A+B))
£22=A"2/(A+B) 2*exp(-p*B*h/(A+B))*exp(-q*A*H/(A+B))
*double(besseli(0,2*sqrt (A*B*h*H*p*q/(A+B)"2)))
f23=A*H/(A+B)*exp(-p*B*h/(A+B))*double(int(exp(-A*H*z/(A+B))
*besseli(0,2*sqrt (A*B*h*H*p*z/(A+B)"2)),0,q))

24=-A*B"2*H/(A+B)" " 2*sqrt(q/(A*B*h*H*p))*exp(-p*B*h/(A+B))
*exp(-q*A*H/(A+B))*double(besseli(1,2*sqrt (A¥*B*h*H*p*q/(A+B)"2)))

Probability_A_Loses_B_2=21+{22-+{23+124
The program utilizes (5.3) and (5.4) and the calculations are put in the tables below.

WA 18 18 18 18 18
Py 20 20 20 20 20
h 20 18 17 16 14
o 16 16 16 16 16
P 20 20 20 20 20
q 24 24 24 24 24
5 100 100 100 100 100

Probability of A losing | 0.0733 | 0.3448 | 0.5591 | 0.7622 | 0.9711
WA 18 18 18 18 18
N5 20 20 20 20 20
h 14 14 11 11 1
o 16 14 13 12 10
p 20 20 20 20 20
q 24 24 24 24 24
5 100 100 100 100 100

Probability of A losing | 0.9711 | 0.7474 | 0.5070 | 0.2556 | 0.0181
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W 18 18 18 18 18

Py 20 20 20 20 20

h 14 14 14 14 14

o 16 16 16 16 16

p 28 26 24 22 20

q 24 24 24 24 24

5 100 100 100 100 100
Probability of A losing | 0.1064 | 0.3060 | 0.6027 | 0.8555 | 0.9711

W 18 18 18 18 18

Py 20 20 20 20 20

h 14 14 14 14 14

o 16 16 16 16 16

p 20 20 20 20 20

q 24 24 24 24 24

5 1 2 1 10 18
Probability of A losing | 0.8904 | 0.9432 | 0.9605 | 0.9677 | 0.9695

WA 18 18 18 18 18

Py 20 20 20 20 20

h 14 14 14 14 14

o 16 16 16 16 16

» 20 20 20 20 20

q 24 24 24 24 24
5 50 100 500 | 1,000 | 10,000
Probability of A losing | 0.9708 | 0.9711 | 0.9714 | 0.9715 | 0.9715

WA 20 20 20 20 20

Yy 18 18 18 18 18

h 10 12 13 14 16

o 14 14 14 14 14

» 24 24 24 24 24

q 20 20 20 20 20

5 50 50 50 50 50
Probability of A losing | 0.9811 | 0.7389 | 0.4864 | 0.2475 | 0.0278

WA 20 20 20 20 20

Yy 18 18 18 18 18

h 16 16 16 16 16

o 14 16 17 18 20

» 24 24 24 24 24

q 20 20 20 20 20

5 50 50 50 50 50
Probability of A losing | 0.0278 | 0.2332 | 0.4350 | 0.6498 | 0.0247

53
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W 20 20 20 20 20

Py 18 18 18 18 18

h 16 16 16 16 16

o 14 14 14 14 14

p 24 24 24 24 24

q 20 20 20 20 20

5 1 2 1 10 20
Probability of A losing | 0.0124 | 0.0175 | 0.0218 | 0.0254 | 0.0269

where

/\;11 = The frequency of strikes to player A by player B,
/\;}1 = The frequency of strikes to player B by player A,
h~' = The average of magnitude of strikes to player A by player B,
H~! = The average of magnitude of strikes to player B by player A,
p = The threshold of player A,
q = The threshold of player B,

6~ = The observations frequency.

Concluding Remarks

In this paper, we continued our studies on fully antagonistic stochastic games of two
players (A and B) (initiated in [3]), modeled by two independent marked Poisson pro-
cesses. We investigated the paths in which player A loses the game. In this paper, we
render calculation for a variety of special cases. The latter are presented either as fully
explicit Laplace—Stieltjes joint transforms of the exit time and casualties to both players
upon the exit or explicit probabilities and probability density functions, mostly in terms
of modified Bessel functions. The results are illustrated by many numerical examples,
and a MATLAB routine for calculation is attached.
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